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Preface
A thought is an idea in transit.
Pythagoras
Æthereal Multiverse is my personal research attempt to demonstrate
the productive realization of the fusion of two fundamental concepts
of Antiquity, i.e. Æther and Multiverse which lay the foundations of
Aristotelian and Epicurean–Islamic systems, respectively. It is my
deep conviction that this combination enables the fruitful description
of physical Reality, which allows to understand constructively the an-
thropic everything, i.e. all what can be observed and detected by a
man and all devices produced by humankind. From my standpoint the
constructive proposal for the fusion involves the essential theoretical
symbols of the physical Reality: Quantum Mechanics, Quantum Field
Theory, General Relativity, and Thermodynamics.
On the one hand this monograph collects advanced developments of
certain elementary knowledge of theoretical and mathematical physics.
On the other hand, however, the presented deductions are performed
step-by-step and often include detailed calculations. In this manner
this book is available for the readers interested in development and
applications of the fundamental knowledge. Intentionally the content
is divided onto two independent lines which have arose in my research
work of the years 2006-2010. Part I, Lorentz Symmetry Violation, con-
tains 3 chapters and is devoted to discussion of several applications
of the noncommutative geometry of the Snyder quantized space-time.
Strictly speaking I shall focus in some detail on the basic consequences
of what I call the Snyder–Sidharth Hamiltonian constraint, i.e. the
modification of Special Relativity arising from the noncommutative ge-
ometry. Particularly the Compton effect and the massive neutrinos
model are discussed. Part II, Quantum General Relativity, contains 8
chapters and is much more inhomogeneous. This part presents my ap-
proach to quantum cosmology and quantum gravity, and my point of
iv
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view on inflationary cosmology. I present the version of quantum ge-
ometrodynamics strictly based on theWheeler–DeWitt equation, which
leads to constructive and consistent deductions. Particularly two ap-
proaches to entropy calculation, which lead to distinguished formula-
tions of thermodynamics of space quanta Æther, are discussed.
The greatest motivation to this book is the 2010’ book of an experi-
enced mathematical physicist Robert W. Carroll [1] who expressed his
opinion about certain part of my research results
(. . . ) we sketch some work of L. Glinka et al on thermodynamics and
quantum gravity. This involves bosonic strings and quantum f ield the-
ory (QFT) and is speculative (but very interesting). (. . . ) we deal with
some fundamental articles by L. Glinka for which some general theory
is also motivated by theoretical material involving second quantization
and Bogoliubov transformations (. . . ) we suggest printing out the latest
versions and working from them - we can only give a sketch here and
remark that some of the work has a visionary nature which is valuable
in itself.
This book collects all my non-coauthored research results rigorously
revisited and enriched by necessary updates. Numerous typos and
technical mistakes are improved. The necessity of the improvement
follows from my deep conviction that the only mathematical truth re-
sults in the constructive theoretical and mathematical physics. This
book develops also my philosophical standpoint on theoretical physics
involving the philosophical interpretation needed for the new physics.
My grateful acknowledgements belong to numerous senior scien-
tists and scholars who helped me kindly in the various aspects related
to this book. Professor Robert W. Carroll granted me by a number
of valuable discussions and comments, and mailed a hard copy of his
2010’ book. Professor Sir Harold W. Kroto gave matter-of-fact discus-
sions, and included my views into his GEOSET programme. Essential
comments and discussions due to Professor Burra G. Sidharth signifi-
cantly helped in edition of the primary manuscript of this book. Discus-
sions with Dr. Andrej B. Arbuzov and Professor Alessandro De Angelis
benefitted during my research work were helpful. Comments from Pro-
fessor Wojciech H. Zurek were also valuable and constructive.
I dedicate this book to all Friends of mine. Comments and discus-
sion are welcome and invited to laglinka@gmail.com.
Łukasz Andrzej Glinka
v
Prologue
It is a dogma of the Roman Church that the existence of God can be
proved by natural reason. Now this dogma would make it impossible
for me to be a Roman Catholic. If I thought of God as another being
like myself, outside myself, only inf initely more powerful, then I would
regard it as my duty to defy him.
Ludwig Wittgenstein
The U-turn to Antiquity
In the second decade of the 21th century technological progress defines
evolution of humankind. Present civilizations are based on techno-
cratic ideas which are often overly formal. Such a state of things re-
jects freedom of thinking and focuses on creation of new barriers, called
standards and norms. The obstacles follow from promotion of feudal
submissiveness toward various traditions. This fight with rationalism
results in inhibition of mental growth of individuals, and leads to evi-
dent intellectual poverty. The irrationalism ruins efforts of rationalists,
establishes and stabilizes illusions and delusions, and effectively re-
sults in the permanent damage of individual mentality. Such a regime
has been produced the emergence of social multiple disabilities, and
above all a regular de-evolution of humankind.
On the other hand there is detectable the vast U-turn to the ideas of
the most fundamental epoch in the history of human reasoning, Antiq-
uity. The necessity of such a nontrivial turnabout is fully justified by
the situation. In fact, only the ancient ideas possess the natural abil-
ity to reconstruct the most valuable heritage, because of Antiquity is
not infected by certain destructive effects of the modern civilization. A
productive description of the physical Reality requires fusion of two no-
tions: Æther, the idea of the Aristotelian system, and Multiverse which
lays the foundations for the Epicurean–Islamic system.
vi
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Æther
In the mid-1950s, when Albert Einstein abandoned the living nature,
Cosmology altered manifestly esoteric and religious countenance, and
became a respected scientific branch. The satisfactory explanation of
observational and experimental data consolidated both the physical
and philosophical heritage of General Relativity. Riemannian geome-
try apparently is able to describe a number of astronomical phenomena
like Mercury’s perihelion precession and light rays deviation in Sun’s
vicinity, and offers constructive generalization of the Newton universal
gravitation. This Einstein’s theory has been described visible objects
and predicted existence of new physical beings.
Albeit, Einstein’s legacy is wide spread [2] and deserves being called
phenomenology. Despite Einstein was established as the specialist
in molecular physics and thermodynamics, he gave trailblazing de-
scription of fast particles, solids, opalescence, emission and absorption
of electromagnetic radiation, and corrected the Zero-Point Energy hy-
pothesis of M. Planck. His pioneering approach to the photoelectric
effect used the wave-particle duality which became the main stream of
the 20th century theoretical physics. He was the follower of unification
of gravity and electromagnetism. Despite the heritage incontrovert-
ibly impacted on the mentality and the character of theoretical physics,
Einstein’s intellectual growth was diverse. It is an appearance, because
of Einstein always tried to describe Æther.
The Mythical Nature
The concept of Æther is strictly rooted within the mythology of An-
cient Greece. Ancient Greeks professed Protogenoi, which are the im-
mortal «primordial deities» born in the beginning of Universe. These
primary gods were Æther (Mists of Light, Upper Air), Ananke (In-
evitability, Necessity, Compulsion), Chaos (Void, Lower Air), Chronos
(Time), Erebus (Mists of Darkness), Eros (Generation), Gaea (Earth),
Hemera (Day), Hydros (Water), Nesoi (Islands), Nyx (Night), Oceanus
(Ocean), Ourea (Mountains), Phanes (Procreation), Phusis (Nature),
Pontus (The Sea), Tartarus (Hell), Tethys (Fresh Water), Thalassa (Sea
Surface), Thesis (Creation), Uranus (Heaven), which generated Giants,
Titan, Olympian, Oceanic, and Chthonic gods. In Homeric Greek lan-
guage Æther αιθηρ means ”pure, fresh air” or ”clear sky”, which in
Greek mythology is the pure essence where the gods lived and which
they breathed. Æther was a personified idea of the cosmogony pro-
vii
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fessed by ancient Greeks, and considered as one of the elementary sub-
stances forming the Universe. According to the Orphic hymns Æther
is the soul of the world emanating all life.
In alchemy and natural philosophy Æther was originated by Aristo-
tle as «quinta essentia», the cognate chemical fifth element of the heav-
ens are made and unifying the sublunary elements, i.e. Fire, Earth,
Air, and Water. Aristotle claimed that the four elements move recti-
linearly, and because of orbits of the heavenly bodies are circular and
lie on the rotating spheres surfaces, so the physical spheres must be a
body. In other words, the celestial motions required an existence of the
superior element. Aristotle gave several plausible arguments for ex-
istence of Æther. One of them, called argument from incorruptibility,
states that the sublunar elements are easy transiting into each other,
but because of the eternal heavens they must be made of a different
element. Therefore, existence of Æther follows from the necessity for
a body endowed with natural circular motion. By Aristotle the fifth
element is unborn, immortal, and invariable, and its name arises from
ancient «aei thein» what means eternal motion. Factually, he identified
Æther with the mind or soul, which is divine and does not corrupt with
the earthly elements. Aristotle wrote [3]
(. . . ) That is why the upper part is moved in a circle, while the All is not
anywhere. For what is somewhere is itself something, and there must be
alongside it some other thing wherein it is and which contains it. But
alongside the All or the Whole there is nothing outside the All, and for
this reason all things are in the heaven; for the heaven, we may say, is
the All. Yet their place is not the same as the heaven. It is part of it, the
innermost part of it, which is in contact with the movable body; and for
this reason the earth is in water, and this in the air, and the air in the
aether, and the aether in heaven, but we cannot go on and say that the
heaven is in anything else.
From Boyle & Newton to Lorentz
In the 17th century R. Boyle [4] treated Æther as the material sub-
stance due to what he called subtle particles. However, in the context of
modern physics I. Newton, in the corpuscular theory of light presented
in the book Opticks [5], proposed the pioneering idea of an æthereal
medium carrying vibrations traveling faster than light, which straight-
forward intervention results in refraction and diffraction of light. New-
ton negated the idea proposed by Ch. Huygens, claiming that light
viii
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travels by Æther medium, and presented the explanation of the phe-
nomenon of gravitation via the pressure of an atomic Æther impacting
upon matter in abnormal state. Subtle æthereal molecules entered into
matter via the pores, and when approached a physical body became less
resilient and rarely distributed. A material body find itself under the
pressure due to Æther upon all sides. Therefore, between two bodies
this pressure is less and rare Æther distribution causes in compulsory
gravitation. Newton, however, did not justify the rarefaction mecha-
nism emerging near matter.
We should reference also so called Le Sage’s kinetic theory of grav-
itation, proposed by N. Fatio de Duillier and G.L. Le Sage, which was
Æther-based constructive explanation of the Newton universal gravita-
tion. Le Sage [6] suggested purely mechanical nature of the universal
gravitation which in an effect due to streams of ultra-mundane tenu-
ous Æther corpuscules moving at the speed of light and acting on all
matter from all directions. In ”Lucrèce Newtonien” Le Sage expressed
the following standpoint
I am well convinced that since the law governing the intensity of uni-
versal gravitation is similar to that for light, the thought will have oc-
curred to many physicists that an ethereal substance moving in recti-
linear paths may be the cause of gravitation, and that they may have
applied to it whatever of skill in the mathematics they have possessed.
W. Thomson the 1st Baron Kelvin [7] introduced another impacting
concept of Æther. He treated Æther as an elastic solid medium trans-
mitting the electromagnetic waves, and proposed its mechanical model.
Such a proposition led him to explanation of the nature of radiation.
J.C. Maxwell [8] was a follower of so called Luminiferous Æther, i.e.
the cosmic medium physically transmitting light. He applied this no-
tion to deduce equations of electrodynamics, called the Maxwell equa-
tions. Maxwell showed that light is an electromagnetic wave, and
thought about the physical lines of forces of electric and magnetic fields
as the lines within the Æther. His idea based on the Poisson equation
is referred as the Maxwell Vacuum.
Another diverse concepts of Æther were widely propagated and de-
veloped by numerous eminent scientists and scholars at the turn of the
19th and 20th centuries (See e.g. the contributions in the Ref. [9]).
Exceptionally detailed analysis of the historical development of Æther
till discovery of quantum mechanics was elegantly performed by E.T.
Whittaker [10]. The best example is the Æther model investigated by
ix
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J.J. Thomson, who considered the context of a hypothetical radiation
that could be more penetrating then Röntgen’s X-rays. Another sig-
nificant investigation applying certain Æther model was performed by
G.H. Darwin in computation of a geometric deviation from Newton’s
law of universal gravitation.
The most intriguing idea was the concept of Æther wind called also
Æther drag and Æther drift. This hypothetic phenomenon has the
place when Luminiferous Æther is dragged by motion of matter or en-
trained by matter. A.J. Fresnel proposed Æther wind with partial en-
training, which was empirically confirmed by the 1851 experiment of H.
Fizeau. Different version of the Æther drag hypothesis, founded by G.
Stokes in 1845, was experimentally confirmed by A.A. Michelson and
E.W. Morley [11] in 1881 and 1887. Fifteen years after interpretation
of the results of the Michelson–Morley experiment as the confirmation
of Einstein’s Special Relativity, Michelson published the book [12] in
which one can find several interesting looking reflections
The standard light waves are not alterable; they depend on the proper-
ties of the atoms and upon the universal ether; and these are unalter-
able. It may be suggested that the whole solar system is moving through
space, and that the properties of ether may differ in different portions of
space. I would say that such a change, if it occurs, would not produce
any material effect in a period of less than twenty millions of years, and
by that time we shall probably have less interest in the problem. (. . . )
the vibrations of these particles, or of their electric charges, produce the
disturbance in the ether which is propagated in the form of light waves;
and that the period of any light wave corresponds to the period of vi-
bration of the electric charge which produces it. (. . . ) the ether itself
is electricity; a much more probable one is that electricity is an ether
strain - that a displacement of the ether is equivalent to an electric cur-
rent. If this is true, we are returning to our elastic-solid theory. I may
quote a statement which Lord Kelvin made in reply to a rather skeptical
question as to the existence of a medium about which so very little is sup-
posed to be known. The reply was: "Yes, ether is the only form of matter
about which we know anything at all." In fact, the moment we begin to
inquire into the nature of the ultimate particles of ordinary matter, we
are at once enveloped in a sea of conjecture and hypotheses - all of great
diff iculty and complexity. One of the most promising of these hypotheses
is the "ether vortex theory," which, if true, has the merit of introducing
nothing new into the hypotheses already made, but only of specifying
the particular form of motion required. The most natural form of such
x
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vortex motions with which to deal is that illustrated by ordinary smoke
rings, such as are frequently blown from the stack of a locomotive. Such
vortex rings may easily be produced by f illing with smoke a box which
has a circular aperture at one end and a rubber diaphragm at the other,
and then tapping the rubber. The friction against the side of the open-
ing, as the puff of smoke passes out, produces a rotary motion, and the
result will be smoke rings or vortices. (. . . ) Investigation shows that
these smoke rings possess, to a certain degree, the properties which we
are accustomed to associate with atoms, notwithstanding the fact that
the medium in which these smoke rings exists is far from ideal. If the
medium were ideal, it would be devoid of friction, and then the mo-
tion, when once started, would continue indef initely, and that part of
the ether which is differentiated by this motion would ever remain so.
(. . . ) Another peculiarity of the ring is that it cannot be cut - it simply
winds around the knife. Of course, in a very short time the motion in a
smoke ring ceases in consequence of the viscosity of the air, but it would
continue indef initely in such a frictionless medium as we suppose the
ether to be. (. . . ) Suppose that an ether strain corresponds to an electric
charge, an ether displacement to the electric current, these ether vortices
to the atoms - if we continue these suppositions, we arrive at what may
be one of the grandest generalizations of modern science - of which we
are tempted to say that it ought to be true even if it is not - namely, that
all the phenomena of the physical universe are only different manifes-
tations of the various modes of motions of one all-pervading substance -
the ether. (. . . ) Then the nature of the atoms, and the forces called into
play in their chemical union; the interactions between these atoms and
the non-differentiated ether as manifested in the phenomena of light
and electricity ; the structures of the molecules and molecular systems
of which the atoms are the units; the explanation of cohesion, elastic-
ity, and gravitation — all these will be marshaled into a single compact
and consistent body of scientif ic knowledge. (. . . ) In all probability, it
not only exists where ordinary matter does not, but it also permeates all
forms of matter. The motion of a medium such as water is found not
to add its full value to the velocity of light moving through it, but only
such a fraction of it as is perhaps accounted for on the hypothesis that
the ether itself does not partake of this motion. (. . . ) The phenomenon of
the aberration of the f ixed stars can be accounted for on the hypothesis
that the ether does not partake of the earth’s motion in its revolution
about the sun. All experiments for testing this hypothesis have, how-
ever, given negative results, so that the theory may still be said to be in
an unsatisfactory condition.
xi
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H.A. Lorentz, one of the most eminent theoretical physicists of the
turn of the 19th and 20th centuries, also manifestly professed Æther
[13]. In his lectures he straightforwardly supports Æther. In the lec-
tures delivered at Caltech one finds
Nowadays we are concerned only with the electromagnetic theory of
light, in which there is no longer any discussion of a density or elastic-
ity of the ether. In the electromagnetic theory of light attention is f ixed
on the electric and magnetic f ields that can exist in the "ether". (...) the
state of the ether is the same at all points of a plane perpendicular to the
direction of propagation, and so the waves may be called plane waves.
Similarly, Leiden lectures of Lorentz contain the ambiguous opinion
(. . . )[W]hether there is an aether or not, electromagnetic f ields certainly
exist, and so also does the energy of electrical oscillations. If we do not
like the name of ‘aether’, we must use another word as a peg to hang all
these things upon. It is not certain whether ‘space’ can be so extended as
to take care not only of the geometrical properties but also of the electric
ones. One cannot deny to the bearer of these properties a certain sub-
stantiality, and if so, then one may, in all modesty, call true time the
time measured by clocks which are f ixed in this medium, and consider
simultaneity as a primary concept.
The Lorentz transformations were deduced on base ofÆther, and Lorentz
defended his own standpoint called Lorentz Æther theory. Lorentz
pointed out inconsistency between results of theMichelson–Morley and
the Fizeau experiments. Basing on the stationary Æther arising from
the theory of electrons Lorentz removed Luminiferous Æther drag.
G.F. FitzGerald, who was under the influence of calculations per-
formed by O. Heaviside [14] including deformations of magnetic and
electric fields surrounding a moving charge and the effects of it enter-
ing a denser medium like e.g. what is today called Cherenkov’s radia-
tion, in Science article [15] wrote Æther-based conclusion
[T]he length of material bodies changes, according as they are moving
through the ether or across it, by an amount depending on the square of
the ratio of their velocities to that of light.
Another example is the 1915’ paper of W.J. Spillman, in which rea-
soning is based on the Fundamental Assumptions involving Æther
xii
ŁUKASZ ANDRZEJ GLINKA: ÆTHEREAL MULTIVERSE
The ether. - The ether is assumed to exist in the interstices of matter
and in open space. It is assumed to be capable of distortion by f inite
force, and to oppose such distorting force with an equal opposite force.
In other words, every point of the ether has a position which it normally
occupies, and when removed from that position tends forcibly to return
to it, the force being proportional to the distortion. It is further assumed
that distortion at a given point in the ether tends to become distributed
in the surrounding ether according to the law of inverse squares, and
that such distribution occurs at a f inite rate (the velocity of light).
The electron. - It is assumed that in the immediate vicinity of the
electron there is a region of maximum permanent ether distortion, the
distortion at other points in the surrounding ether varying inversely
as the square of the distance from the center of the electron, and that
pressures are transmitted at a higher velocity through distorted than
through non-distorted ether.
The permanent distortion of the ether in the vicinity of the electron
may be conceived of as a pushing back of the ether radially from the cen-
ter of the electron, as if an impenetrable and inelastic body were injected
into the midst of an elastic body; or it may be conceived of as being cir-
cular, in two hemispheres facing each other, and opposite in direction in
the two hemispheres.
In explaining the phenomena of inertia, electric currents, magnetism,
chemical aff inity, and radiant energy, the above alternative assump-
tions concerning the character of the distortion lead to essentially sim-
ilar lines of reasoning, but the treatment on the assumption of radial
distortion is very much simpler. For this reason it is used here. In the
case of static electricity only the assumption of circular distortion, op-
posite in direction in the two kinds of electric elements, will explain the
facts. The extension of the theory to static electricity is left for future
treatment. It must be remembered, however, that the development of the
theory on the basis of radial distortion differs only in detail, not in prin-
ciple, from that on the basis of circular distortion.
The Atom. - The atom is assumed to consist, at least in part, of a
Saturnian system of electrons in rapid orbital motion. It will be shown
that such orbital motion, with the assumptions here made, would give
rise to a pressure in the ether such as Newton showed would account for
gravitation.
Physicists are agreed that the phenomena of inertia, the electric cur-
rent, magnetism, and possibly also chemical aff inity are probably re-
lated to each other in such manner that when we f ind the explanation
of one of them this explanation will also throw light on the others.
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Æther Drag
The most intriguing phenomena related to the concept of Æther is
Æther drag/drift/wind. Both Lorentz Æther theory and Einstein’s Spe-
cial Relativity, the theories of stationary Æther, are interpreted are
the theories extraordinary strongly antagonistic to the Æther wind.
The essence of the history of 20th century physics and the milestone
of empirical negating of Æther is the Michelson–Morley experiment
which purpose was to detect Earth’s motion with respect to Luminifer-
ous Æther via comparison of speed of light in diverse directions with
respect to Earth. On the one hand, the theory of stationary Æther
propagated by H.A. Lorentz this attempt manifestly and straightfor-
wardly negated existence of Æther drag because of contradiction with
the result of the Fizeau experiment. On the other hand, the Michelson–
Morley experiment is consistently explained and interpreted within
Einstein’s Special Relativity with no reference to Æther drag.
There were performed also another experiments [16] having the
purpose to verify empirically the Æther drift: 1903’ F.T. Trouton and
H.R. Noble, 1908’ F.T. Trouton and A.O. Rankine, 1913’ G. Sagnac,
1925’ A.A. Michelson and H.G. Gale, 1932’ R.J. Kennedy and E.M.
Thorndike, and 1935’ G.W. Hammar. Their results suffered the fate
analogous to the Michelson–Morley experiment, i.e. were interpreted
as negation of Æther wind and Æther in general. Transparent discus-
sion of these results can be found in the book of W. Pauli [17].
The Trouton–Noble experiment was strict realization of the idea
due to FitzGerald. He concluded that motion of a charged flat con-
denser through the Æther should result in its perpendicular orienta-
tion to the motion. The experimenters detected the lack of the relative
motion to the Æther, what was interpreted as the negative result.
The Trouton–Rankine experiment was performed for detection of
”preferred frame” which would be the syndrome of existence of the Lu-
miniferous Æther. The measurement assumed that the length contrac-
tion produce a measurable effect in the rest frame of the object ob-
served in other frame. Both Special Relativity and Lorentz Æther the-
ory predicted that length contraction is non measurable. Trouton and
Rankine, however, applying the Ohm law and the Maxwell equations
theoretically predicted that the effect, change of resistance, is measur-
able in the laboratory frame. The experimenters used the Wheatstone
bridge, and the change of resistance was not detected.
Sagnac applied a rotating interferometer, and observed a depen-
dence of interference fringe position on the angular velocity. The result
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of this experiment was theoretically predicted in 1911 by M. von Laue
[18], who proved manifestly its consistence with Special Relativity and
numerous models of stationary Æther, including the Lorentz Æther
theory. Factually, results of this experiment confirmed existence of the
stationary Æther, even in the sense of the Lorentz Æther theory, but
Laue’s calculations were interpreted as the reflection of Special Rel-
ativity correctness. The Sagnac effect is probably the most positive
result for the Æther drag, and was also treated as the straightforward
demonstration of existence of the Æther. Moreover, the Sagnac effect
was constructively explained also within General Relativity which was
claimed by Einstein to be the theory of non-physical Æther.
TheMichelson–Gale experiment modified theMichelson–Morley ex-
periment by application of enlarged Sagnac’s ring interferometer. The
purpose was to find out the relation between the Earth rotation mo-
tion and the light propagation in the vicinity of the Earth. Similarly as
in the case of the Michelson–Morley experiment, the Michelson–Gale
version compared the light from a single source after two directional
travel. The difference was replacement of the two theMichelson–Morley
arms with two different rectangles. The obtained results were compat-
ible with both Special Relativity and models of stationary Æther. How-
ever, Lorentz Æther theory contradicted the Michelson–Morley exper-
iment, and therefore the Michelson–Gale version was interpreted also
as the confirmation of correctness of Special Relativity.
The investigators of the Kennedy–Thorndike experiment also inter-
preted their results in terms of relativistic effects. They modified the
Michelson–Morley experiment via application of the interferometer’s
in which one arm is very short in comparison with the second arm. the
Michelson–Morley experiment constructively verified the length con-
traction hypothesis, whereas in the Kennedy–Thorndike version time
dilation was straightforwardly examined. The much shorter arm and
maximal stabilization of the apparatus enabled the verify existence of
a specifical fringe shift, which theoretically should change of the light
frequency. According to theoretical predictions the shift resulted from
a change of speed of the Earth with respect to Æther, would result in
changes of time of light travel. Albeit, the shift was not detected, what
was interpreted as the confirmation of Special Relativity correctness.
The purpose of the Hammar experiment was emergence of theÆther
drag asymmetry by application of massive lead blocks on both side of
only one the Michelson–Morley interferometer’s arm. The idea of this
investigation was similar to the tests performed by O.J. Lodge. The
blocks absence should result in equal affect of both arms by Æther,
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while in the blocks presence the one arm should be affected. Ham-
mer reported independence of fringe displacements on the blocks ab-
sence/presence, what was the argument against the Æther wind.
The conclusion is unambiguous. Stigmatization of Æther andÆther
drag based on application of the Ockham razor. The physical interpre-
tation used ad hoc absence of the Æther drag, and non-existence of
Æther was concluded. The purpose was intentional interpretation of
experimental data supporting elimination of Æther and related phe-
nomena. In other words exclusion of one thing was performed via im-
posing of absence of another one. However, the matter is much more
sophisticated because of in general the things must not be correlated.
It is worth stressing that computed effects of the Æther drag, ob-
tained from diverse Æther models, were checked in numerous exper-
iments. Since 1904 D.C. Miller and collaborators [19] performed over
200,000 perspective empirical investigations devoted to the verification.
Basing on the results, Miller propagated existence of the Æther wind,
which effects were much smaller than predictions due to stationary
Æther. Miller’s work has been inspired a lot of scholars and researchers
[20]. In 1955 R.S. Shankland et al [21] devaluated the Miller research,
and claimed that the only statistical fluctuation due to the local tem-
perature conditions and systematic error generated the Miller effect.
However, in 1983 W. Broad et al suggested to review with attention the
results received by D.C. Miller, and straightforwardly negated the re-
fusal due to Shankland. Interestingly, R.A. Müller [22] constructively
explained anisotropies of the Cosmic Microwave Background Radiation
via application of the concept of the Æther drag.
Einstein’s Visions
We refer for detailed discussion of Einstein’s opinions which recently
has been performed by L. Kostro in his book [23]. It looks like that Ein-
stein as the creator of Special Relativity, against his will, was stigma-
tized as the killer of Æther. This opinion was based on the intentional
interpretation of the very small fragment of his 1905 Special Relativity
paper [24], which can be found in introduction to this paper
The introduction of a ’luminiferous ether’ will prove to be superf luous
inasmuch as the view here to be developed will not require an «abso-
lutely stationary space» provided with special properties, nor assign a
velocity-vector to a point of the empty space in which electromagnetic
processes take place.
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Nevertheless, he was also stigmatized as a resurrector of the Æther on
the base of Sidelights of Relativity [25] in which one finds
We may say that according to the general theory of relativity space is
endowed with physical qualities; in this sense, therefore, there exists an
aether. According to the general theory of relativity space without aether
is unthinkable; for in such space there not only would be no propaga-
tion of light, but also no possibility of existence for standards of space
and time (measuring-rods and clocks), nor therefore any space-time in-
tervals in the physical sense. But this aether may not be thought of as
endowed with the quality characteristic of ponderable media, as con-
sisting of parts which may be tracked through time. The idea of motion
may not be applied to it.
Also in the article Concerning the Aether Einstein supported Æther
When we speak here of aether, we are, of course, not referring to the
corporeal aether of mechanical wave-theory that underlines Newtonian
mechanics, whose individual points each have a velocity assigned to
them. (. . . ) Instead of ’aether’, one could equally well speak of ’the phys-
ical quantities of space’. (. . . ) So we are effectively forced by the current
state of things to distinguish between matter and aether, even though we
may hope that future generations will transcend this dualistic concep-
tion and replace it with a unif ied theory, as the f ield theoreticians of our
day have tried in vain to accomplish. (. . . ) It is usually believed that
aether is foreign to Newtonian physics and that it was only the wave
theory of light which introduced the notion of an omnipresent medium
inf luencing, and affected by, physical phenomena. (. . . ) Newtonian me-
chanics had its ‘aether’ in the sense indicated, albeit under the name
‘absolute space’. To get a clear understanding of this and, at the same
time, to explore more fully the concept of aether, we must take a step
back. (. . . ) The kinematics, or phoronomy, of classical physics had as lit-
tle need of an aether as (physically interpreted) Euclidean geometry has.
(. . . ) We will call this physical reality which enters the Newtonian law
of motion alongside the observable, ponderable real bodies, the aether of
mechanics. The occurrence of centrifugal effects with a (rotating) body,
whose material points do not change their distances from one another,
shows that this aether is not to be understood as a mere hallucination of
the Newtonian theory, but rather that it corresponds to something real
that exists in nature. (. . . ) The mechanical aether - which Newton called
‘absolute space’ - must remain for us a physical reality. Of course, one
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must not be tempted by the expression aether into thinking that, like the
physicists of the 19th century, we have in mind something analogous to
ponderable matter. (. . . ) When Newton referred to the space of physics
as ‘absolute’, he was thinking of yet another property of what we call
here aether. Every physical thing inf luences others and is, it its turn,
generally inf luenced by other things. This does not however apply to
the aether of Newtonian mechanics. For the inertia-giving property of
this aether is, according to classical mechanics, not susceptible to any
inf luence, neither from the conf iguration of matter nor anything else.
Hence the term ‘absolute’. (. . . ) Viewed historically, the aether hypothe-
sis has emerged in its present form by a process of sublimation from the
mechanical aether hypothesis of optics. After long and fruitless efforts,
physicists became convinced that light was not to be understood as the
motion of an inertial, elastic medium, that the electromagnetic f ields of
Maxwell’s theory could not be construed as mechanical. So under the
pressure of this failure, the electromagnetic f ields had gradually come
to be regarded as the f inal, irreducible physical reality, as states of the
aether, impervious to further explanation. (. . . ) While at least in New-
tonian mechanics all inertial systems were equivalent, it seemed that,
in the Maxwell-Lorentz theory, the state of motion of the preferred coor-
dinate system (at rest with respect to the aether) was completely deter-
mined. It was accepted implicitly that this preferred coordinate system
was also an inertial system, i.e. that the principle of inertia [Newton’s
f irst law] applied relative to the electromagnetic aether. (. . . ) No longer
was a special state of motion to be ascribed to the electromagnetic aether.
Now, like the aether of classical mechanics, it resulted not in the favor-
ing of a particular state of motion, only the favoring of a particular state
of acceleration. Because it was no longer possible to speak, in any abso-
lute sense, of simultaneous states at different locations in the aether, the
aether became, as it were, four dimensional, since there was no objective
way of ordering its states by time alone. According to special relativity
too, the aether was absolute, since its inf luence on inertia and the prop-
agation of light was thought of as being itself independent of physical
inf luence. (. . . ) Thus geometry, like dynamics, came to depend on the
aether. (. . . ) Thus the aether of general relativity differs from those of
classical mechanics and special relativity in that it is not ‘absolute’ but
determined, in its locally variable characteristics, by ponderable matter.
(. . . ) On the one hand, the metric tensor, which codetermines the phe-
nomena of gravitation and inertia and, on the other, the tensor of the
electromagnetic f ield appear still as different expressions of the state of
the aether, whose logical independence one is inclined to attribute rather
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to the incompleteness of our theoretical ediface than to a complex struc-
ture of reality. (. . . ) But even if these possibilities do mature into an
actual theory, we will not be able to do without the aether in theoretical
physics, that is, a continuum endowed with physical properties; for gen-
eral relativity, to whose fundamental viewpoints physicists will always
hold fast, rules out direct action at a distance. But every theory of lo-
cal action assumes continuous f ields, and thus also the existence of an
‘aether’.
Therefore, Einstein’s point of view was that Æther is the core funda-
ment of physics. In fact, he never neglected and negated Æther ex-
istence, and moreover he developed this concept. In the famous book
coauthored with L. Infeld [26], he presented development of physics
with respect to the concept of Æther. Several fragments are cited below
Our picture of ether might very probably be something like the mechan-
ical picture of a gas that explains the propagation of sound waves. It
would be much more diff icult to form a picture of ether carrying trans-
verse waves. To imagine a jelly as a medium made up of particles in
such a way that transverse waves are propagated by means of it is no
easy task. (. . . ) Yet we know from mechanics that interstellar space
does not resist the motion of material bodies. The planets, for example,
travel through the ether-jelly without encountering any resistance such
as a material medium would offer to their motion. If ether does not dis-
turb matter in its motion, there can be no interaction between particles
of ether and particles of matter. Light passes through ether and also
through glass and water, but its velocity is changed in the latter sub-
stances. How can this fact be explained mechanically? Apparently only
by assuming some interaction between ether particles and matter parti-
cles. We have just seen that in the case of freely moving bodies such inter-
actions must be assumed not to exist. In other words, there is interaction
between ether and matter in optical phenomena, but none in mechanical
phenomena! This is certainly a very paradoxical conclusion! (. . . ) We
may still use the word ether, but only to express some physical property
of space. This word ether has changed its meaning many times in the
development of science. At the moment it no longer stands for a medium
built up of particles. Its story, by no means f inished, is continued by the
relativity theory. (. . . ) For the time being, we shall continue to believe
that the ether is a medium through which electromagnetic waves, and
thus also light waves, are propagated, even though we are fully aware
of the many diff iculties connected with its mechanical structure.
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Theoretical Objections
It is evident that Einstein’s attempts were focused on explanation of
a whole Universe via using of the concept of «non physical» Æther. In
Special Relativity he introduced the non-Euclidean Minkowski Space-
time that agreed with the Lorentz transformations. Recall that Lorentz
performed Æther-based deduction of these transformations. It looks
like that Einstein manifestly swept out Æther under space-time car-
pet, and unexpectedly reinvented Æther when his position was con-
solidated. Possibly, the impacting personality and authority of H.A.
Lorentz caused such a situation. Saying «non physical» in the con-
text of Æther looks rather like diplomacy then physics. Unfortunately,
physics is often based on diplomatic truth, and diplomacy is limitlessly
applied within physics.
The negating, which is irrelevant to General Relativity, manifestly
supports Special Relativity. The empirical results, however, can be
reinterpreted as the support of Æther existence and the phenomenon of
the Æther drag. Perhaps the concept of electromagnetic Luminiferous
Æther is incorrect, but in general it does not exclude another form or
forms of Æther. For instance Æther treated as the primordial cause can
exist only initially and must not exist in later stages of Universe evolu-
tion. The best example of theoretical investigation of Æther was done
more than 40 years ago. In mid-1920’s E. Cartan [27] by application of
connections formulated General Relativity in terms of Newtonian dy-
namics. In 1966 A.M. Trautman [28] showed by straightforward calcu-
lation that the Einstein field equations are the special case of the New-
tonian gravitation equations coupled to a thing which Trautman called
Luminiferous Æther. Soon after these results C.W. Misner in Gravi-
tation coauthored with K.S. Thorne and J.A. Wheeler [29] axiomatized
the Trautman approach to show that Newtonian dynamics consistently
joints General Relativity with the Cartan–Trautman Æther.
P.C.W. Davies [30] interviewed J.S. Bell, one of founders of quantum
physics and originator of Bell’s theorem/inequality. Bell straightfor-
wardly expressed the opinion that the concept ofÆther can be very use-
ful tool in resolving the Einstein–Podolsky–Rosen paradox, regarding
measurements of microscopic systems, by involving a reference frame
in which signals go faster than light. In his view the Lorentz length
contraction is correct but inconsistent with Special Relativity, but can
result in the theory of Æther which is consistent with the results of
Michelson–Morley experiment. Bell manifestly stated wrongness of re-
jection of the concept of Æther from physics, and proposed resurrection
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of the Æther because of a number of unsolvable issues is very easy to
solve by imaging of existence of Æther. In [31] Bell discussed Æther.
Another attempt, which is good candidate for the model of Æther,
was made by R.P. Feynman [32]. Feynman proposed that the partial-
differential equations are able to describe classical macroscopic motion
of X-ons, i.e. certain very small entities. The medium created by these
entities can be treated as the model of Æther. Similarly the action on
distance approach to electrodynamics, proposed by Wheeler and Feyn-
man [33], gives great hopes for Æther.
In this manner the situation of Æther is non-established. Moreover,
intentional interpretation of experimental data, so widely applied by
antagonists of Æther, enables to consider Æther as a physical being.
On the other hand, as suggested J. Bell, Æther may be a helpful tool in
constructive and consistent explanation of numerous phenomena and
effects. A number of heightened attempts manifestly rejecting Æther
from description of Nature is based on the methodology which in itself
is the selection and propagating of preferred interpretation. In fact, all
presented justifications of non-existence of Æther are easy to straight-
forward invalidation by suing of the theoretical as well as the empirical
arguments. The question is whether the physical truth should be tech-
nocratic or diplomatic. Of course, Nature is neither technocratic nor
diplomatic, and with no ideological constraints tells what is the truth.
Dirac Æther
In 1951 P.A.M. Dirac, regarded by Einstein the founder of relativistic
quantum mechanics and quantum field theory, concluded existence of
Æther reflecting the nature of four-velocity in the context of theory of
electrons following from his new electrodynamics [34]
It was soon found that the existence of an æther could not be f itted in
with relativity, and since relativity was well established, the æther was
abandoned. (. . . ) If one reexamines the question in the light of present-
day knowledge, one f inds that the æther is no longer ruled out by rela-
tivity, and good reasons can now be advanced for postulating an æther.
(. . . ) at the present time it needs modif ication, because we have to apply
quantum mechanics to the æther. The velocity of the æther, like other
physical variables, is subject to uncertainty relations. For a particular
physical state the velocity of the æther at a certain point of space-time
will not usually be a well-def ined quantity, but will be distributed over
various possible values according to a probability law obtained by tak-
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ing the square of the modulus of a wave function. We may set up a wave
function which makes all values for the velocity of the æther equally
probable. Such a wave function may well represent the perfect vacuum
state in accordance with the principle of relativity. (. . . ) A thing which
cannot be symmetrical in the classical model may very well be symmet-
rical after quantization. This provides a means of reconciling the dis-
turbance of Lorentz symmetry in space-time produced by the existence
of an æther with the principle of relativity. (. . . ) we may very well have
an æther, subject to quantum mechanics and conforming to relativity,
provided we are willing to consider the perfect vacuum as an idealized
state, not attainable in practice. (. . . ) We have now the velocity at all
points of space-time, playing a fundamental part in electrodynamics. It
is natural to regard it as the velocity of some real physical thing. Thus
with the new theory of electrodynamics we are rather forced to have an
æther.
One year later Nature magazine published interesting looking polemics
between L. Infeld and P.A.M. Dirac [35]. Infeld jointed the formulas of
Dirac in a certain intentional way and used of rather laconic then logi-
cal arguments to point out that the new electrodynamics does not need
the concept of Æther if «all» its conclusions will be accepted. Infeld,
as the typical representative of the scholastics of Soviet block, did not
precise what means the word «all» in such a context. In other words,
factually even Infeld did not accept «all» conclusions of the Dirac elec-
trodynamics and selected the only these ones which were adequate for
elimination of Dirac Æther. In this manner Infeld used intentional
interpretation to argue his beliefs, and did not focus attention on the
physical aspects of Dirac Æther. Moreover, such a negative opinion was
also straightforwardly opposite to the efforts of Albert Einstein which
nota bene were supported by Infeld several years earlier. Deduction of
the existence of Æther performed by Dirac used purely formal aspects
of the Hamiltonian approach to the Maxwell electrodynamics, i.e. the
constraints and the action. Recall that over 25 years earlier Dirac dis-
covered the linkage between classical and quantum mechanics via the
Poisson brackets correspondence. Maxwell electrodynamics was unsat-
isfactory formulated because of the correspondence works for the only
Hamiltonian version of a classical theory. Dirac performed the Hamil-
tonian formulation of Maxwell electrodynamics, and discerned Æther
in this theory. Applying the typical arguments of the Ockham razor
based on personal beliefs, L. Infeld manifestly discredited the purposes
and efforts due to P.A.M. Dirac.
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Such a situation strengthened the Dirac strategy which was a fol-
lower of the revisionist approach with respect to even well-established
and accepted physical knowledge. The selfish and unnatural selection
performed by Infeld quickly obtained an adequate and constructive re-
ply due to Dirac. The reply is brief and can be cited entirely
Infeld has shown how the f ield equations of my new electrodynamics
can be written so as not to require an æther. This is not suff icient to
make a complete dynamical theory. It is necessary to set up an action
principle and to get a Hamiltonian formulation of the equations suitable
for quantization purposes, and for this the æther velocity is required.
The existence of an æther has not been proved, of course, because
of my new electrodynamics has not yet justif ied itself. It will probably
have to be modif ied by the introduction of spin variables before a sat-
isfactory quantum theory of electrons can be obtained from it, and only
after this has been accomplished will one to be able to give a def inite
answer to the æther question.
The method of L. Infeld was the tip of the iceberg and reflected the
true countenance of the regional standpoint based on the fossilized tra-
ditional beliefs. At this time Soviet school of physics dominated Euro-
pean science and the Marxist–Leninist scholastics was one of the most
fashionable streams. Such people like P.A.M. Dirac and A. Einstein
were the pioneers who wanted to change this manifestly irrational
status quo. In fact, the opinion due to L. Infeld about Dirac Æther
straightforwardly crossed the efforts of both the Nobel laureates. Al-
beit, above all Infeld negated his own opinions published several years
earlier together with Albert Einstein. This controversy was too serious
for the science of the region and, in fact, resulted in some kind of hack-
work within the Polish physics. Evidently seen lack of Nobel Prizes
in Natural Sciences in Poland is the most gross syndrome of the fos-
silized reasoning and approach to science, and labels the civilization
stagnation. Recall that Infeld was the only one of 11 signatories to
1955’s Russell–Einstein Manifesto who never received a Nobel Prize.
His creative efforts with respect to Poland started when in 1950 he left
Canada, where by 12 years worked at the University of Toronto. He
came back to communist Poland and decided to help in reconstruction
of the Polish science which during World War II lost few generations
of scholars. Admittedly his dictatorial approach to science resulted in
tremendous contribution to the Warsaw school of physics, but trans-
formed this school into the sanctuary of the Soviet scholastics.
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Zero Point Energy & Planck Scale
In 1900 Max Planck [36] published the revolutionary formula for en-
ergy of a single vibrating atom. Several years after, in 1913, Ein-
stein together with his another collaborator O. Stern [37] modified the
Planck formula by involving of the concept of cosmic heat bath. This
concept was directly related to the universal frequency field associated
with the Zero Point Energy. From the modern point of view one can say
that Einstein and Stern renormalized the Planck energy at at absolute
zero temperature via using of the residual oscillating energy. In fact,
the cosmic bath heat is the model of Æther which explains numerous
experimental data, like e.g. the Casimir effect, the Lamb shift.
Factually, the Maxwell model of Æther has never been experimen-
tally refuted. In the context of quantum geometrodynamics due to J.A.
Wheeler [38] Maxwell vacuum can be regarded as quantum foams,
i.e. a subquantum sea of Zero Point Energy fluctuations. According
to Wheeler space-time warps, called wormholes, follow from tremen-
dous densities of local energy due to the high energetic modes of the
universal frequency field. Wormholes are the tunnels transmit elec-
tricity between two separate spatial places or, in more general context,
between different universes creating the superspace – configurational
space of General Relativity. Wheeler proposed to think in terms of mini
holes, i.e. primitive charged particles, as the wormholes related to the
local space. In his view the electricity goes orthogonally via our uni-
verse from a fourth dimension. The mechanism of electron-positron
pairs production follows by black and white mini holes.
Interestingly, H. Aspden [39] proposed the hadronic model based
on near-balanced continuum and quons, i.e. massless Æther particles
giving a charge and condensing electron-positron pairs. Such a line of
thinking was prolonged also by H. Puthoff [40] who applied quantum
theory to redefinition of the Zero Point Energy hypothesis.
Quantum mechanics is also referred as a theory of Æther based on
quantum foams, leading to fluctuations of small scales which generate
quick creations and annihilations of particle pairs. In modern cosmol-
ogy, the fifth element unifying other ones, called oftentimes Dark En-
ergy or quintessence, has been considered as Zero-Point Field or quan-
tum vacuum and already identified with Æther by B.G. Sidharth [41].
Recently, also Einstein Æther theory, i.e. generally covariant general-
ization of General Relativity describing space-time and endowed both
a metric and a unit time-like vector field manifestly violating Lorentz
invariance, has became popular (See e.g. papers in the Ref. [42]).
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Multiverse
Epicurus and Eastern Cosmologies
Epicurus [43] was probably the first ancient philosopher who openly
propagated the concept of Multiverse. In his Letter to Herodotus one
finds manifestly expressed his standpoint
Moreover, there is an inf inite number of worlds, some like this world,
others unlike it. For the atoms being inf inite in number, as has just been
proved, are borne ever further in their course. For the atoms out of which
a world might arise, or by which a world might be formed, have not all
been expended on one world or a f inite number of worlds, whether like
or unlike this one. Hence there will be nothing to hinder an inf inity of
worlds.
(. . . ) After the foregoing we have next to consider that the worlds
and every f inite aggregate which bears a strong resemblance to things
we commonly see have arisen out of the inf inite. For all these, whether
small or great, have been separated off from special conglomerations
of atoms; and all things are again dissolved, some faster, some slower,
some through the action of one set of causes, others through the action
of another.
And further, we must not suppose that the worlds have necessarily
one and the same shape. For nobody can prove that in one sort of world
there might not be contained, whereas in another sort of world there
could not possibly be, the seeds out of which animals and plants arise
and all the rest of the things we see.
Al-Qur’an, the holy book of Islam, also directly refers to multiple worlds.
Su¯ratu Al-Fa¯tihah, called «The Seven Verses of Repetition», translated
into English language by Hafiz Abdullah Yusuf Ali [44] sounds
1 In the name of Allah, Most Gracious, Most Merciful.
2 Praise be to Allah, the Cherisher and Sustainer of the worlds!
3 Most Gracious, Most Merciful.
4 Master of the Day of Judgement.
5 Thee we do worship, and Thine aid we seek.
6 Show us the straight way,
7 The way of those on whom Thou hast bestowed Thy Grace,
those whose (portion) is not wrath, nor of those who go astray.
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One of the thinkers and philosophers straightforwardly inspired by
Al-Qur’an was the muslim polymath Fakhr Al-Din Al-Razi. His point
of view rejected the Aristotelian-Avicennian single universe revolving
around a single world. A. Setia [45] referred fragments of the unpub-
lished manuscript al-Matalib al-’Aliyah of Razi
It is established by evidence that there exists beyond a void without a
terminal limit, and it is established as well by evidence that God Most
High has power over all contingent beings. Therefore he the Most High
has the power to create a thousand thousand worlds beyond this world
such that each one of those worlds be bigger and more massive than this
world as well as having the like of what this world has of the throne,
the chair, the heavens,and the earth, and the sun and the moon. The
arguments of the philosophers for establishing that the world is one are
weak, f limsy arguments founded upon feeble premises.
Multiverse is also present in Puranas, the generic texts of Hinduism,
Jainism or Buddhism. For example in Bhagavata Purana 9.4.56 one
finds the direct reference to multiple universes
Lord S´iva said: My dear son, I, Lord Brahma¯ and the other devas, who
rotate within this universe under the misconception of our greatness,
cannot exhibit any power to compete with the Supreme Personality of
Godhead, for innumerable universes and their inhabitants come into
existence and are annihilated by the simple direction of the Lord.
Modal Realism
In the most general formulation the Multiverse hypothesis takes into
account the scenario in which there exists, numerable or innumerable,
collection of multiple possible universes. These worlds may include
a whole Nature, the concepts of space, time, matter, light, and even
its psychological aspects related to the concept of mind. Multiverse
as the scientific concept was introduced by American psychologist and
philosopher W. James [46], who included into human psychology the
influence of divine and mystic experiences. The structure of Multi-
verse, which in fact defines the nature of a possible universe as well as
the various relationships between distinguishable universes, are not
rigidly established and manifestly depend on a model of Multiverse.
From the philosophical point of view the concept of Multiverse nat-
urally belongs to the logical system investigated by L. Wittgenstein in
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his famous Tractatus Logico-Philosophicus [47]. In this logic the logi-
cal truth is defined as a statement true in all possible worlds or under
all possible interpretations, and a fact is only true in this world as it
has historically unfolded. This ontological system continues the pro-
gram investigated by G. Frege [48], but manifestly neglects the Frege
axiom which semantic form is all true (and, similarly all false) sen-
tences describe the same state of affairs, that is, they have a common
referent. The pioneering formalization of Wittgenstein’s Tractatus was
performed by Polish logician R. Suszko [49], and resulted in so called
Non-Fregean Logic in which there are no theorems asserting howmany
semantic correlates of sentences there can be. Recently this logic has
been expanded by M. Omyła [50] onto the logic connecting situations
and objects. Wittgensteinian metaphysics, however, leads to emergence
of identical objects existence in diverse worlds.
Counterpart theory of D.K. Lewis [51] showed that such objects
should be regarded as similar rather than identical. Lewis elucidated
the role of probability and hypothetical statements. His version of
modal realism led to all possible worlds possessing equally realistic
character like the actual world. In Parts of Classes, Lewis applied the
pluralistic approach to the foundations of mathematics. He considered
such issues like set theory, the Peano arithmetic, and the Gödel incom-
pleteness theorems to mereology and plural quantification. In Lewis’s
approach such a word like ”actual” is merely indexing procedure, label-
ing of position within a world. He proposed also the definition of truth,
strictly based on Multiverse nature of modal realism, which states that
things are necessarily true when they are true in all possible worlds.
Lewis was not the first philosopher studying possible worlds, but con-
tributed the essential idea about equally concreteness of all possible
worlds, and created the concept of the world in which an existence of
the object is no more real than an existence of this object in different
possible world. Similarly as in the caseÆther the concept of Multiverse
manifestly violates the maxim due to English theologian and a mem-
ber of the the mendicant Order of Friars Minor (Franciscan) William
Ockham, called the Ockham Razor. The Ockham Razor says «no» to
multiply entities, because of the Multiverse hypothesis is beyond being
a necessary explanation of the facts which theories want to describe.
Different possible worlds are propagated also by modern American
philosopher and logician S.A. Kripke [52]. He has described modal-
ity via using of a metaphysical route, and employed them to semantics,
what resulted in so called Kripke’s theory of truth. In this theory a nat-
ural language contains its own truth predicate without rising contra-
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diction. Involving the property of partial definition of truth over the set
of grammatically well-formed sentences in the language, Kripke recur-
sively showed that a language can consistently contain its own truth
predicate. In other words Kripke negated the impossibility of such a
situation deduced by A. Tarski [53]. In Kripke’s view truth predicate
adds new sentences to the language and truth is the union of all the el-
ements, i.e. is in turn defined for all of them. Infinite number of steps
establishes ”fixed point” in the language, which can be treated as the
fundamental natural language containing its own truth predicate.
Another pluralistic formulations of the problem of truth involve cor-
respondence, coherence and constructiveness. The approach due to
C. Wright [54] proposes that truth must not be a single discourse-
invariant analog of identity, and that there are the only certain prin-
ciples of application the truth predicate to a sentence, i.e. some plati-
tudes about true sentences. Wright emphasizes the crucial role of the
context, and defines a truth predicate as superassertible if and only if
it is assertible in a certain state of information. He did not proposed
any mechanism for improving or growing of such a state of informa-
tion. Because arbitrary standards, norms, and habits question the dis-
course, he gives the fundamental role for assertiveness. The approach
proposed by M.P. Lynch [55] claims that truth is multiply functional
property. In Truth in Context he proposed a path where metaphysical
pluralism is consistent with robust realism about truth. His studies
on investigated so called relativistic Kantianism, i.e. taking of facts
and propositions as relative without implications about relativity of an
ordinary truth. According to Lynch truths are relative, but individual
concepts of truth must not be. In True to Life Lynch discussed basic
truisms about truth: objectivity, goodness, and arising by worthiness
of requesting. He considered mental origins of cynicism, and presented
inadequacy of numerous theories of truth. Lynch defends caring about
truth, and argues that truth has real value for a happy life.
H.N. Goodman [56] gave far from modal realism contributions to
the Multiverse hypothesis. He exalted artistry in human-world cogni-
tive relationship, and argued artworks as symbols referring and con-
structing diverse worlds. Because any human activity is an artistry
the Goodman approach is general. According to this the interpretation
is fundamentally unified to the world via the symbols. The worlds de-
mand interpretation of the symbols they contribute to construct, and
with no interpretation of the symbols the worlds do exist. Perception,
understanding, experience, and discovering use symbols. The interest
in symbols is cognitive, what Goodman advocates as cognitivism.
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Many-Worlds Interpretation
The straightforward philosophical implication of the Multiverse hy-
pothesis to theoretical physics is the metatheory of quantum theory
called relative state (RS) formulation of quantum mechanics. The foun-
dations of this theory were presented by H. Everett [57] in his doctoral
dissertation supervised by B.S. DeWitt. On pp. 8-9, within the intro-
ductory part of the Everett thesis, one can find the statement
Since the universal validity of the state function description is asserted,
one can regard the state functions themselves as the fundamental enti-
ties, and one can even consider the state function of the entire universe.
In this sense this theory can be called the theory of the ”universal wave
function,” since all of physics is presumed to follow from this function
alone.
By direct application of the classical mechanical procedure for defining
probability, Everett derived the Born rule describing probabilities in
quantum mechanics and proved its universality. DeWitt [58] reincar-
nated relative state formulation as Many-Worlds Interpretation (MWI),
and together with his another PhD student R.N. Graham alternatively
derived the Born rule showing that for infinite number of worlds, i.e.
in the situation for which the statistical laws of quantum theory are in-
adequate, their norm becomes infinite. Everett’s thesis, M. Born paper
and several another papers on MWI are collected in the book [59].
In addition A.M. Gleason [60] and J.B. Hartle [61] independently
obtained the results of Everett’s thesis. J.B. Hartle and S.W. Hawking
[62] used MWI results to description of initial conditions for Big Bang
cosmology by the solution of Wheeler–DeWitt equation. Applying cold
chaotic/eternal inflation A. Linde [63] proposed the first Multiverse cos-
mology, where randomly emerging events have independent initial con-
ditions, and partially nucleate in space-time foam as bubbles. J.S. Bell
in [31] straightforwardly supported Many-Worlds Interpretation. The
direct cosmological results following from MWI context so called is An-
thropic Cosmological Principle, discussed by in the book of J.D. Barrow
& F.J. Tipler [64], and in the book of Tipler [65]. In the book edited by
Penrose & Isham one finds topical Tipler article in which he expresses
the following opinion about Many-Worlds Interpretation
I then asked, ’Who does not believe in the many-worlds interpretation?’.
About 30 hands went up (including those of Roger Penrose and Bob
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Wald); clearly Bryce [DeWitt], David [Deutsch] (and I) were in a minor-
ity at this meeting. Finally I asked, ’Who is neutral on the many-worlds
interpretation?’. The remaining 20 hands went up. I shall do my best
in this short paper to persuade both the sceptics and those have not yet
formed an opinion as to the validity of the many-worlds interpretation
(MWI) that this interpretation is philosophically more beautiful than
competing interpretations, and that it can be used in quantum cosmol-
ogy as a powerful tool not only to interpret the wave function of the
universe, but also to give us some information about the equation which
this wave function obeys. (. . . ) Most sceptics, I’ve found, have a mis-
taken idea of what the MWI really means, so it behoves me to review it
brief ly. The MWI is a theory of measurement, so it is concerned with
describing how the universe looks to us qua human beings. At some
stage during any measurement, the information is digitalized, and this
is true even for the measurement of continuous variables, for example
position or momentum. A typical position measurement — of an a-
particle nucleus, say — would be carried out by letting the a-particle
pass through an array of atoms such as those of a photographic plate.
The array cannot make position measurements of unlimited accuracy;
at best, the accuracy would be limited by the size of the atom. Even
if we were to improve the accuracy of the position measurement at this
level of the measuring process, the position measurement would in the
end be digitalized when it is transmitted to human beings, for the data
corresponding to an arbitrarily precise position measurement would in
general exceed the storage capacity of a human brain. Hence we can
model any measurement by a measurement of a discrete variable.
Many-Worlds Interpretation possesses numerous applications and
references. J.R. Gribbin [66] discussed Schrödinger’s cat paradox and
Multiverse. M. Lockwood [67], M. Gell-Mann & J.B. Hartle [68], D. Al-
bert [69], R. Penrose [70], D.J. Chalmers [71], and D.E. Deutsch [72]
attempted to construct theory of evolution directly based on MWI. M.
Kaku [73] applied the idea of parallel worlds, i.e. worlds within the
Multiverse, to speculations within String Theory. R. Plaga [74] pro-
posed the empirical test of Many-Worlds Interpretation. J.A. Barrett
[75] discussed details of both the Everett and ”no collapse” interpreta-
tions of quantum mechanics. Deutsch [76] also suggested to examine
MWI by using of quantum computer. Applying MWI he derived the
information-theoretic Born rule, and determined Multiverse by infor-
mation flow. D. Page [77] sees the essential support of MWI in cosmo-
logical observations. L. Polley [78] derived the Born rule by symmetry
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arguments instead of Deutsch’s assumptions. Derivation of the Born
rule by W.H. Zurek [79] involved envariance, while he deduced proba-
bilities from entanglement. In another considerations [80] Zurek dis-
cussed also the problem of causality, interaction with environment, and
what he calls quantum darwinism describing proliferation, in the en-
vironment, of multiple records of selected states of a quantum system.
The arguments due to Deutsch were improved on by D. Wallace [81]
and S. Saunders [82]. J.A. Wheeler [83] also expressed his views on
Everettian relative state. L. Smolin [84] and B. Greene [85] supported
Multiverse in the context of String Theory. M. Gardner [86] did criti-
cal analysis of Many-Worlds Interpretation. C. Bruce [87] focused on
Schrödinger’s cat paradox, and L. Randall [88] studied the context of
brane worlds. Various experienced scientists and scholars expressed
their opinions about Multiverse in the book edited by B. Carr [89].
M. Tegmark [90] provided the classification of multiple universes. P.
Byrne [91] performed a detailed analysis of the Everett heritage. In-
teresting looking studies which look like topically have been presented
recently by V. Allori et al [92] and by S. Osnaghi et al [93]. A. Jenk-
ins & G. Perez [94], and J. Feng & M. Trodden [95] have discussed the
observational context of MWI. Also recently I have supported a certain
particular context of the Multiverse hypothesis [96].
There are also another various intriguing contexts of Many-World
Interpretation and Multiverse. Interestingly recently, A. Kent [97] and
N.P. Landsman [98] have criticized the foundations of the Born rule
applied in the context of Many-Worlds Interpretation. The construc-
tive application of MWI was performed by D. Parfit [99], who discussed
the concept of personal identity. His conclusions and deductions are
essentially intriguing and are questioning the fundamental status quo
of mental health. Namely, Parfit presented certain sample situations
in which a unified person splits into several copies, and justified am-
biguousness in fixation of the state of personality. He concluded that
dividing of ”I” does leads to inadequacy of the concept of personal iden-
tity, which is the most celebrated and well-established concept of psy-
chology and psychiatry. However, productive introduction of medical
norms and social standards based on MWI is rather far perspective.
String Theory and Anthropic Principle
The Anthropic Principle leads to straightforward various implications
of Many-World Interpretation and Multiverse hypothesis within String
Theory. The contributions based on or related to Multiverse and MWI
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were presented by S. Weinberg [100], G. ’t Hooft [101], S.W. Hawking
[102], M.J. Rees [103], J.D. Bekenstein [104], and L. Susskind [105].
Weinberg, in his famous and intriguing book Dreams of a Final Theory
[106], unambiguously and manifestly expressed the beliefs which are
strictly related to the Many-Worlds Interpretation
The f inal approach is to take the Schrodinger equation seriously (. . . )
In this way, a measurement causes the history of the universe for prac-
tical purposes to diverge into different non-interacting tracks, one for
each possible value of the measured quantity. (. . . ) I prefer this last
approach.
There are also critical standpoints about the String Theory context of
Multiverse hypothesis. Smolin in his another book [107] is too critical
The search for quantum gravity is a true quest. The pioneers were ex-
plorers in a new landscape of ideas and possible worlds. (. . . ) The
scenario of many unobserved universes plays the same logical role as
the scenario of an intelligent designer. Each provides an untestable hy-
pothesis that, if true, makes something improbable seem quite probable.
(. . . ) The anthropic principle that Susskind refers to is an old idea pro-
posed and explored by cosmologists since the 1970s, dealing with the
fact that life can arise only in an extremely narrow range of all possi-
ble physical parameters and yet, oddly enough, here we are, as though
the universe had been designed to accommodate us (hence the term "an-
thropic"). The specif ic version that Susskind invokes is a cosmological
scenario that has been advocated by Andrei Linde for some time, called
eternal inf lation. According to this scenario, the rapidly inf lating phase
of the early universe gave rise not to one but to an inf inite population
of universes. You can think of the primordial state of the universe as a
phase that is exponentially expanding and never stops. Bubbles appear
in it, and in these places the expansion slows dramatically. Our world
is one of those bubbles, but there are an inf inite number of others. To
this scenario, Susskind adds the idea that when a bubble forms, one of
the vast number of string theories is chosen by some natural process to
govern that universe. The result is a vast population of universes, each
of which is governed by a string theory randomly chosen from the land-
scape of theories. Somewhere in the so-called multiverse is every possi-
ble theory in the landscape. (. . . ) I f ind it unfortunate that Susskind
and others have embraced the anthropic principle, because it has been
understood for some time that it is a very poor basis for doing science.
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Since every possible theory governs some part of the multiverse, we can
make very few predictions. (. . . ) It is not hard to see why. To make
a prediction in a theory that posits a vast population of universes sat-
isfying randomly chosen laws, we would f irst have to write down all
the things we know about our own universe. These things would ap-
ply to some number of other universes as well, and we can refer to the
subset of universes where these facts are true as possibly true universes.
P. Woit in his book Not Even Wrong [108] is critical too, but less radical
The anthropic principle comes in various versions, but they all involve
the fact that the laws of physics must be of a nature that allows the
development of intelligent beings such a ourselves. Many scientists be-
lieve that this is nothing more than a tautology, which while true, can
never be used to create a falsif iable prediction, and thus can not be part
of scientif ic reasoning. Controversy has arisen as a signif icant group
of superstring theorists have begun to argue that superstring theory’s
inability to make predictions is not a problem with the theory, but a
ref lection of the true nature of the universe. (. . . ) Weinberg suggested
that perhaps the explanation of the problem of the small size of the cos-
mological constant was the anthropic principle. The idea is that there
are huge number of consistent possible universes, and that our universe
is part of some larger multiverse or megaverse. Quite naturally, we f ind
ourselves in a part of this multiverse in which galaxies can be produced
and thus intelligent life can evolve. If this is the case, there is no hope
of ever predicting the value of the cosmological constant, since all one
can do is note the tautology that it has a value consistent with one’s ex-
istence.
Anyway, in theoretical physics the crucial question is whether arbi-
trary mathematical creations can be applied to effective and construc-
tive description of the physical Reality. In this book I shall present
straightforwardly that certain selected ideas lead to such a construc-
tive approach. It must be emphasized that in general it is clear what
is the best argument for applicability of any mathematics to making of
a constructive physical scenarios. Namely, this is a problem of choice
which always should be verified empirically. A mathematics is physi-
cal if and only if it leads to a physical truth, which is independent on
various diplomatic operations. Always, however, constructive failures
are much more valuable then nonconstructive successes. Regarding
the opinion due to Wolfgang Pauli: not even wrong.
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Part I
Lorentz Symmetry Violation
1
Chapter 1
Deformed Special Relativity
Special Relativity can be formulated basing on the momentum space,
in which the Einstein energy-momentum relation holds
E2 = m2c4 + p2c2, (1.1)
where c is speed of light in vacuum, p the momentum value of a rela-
tivistic particle possessing mass m. Factually, the relation (1.1) can be
rewritten in the more conventional form
E2− p2c2−m2c4 = 0, (1.2)
which defines the Einstein Hamiltonian constraint of Special Rela-
tivity. Solving of this constraint with respect to a particle energy E
leads to fixation of the energy as the approximation. For Special Rel-
ativity the Lorentz symmetry holds and (1.1), as a quadratic form on
the Minkowski energy-momentum space of a particle pµ = [E, pic], is
Lorentz invariant.
From the modal realism point of view, the Lorentz invariance of the
constraint (1.1) leads to the fundamental problem. Namely, the equa-
tion (1.1) is not the only one possible such a quadratic form. Naturally,
the constructive generalization of Special Relativity is
E2 = m2c4 + p2c2 +∆(E, p), (1.3)
where the deformation ∆(E, p) contains also a set of free parameters,
which I shall call deformation parameters. Such an extension, however,
determines the Multiverse in which the possible worlds are diverse
Æther theories, and such an Æther theory defines new physical be-
ings and effects. For Lorentz invariance a whole expression (1.3) must
be a quadratic form on the Minkowski space. This chapter presents the
updated results of the author paper [109]. Certain part of these results
is removed and replaced by more adequate ideas.
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A The linear deformation
Let us consider first the deformation of Special Relativity due to a sim-
ple linear term in a particle momentum p
E2 = m2c4 + p2c2 +P i pic2, (1.4)
where P i, i = 1,2,3 is a three-vector of deformation parameters, which
in fact is certain constant reference momentum 3-vector distinguishing
axes related to its direction. Let us introduce also the length of the 3-
momentum vector P i as
P =
√
P iPi. (1.5)
It is not difficult to deduce that the deformation momentum three-
vector P i can be physically understood as the Æther momentum vec-
tor. Therefore, the linear deformation of Special Relativity (1.4) de-
scribes the simplest type interaction between a particle and the Æther
in the Minkowski energy-momentum space . In such a situation the
Æther is characterized by a constant momentum vector field dealt by
the direction of the three momentum P i.
From the Minkowski space point of view the modified Special Rela-
tivity (1.4) corresponds to nontrivially deformed invariant hyperboloid.
The theory (1.4) can be described by a quadratic form which by elemen-
tary algebraic manipulation can be obtained from (1.4) as its canonical
form
E2 +
1
4
P2c2 =
(
P i
P
pic+
Pc
2
)2
+m2c4, (1.6)
which can be worked out by multiple ways, i.e. in itself determines the
Multiverse of possible physical theories. By the identification method
there is a lot of routes of possible interpretations between all the parts
of the equation (1.6). Let us consider here the three basic interpreta-
tions.
A1 The Dirac equation and the new algebra
The first case is the following identification
m2c4 =
P2c2
4
E2 =
(
P i
P
pic+
Pc
2
)2 , (1.7)
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which leads to the mass values
±mc = P
2
, (1.8)
where we have included negative sign mass as physical. The second
equation is not difficult to solve. The solution determines energy as
γ0E = γ i pic±mc2, (1.9)
where γ ’s are defined by the following relations
γ02 = 1, (1.10)
γ i = P
i
P
. (1.11)
where the equality (1.11) for the present case (1.8) takes the form
γ i = P
i
2mc
. (1.12)
In other words from Eq. (1.11) one has P i = Pγ i what, after applica-
tion of the usual raising the lower index γi = δi jγ j, allows to write
P iPi = P
2γ iγi, (1.13)
i.e. for correctness with the definition (1.5) the identity γ iγi ≡ 1 must
hold in arbitrary case. It is, albeit blatantly incorrect if one treats γ i as
the Dirac gamma matrices obeying the Clifford algebra{
γ i,γ j
}
C = 2δ
i j, (1.14)
where δi j is D×D unit matrix, for γ iγi = δ ii = D and therefore in 3-
dimensional space γ iγi = 3. Factually such an algebraical treatment
(1.14) was investigated by W. Pauli [110], and is commonly used in both
relativistic quantum mechanics as well as quantum field theory [111].
Moreover, the Clifford algebra is the fundamental computational rule
in particle physics, for instance for cross sections for reactions. Alter-
natively, the relations (1.5) and (1.13) can be understood as the sugges-
tion that the linear deformation is true for the only D = 1 dimensional
space, i.e. that the Æther exists only in one-dimensional space. It looks
like, however, that such an explanation is logically inconsistent and the
Clifford algebra (1.14) must be exchanged for the more adequate one.
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Because, however, the definition (1.11) imparts the Æther momen-
tum noncommutative nature there is difference between expressions
P iPi and PiP i which in the Abelian case are identical. By this reason
let us introduce the definition of the Æther momentum square includ-
ing the noncommutative nature of P i
P2 =
1
2
(
P iPi +PiP
i) , (1.15)
which in the commutative situation leads to (1.5). Thus one obtains
P2 =
1
2
(
P2γ iγi +P2γiγ i
)
, (1.16)
what after using the identity γi = δi jγ j gives
P2 =
P2
2
δi j
(
γ iγ j + γ jγ i
)
, (1.17)
and results in the basic relation
1 = 1
2
δi j
{
γ i,γ j
}
, (1.18)
which can be expressed in more conventionally{
γ i,γ j
}
=
2
δi j
. (1.19)
The Clifford algebra (1.14) can be reconstructed from (1.18) if and only
if one put by hands the identity δ i j = 1δi j
, i.e. δ i jδi j = δ ii = 1. However,
such an algebraical strategy is in general incorrect because of in the
D dimensional space case
1
δi j
=
δ i j
δi jδ i j
=
δ i j
δ ii
=
1
D
δ i j. Strictly speaking
it means that the spatial gamma matrices (1.11) do not belong to the
Clifford algebra for D 6= 1.
In itself, however, the obtained problem is solved by introduction
of the new algebra, which can be established straightforwardly and
rather easy. Namely, application of the relation
1
δi j
=
1
D
δ i j within the
equation (1.19) results in the following anticommutator{
γ i,γ j
}
=
2
D
δ i j, (1.20)
5
ŁUKASZ ANDRZEJ GLINKA: ÆTHEREAL MULTIVERSE
which for 3-dimensional case gives the rule{
γ i,γ j
}
=
2
3
δ i j. (1.21)
It is not difficult to see straightforwardly that the extension of spa-
tial gamma matrices to the space-time version
γ i → γµ = (−γ0,γ i) , (1.22)
leads to simple generalization of the basic formula (1.18)
1 =
1
2
ηµν {γµ ,γν} , (1.23)
where ηµν = diag(−1,1,1,1) is metric the Minkowski space-time. There-
fore, one obtains the new four-dimensional gamma matrix algebra
{γµ ,γν}= 2
4
ηµν = 1
2
ηµν , (1.24)
which is distinguishable from the space-time Clifford algebra
{γµ ,γν}C = 2ηµν . (1.25)
It is not difficult to proof that for D+1 dimensional space-time, where
D is the spatial dimension, the new algebra is
{γµ ,γν}= 2
D+1
ηµν . (1.26)
Let us consider now the constraint (1.9), and apply to this the canonical
relativistic quantization procedure
(E, pic)→ iℏ∂µ = iℏ(−∂0,c∂i). (1.27)
The resulting equation
− iℏγ0∂0ψ = (icℏγ i∂i±mc2)ψ, (1.28)
in fact is the Dirac equation
(iℏγµ∂µ ±mc2)ψ = 0, (1.29)
for which the Lorentz symmetry is fully validate. In other words we
have obtained the Dirac equation, where however, the gamma ma-
trices do not belong to the Clifford algebra but obey the new alge-
bra (1.24). Interestingly, factually we have generated the Dirac equa-
tion independently on the gamma matrix algebra, what suggests that
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the Dirac equation must not be obtained as ”square-root taking” of
the Klein–Gordon equation, like Dirac originally deduced and applied
[112]. Dirac’s computations did not involve relations between gamma
matrices manifestly, and therefore his deductions are true.
Interestingly, the general relation between the new algebra (1.20)
and the Clifford algebra (1.14) can be established straightforwardly{
γ i,γ j
}
=
1
D
{
γ i,γ j
}
C . (1.30)
In other words, because of the Clifford algebra is here a unit D×D
matrix, the limit D→ ∞ gives trivially
lim
D→∞
{
γ i,γ j
}
= 0, (1.31)
while the Clifford algebra is conserved in such a limit situation. Albeit,
in the light of the general relation (1.18) this case generates the bla-
tantly incorrect equality 1 = 0. It suggests that D→ ∞ is a nonphysical
situation when the spatial metric is a constant D×D unit matrix δi j.
Possibly, such a infinite limit has a sense if and only if the space/space-
time metric depends on the number of dimensions D. However, we
shall not discuss such examples in this book. It is easy to see that sim-
ilar situation is present for the space-time new algebra (1.26) and the
space-time Clifford algebra (1.25)
{γµ ,γν} = 1
D+1
{γµ ,γν}C , (1.32)
lim
D→∞
{γµ ,γν} = 0. (1.33)
Let us establish certain identity important for this chapter. Namely,
let us compute γ iγi in the light of the basic relation (1.18)
γ iγi = γ iδi jγ j = δi jγ iγ j =
1
2
(
δi j +δ ji
)
γ iγ j = 1
2
(
δi jγ iγ j +δ jiγ iγ j
)
=
=
1
2
(
δi jγ iγ j +δi jγ jγ i
)
=
1
2
δi j
(
γ iγ j + γ jγ i
)
=
1
2
δi j
{
γ i,γ j
}
= 1, (1.34)
what differs from the D-dimensional Clifford algebra result γ iγi = D.
The result (1.34) holds for any D, and first of all also for the space-time
version of the new algebra γµ γµ = 1, and is independent on the spatial
dimension. This is an important elucidation.
Because of the presented approach, based on identif ication method
, is essentially new and evidently changes deductions and explanations
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related to the Clifford algebra, we shall call the new algebra the Æther
algebra . The presented way of reasoning shows that the Dirac equa-
tion is not related to the Clifford algebra only, but factually can be
deduced by a way very far from the Dirac ”square-root” technique and
produce other algebras of gamma matrices. We showed here that in
general gamma matrices can be deduced by techniques different from
the methods of relativistic physics, propagated by Dirac in his contri-
butions to quantum mechanics. Albeit, we regard Dirac’s results, and
particularly their diverse consequences for particle physics, as the in-
spiration. The Æther algebra proposed above can be related to other,
possibly unknown, particles and forces. Possibly, the Dirac equation
with non-Dirac gamma matrices defines an effective theory.
A2 Another Identifications
The second possible identification is
m2c4 = E2
P2c2
4
=
(
P i
P
pic+
Pc
2
)2 . (1.35)
In such a situation the first equality leads to the relation
γ0E =±mc2, (1.36)
where γ0 is defined by the relation (1.10). The formula (1.36)looks like
the Einstein mass-energy relation . Similarly the second equality in
(1.35) leads to the following nontrivial and manifestly distinguishable
physical situations
P i
P
pic = 0, (1.37)
P i
P
pic = −Pc. (1.38)
Similarly as in the previous case one can introduce the Clifford alge-
bra of spatial gamma matrices given by the relations (1.10) and (1.11),
and applying the canonical relativistic quantization procedure (1.27)
one obtains the appropriate projections conditions. The first such a
condition follows from (1.36) and has a form(
iℏγ0∂0∓mc2
)
ψ = 0, (1.39)
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while the second one, following from (1.37) and (1.38), has the form
icℏγ i∂iψ = 0, (1.40)(
icℏγ i∂i +Pc
)
ψ = 0. (1.41)
Interestingly, the equation (1.39) added to the condition (1.40) leads to
the usual Dirac equation (1.29), while addition of the condition (1.40)
to the equation (1.39) allows to establish the new quantum relativistic
equation jointing a Dirac particle and the Æther(
iℏγµ∂µ +Mc2
)
ψ = 0, (1.42)
where M is the effective mass of the particle-Æther system
M =∓m+ 1
c
P, (1.43)
i.e. for [P] ∼ [c] = 3 · 108 the correction due to the Æther plays an es-
sential physical role. Interestingly, for the positive sign near particle
mass m in (1.43) the effective mass M is always positive, while for the
negative sign the effective mass M is positive for mc < P, negative for
mc > P, and vanishes when mc = P.
On the one hand the effective mass (1.43) manifestly contains the
correction to a particle mass due to the Æther momentum value P but
not due to Pi. Such a property involves a situation when the Æther
momentum vector Pi is nontrivial but its length P vanishes. In such
a case an arbitrary component of the Æther momentum vector is de-
termined by the two remained components which are still arbitrary. It
can be seen that then a classical theory is a deformed Special Relativ-
ity (1.4) while, because M =±m by (1.43), quantum theory (1.42) is the
Dirac relativistic quantum mechanics. In other words the Dirac theory
is related not only to the Einstein theory, but possesses wider sense.
On the other hand, however, the quantum theory given by the pro-
jections (1.39), and (1.40) and (1.41) carries different content than the
usual Dirac relativistic quantum mechanics. In the Dirac theory there
is the only one cumulative projection condition (1.29), while in the our
theory the conditions (1.39), and (1.40) and (1.41) in general are not
cumulative. We mean that we have obtained the condition for time evo-
lution (1.39) and two alternative conditions for spatial evolution (1.40)
and (1.41), while in the Dirac theory there is unified space-time evolu-
tion (1.29). By this reason the our situation is physically distinguished
from the theory based on four-dimensional Dirac equation . However,
9
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the unification obtained by simple algebraic sum of the time projection
and the spatial projection led us to the usual Dirac theory and the Dirac
theory with the effective mass (1.43). This particular case is within the
general theory given by the projection conditions (1.39), and (1.40) and
(1.41).
Interestingly, also the classical physics context of the conditions
(1.37) and (1.38) is nontrivial. Namely, these relations establish two
possible constraints for a particle momentum components, what allows
to express an arbitrary one component of a particle momentum via the
Æther momentum. In other words the constraints (1.37) and (1.38)
joint a classical particle with the Æther. Factually, the first relation is
P1p1 +P2 p2 +P3 p3 = 0, (1.44)
and the latter one is
P1(p1 +P1)+P2(p2 +P2)+P3(p3 +P3) = 0. (1.45)
There are in general three types of solutions for each of these con-
straints, in which a one component of a particle momentum is depen-
dent on two other (arbitrary) components of particle momentum and all
components of the reference momentum 3-vector. The constraint (1.44)
can be solved by
pi =
(
−P
2
P1
p2−P
3
P1
p3, p2, p3
)
, (1.46)
pi =
(
p1,−P
1
P2
p1−P
3
P2
p3, p3
)
, (1.47)
pi =
(
p1, p2,−P
1
P3
p1−P
2
P3
p2
)
. (1.48)
Similarly, the constraint given by (1.45) possesses in general three pos-
sible solutions
pi =
(
−P1−P
2
P1
(p2 +P2)−P
3
P1
(p3 +P3), p2, p3
)
, (1.49)
pi =
(
p1,−P2−P
1
P2
(p1 +P1)−P
3
P2
(p3 +P3), p3
)
, (1.50)
pi =
(
p1, p2,−P3−P
1
P3
(p1 +P1)−P
2
P3
(p2 +P2)
)
. (1.51)
Particularly, the solution of the first constraint can be trivial, i.e. pi = 0,
and the second constraint can be solved simply by pi =−Pi. Both these
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cases have a physical interpretation of an inertial reference frame of a
particle: either rest frame or motion of a particle under the constant
momentum opposite to the Æther momentum. For both these particu-
lar solutions the Lorentz symmetry also holds.
The third interesting identification is
−E2 = P
2c2
4
−m2c4 =
(
P i
P
pic+
Pc
2
)2 . (1.52)
The first constraint can be resolved straightforwardly with the result
± iγ0E = Pc
2
. (1.53)
The solution of the second equation also can be easy established
± imc2 = P
i
P
pic+
Pc
2
. (1.54)
Employing (1.53) this solution can be written as
± imc2 = γ i pic± iγ0E. (1.55)
After the canonical relativistic quantization the solution (1.55) leads to
the equation (
icℏγ i∂i∓ℏγ0∂0∓ imc2
)
ψ = 0, (1.56)
having blatantly real and imaginary parts which are
∓ℏγ0∂0ψ = 0, (1.57)(
cℏγ i∂i∓mc2
)
ψ = 0, (1.58)
and must be treated as the system of equations.
With using of (1.53) the solution (1.54), however, can be rewritten
in another form and understood alternatively. Namely, because one
has determined the Æther momentum value via a particle energy and
non-determined the Æther momentum vector, the equation (1.54) can
be presented in an equivalent form
± imc2 = P
ic
±2iγ0E pic± iγ
0E. (1.59)
11
ŁUKASZ ANDRZEJ GLINKA: ÆTHEREAL MULTIVERSE
One sees straightforwardly, however, that the equation (1.59) after
elementary algebraic manipulations can be presented in a form of a
quadratic equation
(±γ0E)2∓mc2(±γ0E)−P
ic
2
pic = 0. (1.60)
Now it is easy to conclude that essentially for arbitrary sign of m this
equation can be rewritten as
(γ0E)2±mc2(γ0E)−P
ic
2
pic = 0, (1.61)
while one can treat the positive mass case in the constraint (1.59) as
the physical situation. The canonical relativistic quantization applied
to the constraint (1.61) results in the following projection condition(
−ℏ2∂ 20 ± iℏmc2γ0∂0− icℏ
P ic
2
∂i
)
ψ = 0, (1.62)
which after multiplication by −1/mc2 and taking into account ad hoc
the following identification of the spatial gamma matrices
γ i = P
i
2mc
. (1.63)
can be easily led to more convenient form(
ℏ2
mc2
∂ 20 ∓ iℏγ0∂0 + icℏγ i∂i
)
ψ = 0. (1.64)
Interestingly, when one takes the plus sign in (1.64) as the physical
case than this condition can be written as(
iℏγµ∂µ +
ℏ2
mc2
∂ 20
)
ψ = 0, (1.65)
and then the Dirac equation is recovered
(iℏγµ∂µ +Mc2)ψ = 0, (1.66)
where M is an effective mass term
Mc2ψ ≡ ℏ
2
mc2
∂ 20 ψ. (1.67)
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It is easy to see that the Lorentz symmetry is validate in such a mass
generation mechanism.
The case of the minus sign in the equation (1.64) can be also consid-
ered in terms of the Dirac equation (1.66), but then the mass term is
determined via one of two equivalent conditions
Mc2ψ ≡
(
− ℏ
2
mc2
∂ 20 −2icℏγ i∂i
)
ψ, (1.68)
Mc2ψ ≡
(
ℏ2
mc2
∂ 20 −2iℏγ0∂0
)
ψ. (1.69)
From the classical physics point of view, however, the mass term
conditions (1.68) and (1.69) are respectively
Mc2 = − E
2
mc2
−2 P
i
2mc
pic, (1.70)
Mc2 =
E2
mc2
−2γ0E, (1.71)
where we used γ02 = 1, and their equivalence leads to the constraint
E2
mc2
− γ0E + P
i
2mc
pic = 0, (1.72)
which can be rewritten in more conventional form
γ0E = E
2
mc2
+
P i
2mc
pic. (1.73)
Applying the basic constraint (1.4) to the right hand side of (1.73) one
receives the relation
γ0E = mc2 + 3P
icpic
2mc2
+
picpic
mc2
, (1.74)
that defines the resolution of the constraint (1.4) in this case. Em-
ploying once again the canonical relativistic quantization to (1.74) and
identifying the spatial gamma matrices as (1.63) one obtains the fol-
lowing equation
iℏγ0∂0ψ =
(
mc2 +3icℏγ i∂i− ℏ
2
mc2
△
)
ψ, (1.75)
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where△= γ iγi∂ i∂i = ∂ i∂i is the Laplace operator, which can be presented
as the Dirac equation (1.66) with the effective mass given by two equiv-
alent mass generation rules
Mc2ψ =
(
−mc2−4icℏγ i∂i + ℏ
2
mc2
△
)
ψ, (1.76)
Mc2ψ = 13
(
mc2−4icℏγ0∂0− ℏ
2
mc2
△
)
ψ. (1.77)
It must be emphasized that the Laplace operator △ = γ iγi∂ i∂i has the
form △ = ∂ i∂i for the new algebra, while for the Clifford algebra it is
manifestly different△= D∂ i∂i. It is the confirmation of the correctness
of the new algebra.
Another route to a new equation in the case under considering, can
be obtained e.g. by application of the first relation (1.52) within the
constraint (1.73). First one obtains
γ0E =− P
i
2mc
Pi
2mc
mc2 +
P i
2mc
pic, (1.78)
then by using of (1.63) and the identity Pi = δi jP j one has
γ0E =−δi jγ iγ jmc2 + γ i pic, (1.79)
and by the new algebra result (1.34) one receives finally
γ0E− γ i pic+mc2 = 0. (1.80)
In this manner, applying once again the canonical relativistic quanti-
zation one obtains the equation(
iℏγ0∂0− icℏγ i∂i +mc2
)
ψ = 0, (1.81)
which differs from the Dirac equation for particle with mass m by the
minus sign presence near spatial derivative. However, one sees straight-
forwardly that the equation (1.81) can be interpreted as the Dirac equa-
tion (1.66) with the effective mass M, if and only if the effective mass
term is given by one of the two equivalent relations
Mc2ψ ≡ (−2icℏγ i∂i +mc2)ψ, (1.82)
Mc2ψ ≡ (−2iℏγ0∂0−mc2)ψ. (1.83)
The obtained Dirac-like quantum theories can be always presented
in the form of the Schrödinger equation, i.e.
iℏ∂0ψ = Hψ, (1.84)
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where H =H(∂0,∂i) is the Hamilton operator describing a quantum sys-
tem. In comparison to the standard Dirac theory in the our case the op-
erator H, however, in general must not be always a hermitean operator.
The equation (1.84) should be solved with the usual spatial normaliza-
tion condition for the wave function ψ∫
dDx|ψ(x)|2 = 1, (1.85)
where 1 is the D-dimensional unit matrix. The question of solvability
of the systems deduced above, however, is not the main theme of this
book. It is good exercise for a reader.
As we proposed initially, the linear deformation of Special Relativity
constraint in (1.4) couples a particle and the Æther in the Minkowski
energy-momentum space . The reasoning done in the spirit of Dirac’s
relativistic quantummechanics led us to the linkage (1.11) between the
new algebra of the spatial gamma matrices, and the Æther momentum
vector, and its particular case (1.63) was also discussed. Straightfor-
ward application of the Æther algebra (1.20) results in the following
noncommutative algebra of the Æther momentum{
P i
P
,
P j
P
}
=
2
D
δ i j. (1.86)
Let us generalize this algebra to the Minkowski space-time case{
Pµ
P
,
Pν
P
}
=
2
D+1
ηµν , (1.87)
where P is the length of the Æther four-momentum
P2 =
1
2
(
PµPµ +PµP
µ) , (1.88)
which can be initially postulated as
Pµ =
(
P0,Pγ i
)
, (1.89)
where P0 is a time component of Pµ , and P is length of the Æther
three-momentum. Let us compute (1.88) straightforwardly
P2 =
1
2
(
P0P0 +P0P
0 +P2δi j
{
γ i,γ j
})
, (1.90)
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and postulate P0 = −αγ0, where α is an unknown multiplier. Than,
because of by definition one has P0 = η00P0 = αγ0, one receives
P2− 1
2
P2δi j
{
γ i,γ j
}
=−α2
(
1− 1
2
δi j
{
γ i,γ j
})
, (1.91)
what in the light of the spatial algebra (1.18) is satisfied if and only if
P2 = P2 , P2 =−α2, (1.92)
and consequently time component of the Æther four-momentum is
P0 =±iPγ0 =±iPγ0. (1.93)
Therefore, P0 = 0 if and only if P= P = 0.
For the particular situation γ i = P
i
2mc
a particle mass can be ex-
pressed via the Æther momentum vector
m =
1
2
P
c
, (1.94)
so in fact the modified Einstein Hamiltonian constraint (1.4) can be
expressed via the Æther and a particle momenta only
E2 =
(
1
4
P iPi + pi pi +P i pi
)
c2. (1.95)
The fixed value of square of the Æther momentum vector allows to
establish three equivalent forms of the the momentum three-vector
P i =
[√
(2mc)2−P2P2−P3P3,P2,P3
]
= (1.96)
=
[
P1,
√
(2mc)2−P1P1−P3P3,P3
]
= (1.97)
=
[
P1,P2,
√
(2mc)2−P1P1−P2P2
]
, (1.98)
what allows also to derive easily the normalized Æther momentum vec-
tor
P i
P
. Moreover, one can reconsider the situations defined by the
constraints (1.37) and (1.38). In the first case the energetic constraint
(1.95) takes the following form
E2 =
(
1
4
P iPi + pi pi
)
c2, (1.99)
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with the particle momentum defined by the solutions (1.46), (1.47) or
(1.48), while in the second situation one obtains
E2 =
(
−3
4
P iPi + pi pi
)
c2. (1.100)
where the particle momentum is given by (1.49), (1.50) or (1.51). It is
visible that in the case (1.99) the energy is always nonzero. However,
in the case (1.100) the energy can be trivially vanishing if and only if
the particle momentum is constrained by
pi =
√
3
4
Pi. (1.101)
It is easy to see for (1.49), (1.50) or (1.51) that in the case (1.101) holds
P iPi = 0. (1.102)
Particularly, the constraint (1.102) is satisfied when theÆther momen-
tum vanishes identically P i = 0, but by (1.101) such a situation implies
m =
1√
3
p
c
, (1.103)
where p =
√
pi pi is the momentum value of a particle. Moreover, the
vanishing Æther momentum implies that the deformation vanishes,
i.e. Special Relativity should be reconstructed. Using of both P i = 0
and (1.103) in the light of the Hamiltonian constraint (1.4) one obtains
E2 = 4m2c4, (1.104)
but by (1.101) the energy square (1.100) vanishes, so reconstruction of
Special Relativity gives finally m2 = 0. Application of the constraint
(1.102) within the solutions (1.49)-(1.51) reconstructs the case (1.46)-
(1.48), so (1.102) is equivalent to P i pi = 0 in this case.
Interestingly, one can also consider other type linear deformations
of Special Relativity. For example
∆1 = Pipic2, (1.105)
∆2 =
1
2
(
Pi pic2 +P i pic2
)
, (1.106)
∆3 =
1
2
(
Pi pic2 +P i pic2
)±P2c2, (1.107)
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etc., and perform analogous considerations. The deformations (1.105)
and (1.106) are equivalent to (1.4) one if and only if Pipi = P i pi, i.e.
δikγk pi = γ j p j (1.108)
what, after multiplication of both sides by δ ikγk = γ i and taking into
account the identity δikδ ik = D, takes the form
pi =
1
D
γ iγ j p j. (1.109)
In this section we have presented the approach based on the linear
deformation of the Einstein Hamiltonian constraint of Special Relativ-
ity which generates new equations in frames of relativistic quantum
mechanics. The linear deformation can be generalized for other defor-
mations, and similar strategy can be used. All these new models can
be treated as Dark Matter and/or Dark Energy models.
B The Snyder–Sidharth Hamiltonian
Let us consider now more complex situation. Namely, we shall focus
our attention on the following deformation of the Einstein Hamiltonian
constraint (1.1) of Special Relativity
E2 = m2c4 + c2 p2 +α
(
ℓ
ℏ
)2
c2 p4, (1.110)
where ℓ is any minimal physical scale. This deformation was investi-
gated by H. Snyder [113] in the context of the infrared catastrophe of
soft photons in the Compton scattering, and in general to renormalize
quantum field theory by application of the noncommutative quantum
space-time, as it is widely studied by numerous authors and scholars
[114]. In fact such a modification follows from the nontrivial manipu-
lation in phase space of any special relativistic particle
i
ℏ
[p,x] = 1+α ℓ
2
ℏ2
p2 , α ∼ 1, (1.111)
[x,y] = O(ℓ2), (1.112)
and therefore one has to deal with the structure of a non-differentiable
manifold, or lattice model of space-time. We shall discuss wider math-
ematical details of the Snyder space-time (1.111) in next chapters of
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this part. It must be emphasized that the deformation (1.111) re-
veals Lorentz invariance. Factually B.G. Sidharth (Refs. [41]) first ac-
cepted the Snyder noncommutative geometry as the serious argument
for physics, has been studied the modified Einstein Hamiltonian con-
straint (1.110) in the astroparticle physics context. He proposed taking
into account the Hamiltonian constraint (1.110) and treating this de-
formation in generalized sense as a type of perturbational series in the
minimum scale ℓ, that can be e.g. the Planck scale or the Compton
scale. By this reason we shall call the constraint (1.110) the Snyder–
Sidharth Hamiltonian constraint or briefly the Snyder–Sidharth con-
straint/Hamiltonian.
A number of distinguished scholars like S. Glashow, S. Coleman,
and others have considered diverse schemes which manifestly depart
from the Einstein Special Relativity. It must be stressed here that
these all schemes are purely ad hoc. Recently observations of ultra-
high-energy cosmic rays and rays from gamma bursts seem to sug-
gest Lorentz symmetry violation [115], and the Hamiltonian constraint
(1.110) violates Lorentz symmetry. In this particular context the au-
thor [109] has proposed to call the Hamiltonian constraint (1.110) the
Snyder–Sidharth Hamiltonian constraint what is also preferred in this
book. It is important to emphasize here, that in general situation the
Hamiltonian constraint is not Hamiltonian, i.e. energy. In general an
energy can be obtained by resolving a Hamiltonian constraint, as it was
shown in the previous section, and shall be continued in next chapters
of this book. Interestingly, the Snyder space-time has certain context
in string theory, where is often referred as stringy-like space-time.
Similarly as in the case of the linear deformation analyzed in the
previous section, the Snyder–Sidharth Hamiltonian constraint (1.110)
as a quadratic form can be seen easily lead to the canonical form
E2 +
ℏ2c2
4αℓ2
= α
(
cℓ
ℏ
)2(
p2 +
ℏ2
2αℓ2
)2
+m2c4, (1.113)
and as previously there are in general three possible mathematical in-
terpretations of this relation. However, in the case of the fourth-order
deformation (1.110) one has no linear terms in particle momentum p,
but there are factually powers of p2. In the light of the principles
of relativistic quantum theory (See e.g. the Refs. [116] and [117]) it
means that in such a situation the structure of Clifford algebra must
be at least hidden if no hidden manifestly. Let us consider these iden-
tifications to the case of fermions and the case of bosons.
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B1 The Case of Fermions
1. First, we can interpret the constraint equation (1.113) as system
of two equations 
m2c4 =
ℏ2c2
4αℓ2
E2 = α
(
cℓ
ℏ
)2(
p2 +
ℏ2
2αℓ2
)2 (1.114)
The first equation leads to solution that looks like formally as the
bosonic string tension
m =
ℏ
2
√
αcℓ
. (1.115)
Expressing ℓ via m and constants, one can write the solution of
the second equality in the following way
E =
p2
2m
+mc2, (1.116)
where we have omitted the solution with minus sign as non phys-
ical. This is the Hamiltonian of a free point particle in semi-
classical mechanics, i.e. the Newtonian kinetic energy corrected
by the Einstein–Poincarè rest energy term. Interestingly (1.115)
and (1.116) are consistent if m is the Planck mass, i.e. m = MP =√
ℏc
G , and ℓ is the Planck length, i.e. ℓP =
√
ℏG
c3
. Factually the
Planck mass determines a unifying scale where the classical and
the quantum meet and collaborate. The Schwarzschild radius
rS(m) =
Gm
c2
evaluated on the Planck mass equals to the Comp-
ton wavelength of a hypothetical particle possessing such a value
of mass [118]. In comparison with Special Relativity, one has no
here higher relativistic corrections to the semi-classical case. Af-
ter the primary canonical quantization one obtains exactly the
Schrödinger equation of free quarks in Quantum Chromodynam-
ics (QCD) because quarks are non-relativistic and massive [119].
For the case of vanishing scale and nonzero α as well as for van-
ishing α and fixed nonzero scale ℓ, formally m ≡ ∞ and energy is
also infinite, therefore it is a nonphysical black-hole type singu-
larity. For the large scale limit and non vanishing α, the mass
spectrum is point-like m = 0. For nonzero momentum energy is
also infinite, i.e. it is a nonphysical case. Anyway, it shows mani-
festly that (1.116) is compatible with (1.111).
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2. The second case changes the role of energy and mass
−m2c4 = α
(
cℓ
ℏ
)2(
p2 +
ℏ2
2αℓ2
)2
−E2 = ℏ
2c2
4αℓ2
, (1.117)
and leads to discrete energy spectrum for fixed value of scale ℓ.
Because (See Sidharth’s paper in [115]), however, the constraint
(1.110) with positive α is true for fermions, and with negative α
for bosons, for the case of fermions one has here
iE =
ℏc
2
√
αℓ
, (1.118)
as well as the mass one
imc2 =
√
α
cℓ
ℏ
p2 +
ℏc
2
√
αℓ
, (1.119)
i.e. rejecting the negative value from. However, one can eliminate
scale via using energy (1.118) with the result
mc2 =− p
2c2
2E
+E, (1.120)
what can be rewritten in the form of the quadratic equation
E2 = mc2E +
p2c2
2
, (1.121)
and by using of the deformed constraint (1.110) it yields
m2c4 + c2 p2 +α
(
ℓ
ℏ
)2
c2 p4 = mc2E +
p2c2
2
. (1.122)
One can find now the energy (not square of energy!), that is 4th-
power in momentum
E = mc2 +
p2
2m
+α
(
ℓ
ℏ
)2 p4
m
. (1.123)
So, again one can apply factorization of a quadratic form
E +
ℏ2
16αℓ2
1
m
= α
(
ℓ
ℏ
)2 1
m
(
p2 +
ℏ2
4αℓ2
)2
+mc2, (1.124)
and consider the identification method for the relation mass-energy.
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(a) The first obvious interpretation yields
mc2 =
ℏ2
16αℓ2
1
m
E = α
(
ℓ
ℏ
)2 1
m
(
p2 +
ℏ2
4αℓ2
)2 (1.125)
and again one can extract trivially the solution of the first
equation
m =
ℏ
4
√
αcℓ
, (1.126)
and solution of the latter equality can be written in the form
of the Pauli Hamiltonian constraint
E = mc2 +
p2
2m
+
p4
16m3c2 , (1.127)
or after elimination of mass via using (1.126) one receives
E =
ℏc
4
√
αℓ
+2c
√
α
ℓ
ℏ
p2 +4c
(√
α
ℓ
ℏ
)3
p4. (1.128)
However, it can be easily seen that the relation (1.118) jointed
with (1.126) determines energy as
iE = 2mc2, (1.129)
or equivalently the mass square value
m2 =− E
2
2c4
< 0, (1.130)
what means that momentum values are non hermitian, so
one has to deal with tachyon. Moreover, by straightforward
application of the formula (1.126) together with the relation
(1.119) one establishes that
p2 =
ℏ2
2αℓ2
(
−1+ 1
2
i
)
. (1.131)
Using the polar form of the complex number in brackets
−1+ 1
2
i =
√
5
2
exp
(
−iarctan 1
2
+2nipi
)
, (1.132)
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where n ∈ Z, one can take its square root√
−1+ 1
2
i =
1√
2
√√5
2
−1+ i
√√
5
2
+1
enipi , (1.133)
and obtains the momentum spectrum in dependence on ℓ
pn =±(−1)
n
2
√√5
2
−1+ i
√√
5
2
+1
 ℏ√
αℓ
. (1.134)
(b) The latter subcase is
mc2 = E
ℏ2
16αℓ2
1
m
= α
(
ℓ
ℏ
)2 1
m
(
p2 +
ℏ2
4αℓ2
)2 (1.135)
Again, solution of the first equation via using (1.118) is rather
simple
m =−i ℏ
2
√
αcℓ
, m2 < 0, (1.136)
and once again the tachyon is obtained - there are particles
with momentum spectrum
p =
{
0,± ℏ√
2αℓ
}
. (1.137)
This is discrete momenta spectrum for fixed scale ℓ. For run-
ning scale this is non compact spectrum, but compactification
to the point is done in the large scale limit
lim
ℓ→∞
p = 0, (1.138)
and it is the rest. For α = 0 and fixed scale ℓ there are two
singular values of the momentum p. For all ℓ 6= 0 and α 6= 0,
the case of nonzero p is related to the existence of tachyon.
(c) The third interpretation yields
−E = ℏ
2
16αℓ2
1
m
−mc2 = α
(
ℓ
ℏ
)2 1
m
(
p2 +
ℏ2
4αℓ2
)2 . (1.139)
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Similarly as in the previous subcase, employing the relation
(1.118) one obtains from the first equation the mass
m =−i ℏ
8
√
αcℓ
, (1.140)
and again one has tachyon, i.e. m2 < 0. Consequently the
momentum spectrum can be established as
p =
{
±i
√
1
8α
ℏ
ℓ
,±i
√
3
8α
ℏ
ℓ
}
, (1.141)
and is non hermitian, as one has expected. By this reason
this particular case, that is the Pauli Hamiltonian constraint
with mass related to minimum scale, describes tachyon, the
hypothetical particles moving with velocity faster then light.
3. The third possible solution of the Snyder–Sidharth Hamiltonian
constraint can be constructed by the system of equations
E2 = m2c4
ℏ2c2
4αℓ2
= α
(
cℓ
ℏ
)2(
p2 +
ℏ2
2αℓ2
)2 . (1.142)
First equation gives the standard Einstein mass-energy relation
E = mc2, (1.143)
and the latter equality results in the discrete momentum spec-
trum
p =
{
0,± 1√
α
ℏ
ℓ
}
, (1.144)
for fixed scale ℓ value. For running scale this spectrum is non
compact, but in the large scale limit the spectrum is manifestly
compactified to the point
lim
ℓ→∞
p = 0, (1.145)
and it is the rest. For α = 0 and fixed scale ℓ there are two singular
values of the momentum p. For all ℓ 6= 0 and α 6= 0, the case of
nonzero p is related to the existence of a relativistic particle.
24
ŁUKASZ ANDRZEJ GLINKA: ÆTHEREAL MULTIVERSE
The other situation is when particle mass vanishes identically, i.e.
m≡ 0. In such a case one sees that the constraint (1.113) takes the form
E2 +
ℏ2c2
4αℓ2
= α
(
cℓ
ℏ
)2(
p2 +
ℏ2
2αℓ2
)2
, (1.146)
and by the non-trivial identification
E2 +
ℏ2c2
4αℓ2
= 0, (1.147)
p2 +
ℏ2
2αℓ2
= 0, (1.148)
can be solved as the tachyonic case
E2 = − ℏ
2c2
4αℓ2
, (1.149)
p2 = − ℏ
2
2αℓ2
, (1.150)
which can be combined into a one constraint
E2 =
1
2
p2c2, (1.151)
which can be solved immediately
E =± 1√
2
pc, (1.152)
The equation (1.152) differs from the usual Special Relativity condition
for massless particle, i.e. E = pc. The difference reflects the fact that
the Snyder–Sidharth deformation is an algebraic deformation in the
Minkowski energy-momentum space . It is easy to see from the rela-
tions (1.149) and (1.150) that energy and momentum of the massless
particles are purely imaginary quantities, and therefore such a situa-
tion corresponds to massless fermionic tachyon.
B2 The Case of Bosons
Fermions obey the Dirac equation which is a square root of the Klein–
Gordon equation ruling bosons. Therefore fermions are approxima-
tion and bosons are fundamental. Previous section results work for
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fermions when α > 0 and for α < 0 are true for boson, i.e. the case of
bosons arises by the exchange
α −→−|α|, (1.153)
within mass and energy formulas. The basic relation (1.113) then is
E2− ℏ
2c2
4|α|ℓ2 =−|α|
(
cℓ
ℏ
)2(
p2− ℏ
2
2|α|ℓ2
)2
+m2c4. (1.154)
1. In the first case one has the system
m2c4 =− ℏ
2c2
4|α|ℓ2
E2 =−|α|
(
cℓ
ℏ
)2(
p2− ℏ
2
2|α|ℓ2
)2 (1.155)
which defines the tachyon with mass and energy
m = i
ℏ
2
√|α|cℓ , (1.156)
E =
p2
2m
+mc2. (1.157)
2. The second case is the system
m2c4 = |α|
(
cℓ
ℏ
)2(
p2− ℏ
2
2|α|ℓ2
)2
E2 =
ℏ2c2
4|α|ℓ2
, (1.158)
which can be solved by
mc2 =
p2c2
2E
−E, (1.159)
E =
ℏc
2
√|α|ℓ . (1.160)
However, the relation (1.159) is in itself the quadratic equation
E2 =−mc2E + p
2c2
2
, (1.161)
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which, by using (1.110) and (1.153), is the constraint
E =−mc2− p
2
2m
+ |α|
(
ℓ
ℏ
)2 p4
m
, (1.162)
similar to the Pauli Hamiltonian constraint, and can be easy fac-
torized
E− ℏ
2
16|α|ℓ2
1
m
=−|α|
(
ℓ
ℏ
)2 1
m
(
p2− ℏ
2
4|α|ℓ2
)2
+mc2, (1.163)
and considered by three way.
(a) In the first one has the system
mc2 =− ℏ
2
16|α|ℓ2
1
m
E =−|α|
(
ℓ
ℏ
)2 1
m
(
p2− ℏ
2
4|α|ℓ2
)2 (1.164)
which gives
m = i
ℏ
4
√|α|cℓ, (1.165)
E = mc2 +
p2
2m
+
p4
16m3c2 . (1.166)
Via using the mass (1.165) the energy (1.166) reads
E = i
ℏc
4
√|α|ℓ − i2c√|α| ℓℏ p2 + i4c
(√
|α| ℓ
ℏ
)3
p4. (1.167)
Jointing of the energy (4.127) and the mass (1.165) leads to
iE = 2mc2, (1.168)
what means that
m2 =− E
2
2c4
< 0, (1.169)
i.e. this case describes tachyon. Using of the first equation
in (1.158) together with the mass (1.165) allows to establish
p2 =
ℏ2
2|α|ℓ2
(
1+
1
2
i
)
, (1.170)
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what after using the fact that√
−1+ 1
2
i =
1√
2
√√5
2
+1+ i
√√
5
2
−1
enipi , (1.171)
where n ∈ Z leads to the momentum spectrum
pn =±(−1)
n
2
√√5
2
+1+ i
√√
5
2
−1
 ℏ√|α|ℓ. (1.172)
Interestingly, writing (1.134) as pn(|α|) and (1.172) as pn(−|α|)
one can define the spectral mean
〈pn(|α|)pn(−|α|)〉= 1|α|− |α0|
∫ |α|
|α0|
pn(x)pn(−x)dx, (1.173)
which is easy to derive
〈pn(|α|)pn(−|α|)〉=±i
√
5
4
ℏ2
ℓ2
ln
∣∣∣∣ αα0
∣∣∣∣
|α|− |α0| , (1.174)
and it is not difficult to see that
lim
|α|→|α0|
〈pn(|α|)pn(−|α|)〉=±
√
5 ℏ
2
√|α0|ℓ ℏ2√−|α0|ℓ . (1.175)
Now it is not difficult to establish also the spectral means
〈|pn(|α|)|2〉 = 1|α|− |α0|
∫ |α|
|α0|
|pn(x)|2dx, (1.176)
〈|pn(−|α|)|2〉 = 1|α|− |α0|
∫ |α|
|α0|
|pn(−x)|2dx, (1.177)
which are equal to
〈|pn(|α|)|2〉 =
√
5
4
ℏ2
ℓ2
ln
∣∣∣∣ αα0
∣∣∣∣
|α|− |α0| , (1.178)
〈|pn(−|α|)|2〉 =
√
5
4
ℏ2
ℓ2
ln
∣∣∣∣ αα0
∣∣∣∣
|α|− |α0| , (1.179)
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and have the limiting values
lim
|α|→|α0|
〈|pn(|α|)|2〉 =
√
5
4
ℏ2
|α0|ℓ2 , (1.180)
lim
|α|→|α0|
〈|pn(−|α|)|2〉 =
√
5
4
ℏ2
|α0|ℓ2 . (1.181)
The formulas (1.178)-(1.179) and (1.174) allows to construct
the variance
σ 2 = 〈|pn(|α|)|2〉〈|pn(−|α|)|2〉− |〈pn(|α|)pn(−|α|)〉|2, (1.182)
which vanishes in general
σ 2 = 0, (1.183)
as well as in the limiting case
lim
|α|→|α0|
σ 2 = 0. (1.184)
One can compute also the following means
〈pn(|α|)〉 = 1|α|− |α0|
∫ |α|
|α0|
pn(x)dx, (1.185)
〈pn(−|α|)〉 = 1|α|− |α0|
∫ |α|
|α0|
pn(−x)dx, (1.186)
and obtain the quantity
〈pn(|α|)〉〈pn(−|α|)〉=±i
√
5ℏ
2
ℓ2
1(√|α|+√|α0|)2 , (1.187)
which, together with (1.174), allows to establish the variance
σ 2 = 〈pn(|α|)〉〈pn(−|α|)〉−〈pn(|α|)pn(−|α|)〉, (1.188)
with the final result
σ 2 =±i
√
5
4
ℏ2
ℓ2
 4(√|α|+√|α0|)2 −
ln
∣∣∣∣ αα0
∣∣∣∣
|α|− |α0|
 . (1.189)
It is easy to derive now the limiting case of (1.190)
lim
|α|→|α0|
σ 2 = i0. (1.190)
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(b) The latter subcase is
mc2 = E
ℏ2
16αℓ2
1
m
= α
(
ℓ
ℏ
)2 1
m
(
p2 +
ℏ2
4αℓ2
)2 (1.191)
Again, solution of the first equation via using (1.118) is rather
simple
m =−i ℏ
2
√
αcℓ
, m2 < 0, (1.192)
and once again the tachyon is obtained - there are particles
with momentum spectrum
p =
{
0,± ℏ√
2αℓ
}
. (1.193)
This is discrete momenta spectrum for fixed scale ℓ. For run-
ning scale this is non compact spectrum, but compactification
to the point is done in the large scale limit
lim
ℓ→∞
p = 0, (1.194)
and it is the rest. For α = 0 and fixed scale ℓ there are two
singular values of the momentum p. For all ℓ 6= 0 and α 6= 0,
the case of nonzero p is related to the existence of tachyon.
(c) The third interpretation yields
−E = ℏ
2
16αℓ2
1
m
−mc2 = α
(
ℓ
ℏ
)2 1
m
(
p2 +
ℏ2
4αℓ2
)2 . (1.195)
Similarly as in the previous subcase, employing the relation
(1.118) one obtains from the first equation the mass
m =−i ℏ
8
√
αcℓ
, (1.196)
and again one has tachyon, i.e. m2 < 0. Consequently the
momentum spectrum can be established as
p =
{
±i
√
1
8α
ℏ
ℓ
,±i
√
3
8α
ℏ
ℓ
}
, (1.197)
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and is non hermitian, as one has expected. By this reason
this particular case, that is the Pauli Hamiltonian constraint
with mass related to minimum scale, describes tachyon, the
hypothetical particles with velocity faster then light.
3. The third possible solution of the Snyder–Sidharth Hamiltonian
constraint can be constructed by the system of equations
E2 = m2c4
ℏ2c2
4αℓ2
= α
(
cℓ
ℏ
)2(
p2 +
ℏ2
2αℓ2
)2 . (1.198)
First equation gives the standard Einstein mass-energy relation
E = mc2, (1.199)
and the latter equality results in the discrete momentum spec-
trum
p =
{
0,± 1√
α
ℏ
ℓ
}
, (1.200)
for fixed scale ℓ value. For running scale this spectrum is non
compact, but in the large scale limit the spectrum is manifestly
compactified to the point
lim
ℓ→∞
p = 0, (1.201)
and it is the rest. For α = 0 and fixed scale ℓ there are two singular
values of the momentum p. For all ℓ 6= 0 and α 6= 0, the case of
nonzero p is related to the existence of a relativistic particle.
C The Modified Compton Effect
Particle astrophysics has a great interest in diverse situations between
light and particles, and factually a lot of its conclusions arise via anal-
ysis of this type phenomena from both the theoretical and the exper-
imental points of view (See e.g. general books in Ref. [120]), which
give a physical information about Cosmos. One of such phenomena
is the Compton scattering, discovered by A.H. Compton in 1923 [121],
which is a mid-energy interaction of light and matter. The scatter-
ing is realized via the electromagnetic radiation, X-rays and gamma
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(γ) rays, undergo in matter, i.e. electrons. A decrease in photon en-
ergy/wavelength due to the inelastic scattering is the point called the
Compton effect. We shall not discuss the detailed classical analysis of
the Compton scattering, because of factually the analysis is based on
a framework involving law of conservation of energy, law of conserva-
tion of momentum, and concepts of Einstein Special Relativity. Let us
consider the case of the Compton effect within the framework employ-
ing the Snyder–Sidharth Hamiltonian constraint (2.32). This can be
done, however, in three different routs minimally. In the case of lack of
deformation all the ways lead to the same result, called the Compton
equation. However, in presence of the deformation due to the Snyder
geometry one obtains three various results. It is not clear which of the
formulations is correct, and also in general it is not known are there
other alternatives. Let us consider the three approaches step by step.
C1 The Relativistic Approach
The our approach is based on the standard Special Relativity formu-
lation (See e.g. Ref. [122]). Let us consider a photon and an electron
having the energy-momentum four-vectors
pµγ = [Eγ , piγc], (1.202)
pµe = [E0 , 0], (1.203)
where E0 = mec2 is the electron rest energy. An electron at rest is scat-
tered by an incoming photon, and an outgoing photon is observed under
the scattering angle θ relatively to the incident direction of an incom-
ing photon. The final energy-momentum four-vectors are
pµγ ′ = [Eγ ′ , p
i
γ ′c], (1.204)
pµ
e′ = [Ee , p
i
ec]. (1.205)
Let us preserve unchanged the Planck–Einstein relations of the wave-
particle duality. Thus for a photon one has
Eγ = ℏω, (1.206)
piγ = ℏki, (1.207)
where ω and kγ are angular frequency and wave vector, and the value
of wave vector of a photon is
k =
√
kiki =
2pi
λ =
1
/λ , (1.208)
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where /λ is reduced wavelength of a photon. Similarly for a matter
particle, including electrons, one has
Ee = ℏωe, (1.209)
pie = ℏkie, (1.210)
where ωe and ke are angular frequency and wave vector of an electron,
and the value of wave vector of an electron is
ke =
√
keikie =
2pi
λe
=
1
/λ e
, (1.211)
where /λ e is reduced wavelength of an electron.
In addition we assume that Special Relativity is deformed due to the
Snyder noncommutative geometry, i.e. that for any photon γ and any
electron e are satisfied the Snyder–Sidharth Hamiltonian constraints
E2γ = p
2
γ c
2 +
1
ε2
(
p2γ c
2
)2
, (1.212)
E2e = E20 + p2ec2 +
1
ε2
(
p2ec
2)2 , (1.213)
where pe =
√
peipie and pγ =
√
pγ i pγ
i are values of momenta of an elec-
tron and a photon, respectively, and for shortened notation we have
introduced the following energy parameter
ε =
ℏc√
αℓ
=
ℏc
ℓP
1√
α
ℓP
ℓ
= EP
1√
α
ℓP
ℓ
, (1.214)
where EP =
√
ℏc5
G
is the Planck energy. By application of the wave-
particle duality the Snyder–Sidharth Hamiltonian constraints for a
photon and an electron can be presented as
ω2
c2
= k2 + k
4
κ2
, (1.215)
ω2e
c2
= k2C + k2e +
k4e
κ2
, (1.216)
where kC is the wave vector
kC =
2pi
λC
=
1
/λC
, (1.217)
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related to the Compton wavelength λC of an electron, and its reduced
form
/λC =
ℏc
E0
=
ℏ
mec
, (1.218)
and κ is the parameter
κ =
ε
ℏc
=
1√
αℓ
, (1.219)
which can be interpreted as a wave vector value associated to the (non-
reduced!) wavelength λκ = 2pi
√
αℓ, which for
α =
1
(2pi)2
, (1.220)
becomes λκ ≡ ℓ. The parameter (1.214) can be physically interpreted
as the Æther energy, so κ is the wave vector value of the Æther wave-
particle.
In our interesting is the relation for the angle θ of scattered photon,
i.e. the angle between the wave vectors ki and k′i. Let us apply first the
law of conservation of energy-momentum, i.e.
pµγ + pµe = p
µ
γ ′ + p
µ
e′ . (1.221)
For the momentum this principle gives
piγc = p
i
γ ′c+ p
i
ec, (1.222)
or in terms of the wave vectors
ki = k′i + kie, (1.223)
and by elementary algebraic operations leads to the result
k2e = k2 + k′2−2kk′ cosθ . (1.224)
Next one can use the law of conservation of energy which, in the light
of (1.221), for the present case has the following form
Eγ +E0 = Eγ ′+Ee, (1.225)
and by this reason one obtains
ωe
c
= kC +
ω
c
− ω
′
c
. (1.226)
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Taking square of both sides of the equation (1.226)
ω2e
c2
= k2C +
ω2
c2
+
ω ′2
c2
−2ω
c
ω ′
c
+2kC
(
ω
c
− ω
′
c
)
, (1.227)
and applying the Snyder–Sidharth Hamiltonian constraint for photons
and an electron, one receives the relation
k2C + k2e +
k4e
κ2
= k2C + k2 +
k4
κ2
+ k′2 + k
′4
κ2
−2
√
k2 + k
4
κ2
√
k′2 + k
′4
κ2
+
2kC
√k2 + k4
κ2
−
√
k′2 + k
′4
κ2
 , (1.228)
or after small reduction
k2e +
k4e
κ2
= k2 + k′2 + k
4
κ2
+
k′4
κ2
−2
√
k2 + k
4
κ2
√
k′2 + k
′4
κ2
+
2kC
√k2 + k4
κ2
−
√
k′2 + k
′4
κ2
 , (1.229)
Applying the relation (1.224) within LHS of the equation (1.229), some
algebraic identities, and factorization one obtains
−cosθ + κ
2
2kk′
(
k2 + k′2
)2
κ4
−2k
2 + k′2
κ2
cosθ + 2kk
′
κ2
cos2 θ =
κ2
2kk′
k4 + k′4
κ4
−
√
1+
k2
κ2
√
1+
k′2
κ2
+ kC
 1
k′
√
1+
k2
κ2
− 1k
√
1+
k′2
κ2
 . (1.230)
Now by ordering in cosθ powers one receives the quadratic equation
βκ cos2 θ −δκ cosθ +ηκ = 0, (1.231)
where we have introduced the notation
βκ = 2kk
′
κ2
, (1.232)
δκ = 1+2
k2 + k′2
κ2
, (1.233)
ηκ =
kk′
κ2
+
√
1+ k
2
κ2
√
1+ k
′2
κ2
− kC
 1
k′
√
1+ k
2
κ2
− 1k
√
1+ k
′2
κ2
 . (1.234)
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First of all, one sees straightforwardly that in the Special Relativity
limit ℓ→ 0, i.e. κ →∞, the coefficients (1.232), (1.233), and (1.234) reads
β∞ = 0, (1.235)
δ∞ = 1, (1.236)
η∞ = 1− kC
(
1
k′ −
1
k
)
, (1.237)
so that the modified Compton equation (1.231) becomes linear in the
cosinus
− cosθ +1− kC
(
1
k′ −
1
k
)
= 0, (1.238)
and its solution can be presented in the form
/λC(1− cosθ) = 1k′ −
1
k , (1.239)
called the Compton equation, describing the photon-electron scattering
in frames of Special Relativity as originally deduced by A.H. Compton.
Because the boundaries −1 ≤ cosθ ≤ 1 hold, one obtains that in the
Compton effect the nontrivial restriction
λ ≤ λ ′ ≤ λ +2λC, (1.240)
for the outgoing photon wavelength, holds.
C2 The Relativistic Limit. The Lensing Hypothesis.
However, in general the Snyder–Sidharth deformation results in the
modified Compton equation (1.231) which has solutions different from
the Compton equation (1.239). By straightforward easy computation
one obtains formally two mathematically and physically distinguish
solutions of the equation (1.231)
cosθ = 1
2βκ
(
δκ ±
√
δ 2κ −4βκηκ
)
, (1.241)
and in this way one can determine the exact formulas for the cosinus
cosθ =
[
1±
√
g2
(
k
κ
,
k′
κ
)
+
2kC
κ
g
(
k
κ
,
k′
κ
)
+1
]
κ2
4kk′ +
1
2
(
k
k′ +
k′
k
)
, (1.242)
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where we have introduced the dimensionless quantity
g
(
k
κ
,
k′
κ
)
=
2Eγ
κ
− 2Eγ ′
κ
, (1.243)
where we have used the Snyder–Sidharth Hamiltonian constraint for
photons (1.212). In the light of the law of conservation of energy (1.225)
one sees that the function (4.87) in fact can be completely expressed via
energies of rest and scattered electron
g
(
k
κ
,
k′
κ
)
=
2(Eγ −Eγ ′)
κ
=
2(Ee−E0)
κ
, (1.244)
where Ee is given by the Snyder–Sidharth constraint for electrons (1.213).
It means that the function (4.87) is always positively defined g
(
k
κ
,
k′
κ
)
≥
0. It can be seen straightforwardly that if one exchanges momenta of
photons k′ ↔ k then the function (4.87) changes the sign g
(
k
κ
,
k′
κ
)
→
−g
(
k
κ
,
k′
κ
)
, i.e. g
(
k
κ
,
k′
κ
)
is an odd function with respect to such an ex-
change. Therefore, the presence of the square root term in the cosinus
formula (1.242) breaks crossing symmetry manifestly. This fact contra-
dicts to the nature of cosinus which is an even function. It results in
the conclusion that presence of a minimal scale breaks crossing sym-
metry. Moreover, in general the cosinus (1.242) does not belong to the
range of cosinus [−1,1], but we shall discuss and solve this problematic
point later.
In the relativistic limit κ → ∞ the Eqs. (1.242) behave like
cosθ = (1±1) κ
2
4kk′ +
1
2
(
k
k′ +
k′
k
)
. (1.245)
For the minus sign case the second term in (1.245) vanishes as κ → ∞,
while the plus sign case leads to non renormalizable divergence. In
other words the physical solution is the solution with the minus sign,
and when one applies the limit κ → ∞ it gives the finite result
/λC(1− cosθ) = 1kC
(
1− 1
2
(
k
k′ +
k′
k
))
, (1.246)
which blatantly differs from the Compton equation (1.239). It means
that despite using of the relativistic limit to the deformed scattering
the received result does not reconstruct the relativistic scattering.
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Anyway, for conceptual correctness one can compare ad hoc the
equation (1.246) with the Compton equation (1.239)
1
k′ −
1
k =
1
kC
(
1− 1
2
(
k
k′ +
k′
k
))
, (1.247)
and easy obtain the condition for which the relativistic limit agrees
with the Compton equation
k′2−2(kC + k)k′+ k2 +2kCk = 0. (1.248)
This condition is satisfied for two cases k′ = kC + k± kC, i.e.
k′− k = 2kC or k′− k = 0, (1.249)
which can be expressed by incoming and outgoing photons wavelengths
1
λ ′ −
1
λ =
2
λC
or
1
λ ′ −
1
λ = 0. (1.250)
The first solution looks like special case of the lensmaker’s equation,
1
r1
− 1
r2
+
(
1− 1
n
) δ
r1r2
=
1
(n−1) f , (1.251)
for the refractive index n = 3/2= c/v, focal length of the lens f = λC, and
lens radii of curvature r1 = λ ′ and r2 = λ , and the thickness of the lens
δ = 0, i.e. the thin lens creating by the medium in which speed of light
is v = 2c/3. The second one corresponds with the telescopic lens case
f = ∞ in this medium, but because photon wavelength does not change
in this case we shall consider this solution as nonphysical.
In this way one can take into account the ad hoc generalization
ω ′
c
− ω
c
+δ n−1
n
ω
c
ω ′
c
=
kC
n−1 , (1.252)
which in the relativistic limit κ → ∞ leads to
k′− k+δ n−1
n
kk′ = kC
n−1 , (1.253)
i.e. with k = 1//λ = 2piλ , δ = 0, and n = 3/2 reconstructs the first solution
(1.250). The problem is to establish the linkage between the thickness
d and a minimal scale ℓ, and in general n > 1 as a numerical coefficient.
We shall call (1.252) the lensing hypothesis.
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C3 Bounds on the Modified Compton Equation
Let us construct straightforwardly the general solution of the modified
Compton equation (1.231). Because δκ 6= 0 always holds, let us extract
cosθ manifestly from the Eq. (1.231)
cosθ = βκδκ cos
2 θ + ηκδκ
. (1.254)
Then however, one must involve the fact that cosθ is bounded function,
i.e. −1 ≤ cosθ ≤ 1. Application of these boundaries to (1.254) leads to
the following restrictions for cos2 θ
− δκ +ηκβκ ≤ cos
2 θ ≤ δκ −ηκβκ . (1.255)
The equation (1.255), however, must be considered with taking into ac-
count the fact cos2 θ is naturally bounded to 0≤ cos2 θ ≤ 1. Employment
of these boundary values results in the system of constraints
− δκ +ηκβκ ≡ 0, (1.256)
δκ −ηκ
βκ ≡ 1, (1.257)
which factually reduces momentum space of outgoing and incoming
photons. In other words, we consider the equation (1.231) as the basic
relation for the scattering, but no its solution which is secondary result.
Let us see the consequences of such an approach.
For βκ 6= 0, i.e. factually for nonzero values of incoming and outgoing
photon momenta, the reduction is given by the equivalent conditions
δκ +ηκ = 0, (1.258)
δκ −ηκ = βκ , (1.259)
which are not difficult to solve. The results are
δκ =
1
2
βκ , (1.260)
ηκ = −12βκ . (1.261)
It is easy to see that the first condition says that
2k
′2 + k2
κ2
− kk
′
κ2
+1 = 0, (1.262)
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while the second constraint can be written as
2kk
′
κ2
+
√
1+ k
2
κ2
√
1+ k
′2
κ2
− kC
 1
k′
√
1+ k
2
κ2
− 1k
√
1+ k
′2
κ2
= 0. (1.263)
Application of (1.262) and (1.263) allows to reduce the equation (1.231)
cos2 θ − 1
2
cosθ − 1
2
= 0. (1.264)
Because of (1.238) does not contain any wave vectors therefore its so-
lutions are constant and independent on photons wavelengths. In the
usual Compton effect the cosinus depends on the photon wavelengths.
In the modified case the cosinus (1.242) in general does not satisfy the
cosinus variability range [−1,1], and application of these limits to the
equation (1.231) led us to the bounds (1.262)-(1.263), what resulted in
the equation (1.264). In this way the Compton effect modified due to
the Snyder–Sidharth Hamiltonian constraint is solved by a constant
scattering angle which solves the equation (1.264), and the values of
the wave vectors k and k′ following from the bounds (1.262)-(1.263).
The constant angle values are easy to derive
cosθ = 1−→ θ = 2npi , (1.265)
cosθ = −1
2
−→ θ =±pi3 +2npi , (1.266)
where n ∈ Z. The first solution (1.265) means no scattering or back-
ward scattering. Solutions of the system (1.262)-(1.263) are not easy to
extract. With no additional constraint(s) between k and k′ this system
leads to a polynomial equation of more than 40 degree which must be
treated by complicated methods of the Galois group.
However, one can use the lensing hypothesis (1.252) as the addi-
tional constraint which written out explicitly is√
k′2 + k
′4
κ2
−
√
k2 + k
4
κ2
+δ n−1
n
√
k2 + k
4
κ2
√
k′2 + k
′4
κ2
=
kC
n−1 , (1.267)
what after elementary algebraic manipulations takes the form
kC
 1
k′
√
1+ k
2
κ2
− 1k
√
1+ k
′2
κ2
= kCδ n−1
n
√
1+ k
2
κ2
√
1+ k
′2
κ2
− κ
2
kk′
1
n−1
k2C
κ2
.
(1.268)
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In other words, using of the additional constraint (1.268) within the
constraint (1.263) gives the result
2
kk′
κ2
+
(
1+ kCδ
n−1
n
)√
1+
k2
κ2
√
1+
k′2
κ2
− κ
2
kk′
1
n−1
k2C
κ2
= 0, (1.269)
which can be presented as√
1+ k
2 + k′2
κ2
+
(
kk′
κ2
)2
=
n
(1+ kCδ )n− kCδ
(
1
n−1
k2C
κ2
κ2
kk′ −2
kk′
κ2
)
. (1.270)
Now one can apply the constraint (1.262) to the LHS of the equation
(1.270). It gives√
1
2
+
1
2
kk′
κ2
+
(
kk′
κ2
)2
=
n
(1+ kCδ )n− kCδ
(
1
n−1
k2C
κ2
κ2
kk′ −2
kk′
κ2
)
. (1.271)
By squaring both sides of the equation (1.271), doing very few elemen-
tary algebraic manipulations, and grouping the result with respect to
powers of x =
kk′
κ2
one obtains finally the condition
Ax4 +Bx3 +Cx2−D = 0 (1.272)
where we have introduced the coefficients
A = 2(n−1)
3
n
kCδ
(
2+ n−1
n
kCδ
)
, (1.273)
B = (n−1)2
(
1+ n−1
n
kCδ
)2
, (1.274)
C = (n−1)2
(
1+
n−1
n
kCδ
)2
+4(n−1) k
2
C
κ2
, (1.275)
D = 2
k4C
κ4
, (1.276)
which are always positive and nonzero. Naturally, the equation (1.272)
in general can be solved and possesses solutions
k′ = xκ
2
k , (1.277)
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where x is a coefficient. Because of k′> 0 and k > 0, the real and positive
values of x are physical. In this way there are two physical x
x =
1
4A
(√
2a−b− c± d√
a+b+ c
−
√
a+b+ c−B
)
, (1.278)
with the conditions
a+b+ c > 0, (1.279)
2a± d√
a+b+ c
> b+ c, (1.280)√
2a−b− c± d√
a+b+ c
> B+
√
a+b+ c, (1.281)
where we have introduced the shortened notation
a = B2− 83CA, (1.282)
b = 432
1/3Aβ
(
α +
√
α2−4β 3
)− 13
, (1.283)
c = 21/3A
(
α +
√
α2−4β 3
) 1
3
, (1.284)
d = 2B
A
(−B2 +4CA) , (1.285)
and α = 2C3−27B2D+72ACD, β =C2−12AD.
Interestingly, one can see easy that the case n = 1 applied to (1.272)
leads to D = 0, what is true for the only relativistic limit κ → ∞. How-
ever, the result of the relativistic limit applied to the equation (1.272)
has also different countenance. Before taking the limit one must re-
duce this equation maximally with respect to powers of 1/κ → 0, i.e.
A
(kk′)4
κ4
+B
(kk′)3
κ2
+C
(
kk′
)2−2k4C = 0, (1.286)
and by this reason in such a limit one obtains the condition
(n−1)2
(
1+ n−1
n
kCδ
)2 (
kk′
)2−2k4C = 0, (1.287)
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which is easy to solve
k′ =
√
2
n−1
1+ n−1
n
kCδ
k2C
k ∼
1
k , (1.288)
where we neglected negative solution as non physical. It is seen that
n = 1 is not appropriate for such a solution.
D The Dispersional Generalization
Let us construct finally the other approach to the modified Compton
effect argued by the generalization due to the specific form of the dis-
persion relations. For this let us consider first the deduction due to
the unmodified case, i.e. Special Relativity. In such a situation the
dispersion relations for a photon and an electron have the form
ω2
c2
= k2, (1.289)
ω2e
c2
= k2C + k2e . (1.290)
By this reason the laws of conservation of momentum (1.224) and en-
ergy (1.226) expressed via the dispersion relations (1.289) and (1.290)
have the following form
ω2e
c2
− k2C =
ω2
c2
+
ω ′2
c2
− ω
c
ω ′
c
cosθ , (1.291)
ωe
c
= kC +
ω
c
− ω
′
c
. (1.292)
and after elementary algebraic manipulations lead to the result
/λC(1− cosθ) = cω ′ −
c
ω
, (1.293)
which after application of the explicit form of the dispersion relation
(1.289) gives the Compton equation (1.239). In this manner we shall
call this equation the generalized Compton equation.
Similar reasoning can be performed to the modified dispersion re-
lations (1.215 and (1.216). Then the laws of conservation of momen-
tum and energy expressed via the dispersion relations are preserved
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in the form (1.291)-(1.292) obtained by Special Relativity. Therefore,
also the Compton equation (1.293) is preserved. However, the change
is due to the specific dispersion relations (1.215) and (1.216), so that
the modified Compton effect is described by the equation
/λC(1− cosθ) = 1√
k′2 + k
′4
κ2
− 1√
k2 + k
4
κ2
. (1.294)
Interestingly, in the relativistic limit κ →∞ themodified Compton equa-
tion (1.294) coincides with the usual Compton equation (1.293) with
no additional presumptions. We shall call such an approach the dis-
persional generalization. It is clear that this generalization should be
working also for elementary processes other than the Compton scatter-
ing. By this reason let us express the proposition
Proposition (The Dispersional Generalization). Let us presume that
there is an initial theory of elementary precesses having established
results, which is characterized by certain dispersion relations and the
laws of conservation. Let us consider the theory due to a modif ication
of an initial theory. The consistent analysis of an arbitrary elementary
process within the modif ied theory is based on the three-step procedure:
1. Derivation of the dispersion relations due of the modif ied theory,
2. Application of the dispersion relations to the laws of conservation
of the modif ied theory,
3. Using of the explicit form of the dispersion relations within the
results obtained due to the laws of conservation in frames of the
modif ied theory.
The analysis is consistent if and only if the results of the modif ied theory
coincide with the results of an initial theory for lack of the modif ication.
Because of −1 6 cosθ 6 1, the relation (1.294) allows to establish the
bounds for wave vector of an outgoing photon k′min 6 k 6 k′max, where
k′min =
κ√
2
√√√√√1+ 4
κ2
(
k2 + k
4
κ2
)
−1, (1.295)
k′max =
κ√
2
√√√√√√√√√
√√√√√√√√1+
4
κ2
k2 + k
4
κ2(
1+2/λC
√
k2 + k
4
κ2
)2 −1. (1.296)
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Let us apply the lensing hypothesis to the obtained general result
(1.293). The formula (1.252) can be rewritten in the form
c
ω ′
− c
ω
= δ n−1
n
− c
ω
c
ω ′
kC
n−1 , (1.297)
what means that the generalized Compton equation (1.293) becomes
/λC(1− cosθ) = δ n−1
n
− c
ω
c
ω ′
kC
n−1 . (1.298)
In this manner, by application of the identification method , one can
establish the following relations
δ = n
n−1 /λC, (1.299)
cosθ = c
ω
c
ω ′
k2C
n−1 , (1.300)
what allows to derive
cosθ = c
ω
c
ω ′
δ − /λC
/λ 3C
. (1.301)
Because, however, −1≤ cosθ ≤ 1 one has the bound
ω ′
c
>
δ − /λC
/λ 3C
c
ω
, (1.302)
which for the Compton effect means that
k′ > δ − /λC
/λ 3C
1
k , (1.303)
while for the modified Compton effect gives
k′ > κ√
2

√√√√√√1+ 4κ2
(
δ − /λC
/λ 3C
)2
1
k2 + k
4
κ2
−1
 . (1.304)
In the case of the usual Compton effect the formula (1.301) gives
cosθ = 1k
1
k′
δ − /λC
/λ 3C
, (1.305)
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while in the modified case one receives
cosθ = 1√
k′2 + k
′4
κ2
1√
k2 + k
4
κ2
δ − /λC
/λ 3C
. (1.306)
The lensing hypothesis (1.297) together with (1.299) leads to
ω ′
c
=
1+ c
ω
δ − /λC
/λ 2C
/λC +
c
ω
, (1.307)
what together with (1.302) leads to the another bound
ω
c
>
1
/λC
√
δ
/λC
−1 =
√
n−1
/λC
, (1.308)
which for the usual Compton effect means that
k > 1
/λC
√
δ
/λC
−1, (1.309)
while for the modified Compton effect leads to
k > κ√
2
√√√√√
√√√√1+ 4
κ2
1
/λC
√
δ
/λC
−1−1. (1.310)
The formula (1.307) can be rewritten in the form
ω ′
c
=
1
/λC
+
(
1
/λC
)2 δ −2/λC
1+ /λC
ω
c
, (1.311)
and studied approximatively with respect to the point
ω
c
=
1
/λC
, which
defines the following value of wave vector of incoming photon.
k = κ√
2
√√√√√1+4 k2C
κ2
−1. (1.312)
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It is easy to see that, because of the formula (1.307), in such a situation
ω ′
c
=
1+
δ − /λC
/λC
2/λC
=
δ
2/λ 2C
, (1.313)
and by the this reason the cosinus formula (1.301) takes the form
cosθ = 2
(
1− /λCδ
)
=
2
n
, (1.314)
i.e. the scattering is possible when the thickness of the lens is
2
3
/λC 6 δ 6 2/λC, (1.315)
or equivalently the refraction index of the medium is
n > 2. (1.316)
For
ω
c
<
1
/λC
the correct expansion of the formula (1.311 is given by
ω ′
c
=
1
/λC
+(δ −2/λC)
(
1
/λC
)2 ∞
∑
n=0
(−1)n/λ nC
(ω
c
)n
, (1.317)
while for
ω
c
>
1
/λC
the appropriate expansion has the following form
ω ′
c
=
1
/λC
+(δ −2/λC)
(
1
/λC
)2 ∞
∑
n=1
(−1)n
(
1
/λC
)n( c
ω
)n
. (1.318)
In the neighborhood of the point
ω
c
=
1
/λC
the approximations (1.317)
and (1.318)
ω ′
c
≈ δ −2/λC
/λ 2C
− δ −2/λC
/λC
ω
c
, (1.319)
ω ′
c
≈ 1
/λC
− δ −2/λC
/λ 3C
c
ω
, (1.320)
must coincide. By this reason in such a situation one obtains
δ = 3/λC, (1.321)
47
ŁUKASZ ANDRZEJ GLINKA: ÆTHEREAL MULTIVERSE
i.e. the refraction index n near
ω
c
=
1
/λC
has the value
n = 1.5. (1.322)
In the light of the relation (1.321) the cosinus (1.314) becomes
cosθ = 43 , (1.323)
i.e. is non-physical. It means that near the point
ω
c
=
1
/λC
the modified
Compton effect, considered in frames of the lensing hypothesis, has no
place because of lack of scattering.
If θ , ω, and ω ′ are established, e.g. via experimental data, then the
thickness of the lens d and the refractive index n are
δ = /λC
(
1+ /λ 2C
ω
c
ω ′
c
cosθ
)
, (1.324)
n = 1+ 1
/λ 2C
c
ω
c
ω ′
secθ . (1.325)
Because, however, n = c/v where v is velocity of light in the medium in
which the refraction has a place, one can see that
v = c
/λ 2C
ω
c
ω ′
c
cosθ
1+ /λ 2C
ω
c
ω ′
c
cosθ
. (1.326)
In this section we presented the approach to the modified Compton
effect. First, we constructed the relativistic analysis which produced
the modified Compton equation coinciding to the Compton equation
for lack of the modification due to the Snyder–Sidharth deformation.
Then, we solved the modified Compton equation and showed that the
result of lack of modification differs from deductions of Special Rela-
tivity. By this reason we called out the lensing hypothesis. Then, we
showed that the scattered angle values are independent on particle en-
ergies, and derived the equation jointing wave vectors of incoming and
outgoing photon. Finally, we called out the dispersional generalization
which led us to the correct result in lack of modification. Application
of the lensing hypothesis and the identification method together with
the dispersional generalization produced a number of new results due
to the modified Compton effect.
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Chapter 2
The Neutrinos: Masses &
Chiral Condensate
A Outlook on Noncommutative Geometry
In 1947 an American physicist H.S. Snyder, for elimination of the in-
frared catastrophe in the Compton effect and effectively resolving the
problem of ultraviolet divergences in quantum field theory, proposed
employing the model of space-time based on the commutators [113]
i
ℏ
[x, p] = 1+α
(
ℓ
ℏ
)2
p2, (2.1)
i
ℏ
[x,y] = O(ℓ2) , (2.2)
where p is three momentum of a particle, x and y are two different
points of space, ℓ is a fundamental length scale, ℏ is the Planck con-
stant, α ∼ 1 is a dimensionless constant, [·, ·] is an appropriate Lie
bracket. For the Lorentz and Poincaré invariance modified due to ℓ,
Snyder considered a momentum space of constant curvature isometry
group, i.e. the Poincaré algebra deformation into the De Sitter space.
The Snyder space-time (2.1)–(2.2) define a noncommutative geome-
try and a deformation (for basics of the theory and applications see e.g.
the bibliography in Ref. [123]). Let us this in some detail. First, for
better insight, let us sketch the rules of noncommutative geometry in
a certain general outlook. Let us consider an associative Lie algebra A
for which ˜A = A[[λ ]] is the module due to the ring of formal series K[[λ ]]
in a parameter λ . Let us call ˜A a deformation of A i.e. K[[λ ]]-algebra
such that ˜A/λ ˜A≈ A. If A is endowed with a locally convex topology with
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continuous laws, i.e. is a topological algebra, then ˜A is called topologi-
cally free. We presume that in the Lie algebra A the law of composition
is determined via an ordinary product and the related bracket is [·, ·].
In such a situation ˜A is an associative Lie algebra if and only if for ar-
bitrary two elements of the algebra f ,g ∈ A a new product ⋆ and the
related bracket [·, ·]⋆ are defined as follows
f ⋆g = f g+
∞
∑
n=1
λ nCn( f ,g), (2.3)
[ f ,g]⋆ ≡ f ⋆g−g⋆ f = [ f ,g]+
∞
∑
n=1
λ nBn( f ,g), (2.4)
where Cn and Bn are the Hochschild and the Chevalley 2-cochains, and
for arbitrary three elements of the algebra f ,g,h ∈ A are satisfied two
conditions: the Jacobi identity
[[ f ,g]⋆,h]⋆+[[h, f ]⋆,g]⋆+[[g,h]⋆, f ]⋆ = 0 (2.5)
and the law of associativity
( f ⋆g)⋆h = f ⋆ (g⋆h). (2.6)
If b and ∂ are the Hochschild and the Chevalley coboundary operators,
i.e. such that b2 = 0 and ∂ 2 = 0, then for each n and j,k > 1 such that
j+ k = n the following relations hold
bCn( f ,g,h) = ∑
j,k
[
C j (Ck( f ,g),h)−C j ( f ,Ck(g,h))
]
, (2.7)
∂Bn( f ,g,h) = ∑
j,k
[
B j (Bk( f ,g),h)+B j (Bk(h, f ),g)+B j (Bk(g,h), f )
]
, (2.8)
Let C∞(M) be an algebra of smooth functions on a differentiable mani-
fold M. The law of associativity yields the Hochschild cohomologies. An
antisymmetric contravariant 2-tensor θ , which trivialize the Schouten—
Nijenhuis bracket [θ ,θ ]SN = 0 on M, determines the Poisson brackets
{ f ,g} = iθd f ∧ dg satisfying the Jacobi identity and the Leibniz rule.
Than (M,{·, ·}) is called a Poisson manifold.
In 1997 a Russian mathematician M.L. Kontsevich [124] defined
deformation quantization of a general Poisson differentiable manifold.
Let Rd be endowed with a Poisson brackets
α( f ,g) = ∑
16i, j6n
α i j
∂ f
∂xi
∂g
∂x j , (2.9)
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where 16 k 6 d. For ⋆-product and n> 0, exists a family Gn,2 of (n(n+1))n
oriented graphs Γ. Let VΓ be the set of vertices of Γ. This set has n+2
elements collected in two subsets: the first type {1, . . . ,n} and the sec-
ond type {¯1, ¯2}. Let EΓ denotes the set of oriented edges of Γ, having 2n
elements. The rule is that there is no edge starting at a second type ver-
tex. Let Star(k) denotes the set of oriented edges starting at a first type
vertex k with cardinality ♯k = 2, ∑16k6n ♯k = 2n. Than {e1k , . . . ,e♯kk } are
the edges of Γ starting at vertex k. Vortices starting and ending in the
edge v are v = (s(v),e(v))where s(v)∈ {1, . . . ,n} and e(v)∈ {1, . . . ,n; ¯1, ¯2}. Γ
has no loop and no parallel multiple edges. For arbitrary two elements
f ,g ∈C∞(Rd) a bidifferential operator ( f ,g) 7→ BΓ( f ,g) is associated to Γ.
The symbols αe
1
ke
2
k are associated to each first type vertex k from where
the edges {e1k,e2k} start; f is the vertex 1, and g is the vertex ¯2. An edge
e1k acts like differentiation operator ∂/∂xe
1
k on its ending vertex. Than
BΓ is a sum over all maps I : EΓ →{1, . . . ,d}
BΓ( f ,g) = ∑
I
(
n
∏
k=1
n
∏
k′=1
∂I(k′,k)α I(e
1
k)I(e
2
k)
)(
n
∏
k1=1
∂I(k1,¯1) f
)(
n
∏
k2=1
∂I(k2,¯2)g
)
. (2.10)
Let us denote by Hn the configuration space of n distinct points in up-
per half-plane H = {z ∈ C|ℑ(z) > 0} with the Lobachevsky hyperbolic
metric, which is an open submanifold of Cn. Let for the vertex k such
that 1 6 k 6 n, zk ∈H denotes a variable associated to Γ. The vertices 1
and ¯2 are associated to 0 ∈ R and 1 ∈ R, respectively. If ˜φv = φ(s(v),e(v))
is a function on Hn, associated to v, determined by the angle function
φ : H2 →R/2piZ having the following form
φ(z1,z2) = Argz2− z1
z2− z¯1 =
1
2i
Log z¯2− z1
z2− z¯1
z2− z1
z¯2− z¯1 , (2.11)
then the integral of 2n-form w(Γ) ∈ R is a weight associated to Γ ∈ Gn,2
w(Γ) =
1
n!(2pi)2n
∫
Hn
∧
16k6n
(
d ˜φe1k ∧d ˜φe2k
)
, (2.12)
which does not depend on the Poisson structure or the dimension d. On
(Rd,α) the Kontsevich ⋆-product maps C∞(R)×C∞(R)→C∞(R)[[λ ]]
( f ,g) 7→ f ⋆g = ∑
n>0
λ nCn( f ,g), (2.13)
where C0( f ,g) = f g, C1( f ,g) = { f ,g}α = αd f ∧dg, and in general
Cn( f ,g) = ∑
Γ∈Gn,2
w(Γ)BΓ( f ,g). (2.14)
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Equivalence classes of (2.13) are bijective to the equivalence classes of
the Poisson brackets αλ = ∑k>0 λ kαk. For linear Poisson structures, i.e.
on coalgebra A⋆, the weight (2.12) of all even wheel graphs vanishes,
and the Kontsevich star product (2.13) coincides with the ⋆-product
determined by the Duflo isomorphism. This case allows to quantize
the class of quadratic Poisson brackets belonging to the image of the
Drinfeld map which associates a quadratic to a linear bracket.
Let us consider the deformations of phase-space and space given by
the parameters λph, λs being
λph =
iα
2
, (2.15)
λs =
iβ
2
, (2.16)
where α ∼ 1 and β ∼ 1 are dimensionless constants, and resulting in
the appropriate star product (2.3), or equivalently to the Kontsevich
star-product (2.13), on the phase space (x, p) and between two distinct
space points x and y
x⋆ p = px+
∞
∑
n=1
(
iα
2
)n
Cn(x, p), (2.17)
x⋆ y = xy+
∞
∑
n=1
(
iβ
2
)n
Cn(x,y), (2.18)
where Cn(x, p) and Cn(x,y) are the Hochschild cochains in the Kontse-
vich formula (2.13) related to the phase space and the space deforma-
tions, respectively. The Lie brackets arising from the star products
(2.17) and (2.18) has the following form
[x, p]⋆ = [x, p]+
∞
∑
n=1
(
iα
2
)n
Bn(x, p), (2.19)
[x,y]⋆ = [x,y]+
∞
∑
n=1
(
iβ
2
)n
Bn(x,y), (2.20)
where Bn(x, p) and Bn(x,y) are the Chevalley cochains related to phase-
space and space, respectively. Taking the first approximation in the
formulas (2.19) and (2.20), and application of the non-deformed com-
mutators [x, p] =−iℏ and [x,y] = 0 leads to
[x, p]⋆ = −iℏ+
iα
2
B1(x, p), (2.21)
[x,y]⋆ =
iβ
2
B1(x,y). (2.22)
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or after using of the Dirac ”method of classical analogy” [125]
1
iℏ
[p,x]⋆ = 1−
α
2ℏ
B1(x, p), (2.23)
1
iℏ
[x,y]⋆ =
β
2ℏ
B1(x,y). (2.24)
Because of, however, for two arbitrary elements f ,g ∈ C∞(M) one has
B1( f ,g) = 2θ(d f ∧ dg), therefore the formulas (2.23) and (2.24) can be
rewritten in the following form
1
iℏ
[p,x]⋆ = 1−
α
ℏ
(dx∧dp), (2.25)
1
iℏ
[x,y]⋆ =
β
ℏ
dx∧dy. (2.26)
Let us consider the space lattice characterized by an infinitesimal
growth of a space coordinate identified with the fundamental scale ℓ
dx = ℓ, (2.27)
and presume that the momentum of a particle is related to the coordi-
nate of a particle via the De Broglie wave-particle duality formula
p =
ℏ
x
. (2.28)
Application of the model (2.27)-(2.28) allows to derive straightforwardly
an infinitesimal growth of the momentum
dp =− ℏ
x2
dx =− p
2
ℏ
ℓ. (2.29)
Therefore, the infinitesimal growths (2.27) and (2.29) applied to the
deformed brackets (2.25) and (2.26) allows to establish finally
i
ℏ
[x, p]⋆ = 1+
α
ℏ2
ℓ2p2, (2.30)
i
ℏ
[x,y]⋆ = −
β
ℏ
ℓ2. (2.31)
The relations (2.30) and (2.31) prove that the Snyder space-time (2.1)-
(2.2) is a noncommutative geometry obtained via the first approxima-
tion of the Kontsevich deformation quantization.
In the 1960s a Soviet physicist M.A. Markov [126] proposed to take
into account a fundamental length scale as the minimal scale identified
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with the Planck length, i.e. ℓ= ℓP =
√
ℏc
G , and expressed the hypothesis
that a mass m of any elementary particle is bounded by the maximal
mass identified with the Planck mass, i.e. m 6 MP =
ℏ
cℓP
=
√
Gℏ
c3
. Ap-
plying this crucial idea, since 1978 a Soviet-Russian theoretician V.G.
Kadyshevsky and his collaborators [127] have studied widely certain
aspects of the Snyder model of noncommutative geometry strictly re-
lated to particle physics. Recently also V.N. Rodionov has developed
independently the stream of Kadyshevsky [128]. The problems dis-
cussed in this chapter seem to be more related to a general current
[129], where particularly the Snyder space-time (2.1)-(2.2) has been
found a number of applications.
Beginning 2000 an Indian scholar and philosopher B.G. Sidharth
[130] showed that in spite of the self-evident Lorentz invariance of the
deformation (2.1)-(2.2), in general the Snyder noncommutative geom-
etry breaks the two fundamental paradigms celebrated in relativis-
tic physics: the Einstein energy-momentum relation as well as the
Lorentz symmetry. Sidharth (Cf. Ref. [131]) concluded that in such a
situation the Hamiltonian constraint of Special Relativity is deformed
due to the additional term proportional to the fourth power of three-
momentum of a relativistic particle and the second power of a minimal
scale ℓ, which Sidharth has been identified with a minimal scale, i.e.
the Planck length or the Compton wavelength of an electron
E2 = m2c4 + c2 p2 +α
( c
ℏ
)2
ℓ2p4. (2.32)
Neglecting negative mass states as nonphysical, Sidharth established
a number of intriguing new facts [132]. Particularly, by straightfor-
ward application of Dirac ”square-root” technique to the Hamiltonian
constraint of the modified Special Relativity (2.32) he concluded the
corresponding modified Dirac equation(
γµ pˆµ +mc2 +
√
α
c
ℏ
ℓγ5 pˆ2
)
ψ = 0. (2.33)
which differs from the conventional Dirac relativistic quantum me-
chanics by a correction due to the γ5-term proportional to the second
power of the three momentum of a particle and to a minimal scale ℓ.
However, it looks like that Sidharth has been neglected the fact
that the modified Special Relativity (2.32) leads to a one more ad-
ditional possibility which is physically nonequivalent to the modified
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Dirac equation (2.33) considered by him as the physical quantum the-
ory. Namely, he omitted the Dirac Hamiltonian constraint with the
negative γ5-term (
γµ pˆµ +mc2−
√
α
c
ℏ
ℓγ5 pˆ2
)
ψ = 0. (2.34)
Fortunately, however, such an issue seems to be easy to solve because
of the possible physical results of the quantum theory (2.34) can be
straightforwardly concluded from the results following from themodified
Dirac equation possessing the positive γ5-term (2.33) by application of
the mirror reflection in a minimal scale ℓ→−ℓ. We are not going to ne-
glect also the negative mass states in the modified Dirac theory as non-
physical, because this situation strictly corresponds with the results
obtained from the equation (2.33) transformed via a mirror reflection
in mass of a relativistic particle m→−m. Moreover, it must be empha-
sized that in the standard relativistic quantummechanics the negative
sign corresponds to the Antimatter, which recently has been considered
as the element of Reality (See e.g. Ref. [133]).
Therefore we propose to consider the result of the canonical rela-
tivistic quantization
pµ = (E, pic)→ pˆµ = iℏ(∂0,c∂i) (2.35)
applied to the deformed Special Relativity (2.32) linearized by the Dirac
”square-root” technique. In general such a procedure leads to the four
possible physically nonequivalent quantum theories which can be pre-
sented in a form of one compact equation(
γµ pˆµ ±mc2±
√
α
c
ℏ
ℓγ5 pˆ2
)
ψ = 0. (2.36)
We shall presume that on the analogy of the standard Dirac relativistic
quantum mechanics, a wave function ψ of the modified Dirac equation
(2.36) is a four-component spinor ψ = [φ0,φ1,φ2,φ3]T, and that the Dirac
gamma matrices satisfy the four-dimensional Æther algebra {γµ ,γν}=
1
2
ηµν introduced in the previous chapter. It must be emphasized that a
presence of the γ5-term in the modified Dirac equation (2.36) results in
manifest violation of parity symmetry, and therefore also the Lorentz
symmetry is violated due to such a correction. For simplicity, however,
we shall consider one of the four cases (2.36) given by the Sidharth’s
Dirac equation (2.33). The results due to the three remained situations
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can be described by straightforward application of the mentioned mir-
ror transformations in the mass of a particle and a minimal scale to the
results due to the generic theory (2.33).
Both this chapter and the next one are strictly based on the recent
results of the author [134] enriched by necessary minor updates. The
research value of these two chapters is justified by the fact that the
approach based on deformations of Special Relativity, including the
Snyder–Sidharth deformation (2.32), recently has became one of the
most intensively developing and fruitful research direction in astro-
physics of gamma rays, especially in the context of CP violation [135].
Interestingly, the modified Dirac equation (2.33) was originally pro-
posed [132] as the idea for ultra-high energy physics. Sidharth, how-
ever, has not presented computations based on this idea, which could
result in experimentally verifiable physical predictions. In communica-
tion with the author [136], Sidharth has presented a number of intrigu-
ing and interesting looking speculations about the extra mass terms
deforming Special Relativity and the corresponding Dirac equations.
Also we discussed a lot of philosophical issues and suggestions about
the foundational role of noncommutative geometry for new physics based
on the Lorentz symmetry violation. The discussions did not established
a physical truth, and therefore derivation of the modified Dirac equa-
tion and the reasoning performed by Sidharth in general possesses
philosophical countenance. Albeit, the physical role of deformation the-
ory and noncommutative geometry is still a great riddle to the same
degree as it is an amazing hope, and factually nobody established real
meaning of such an abstractive mathematics for theoretical physics. In
the author opinion the most hopeful observational research region to
verification of the theories (2.36) is high-energy and ultra-high-energy
astrophysics. The astrophysical phenomena are probably the best test
for the Planck scale. Particularly, ultra-high-energy cosmic rays com-
ing from gamma bursts sources, neutrinos coming from supernovas,
and other effects observed in this energy region, are the most fruit-
ful research material for tests of the modified theories. This cognitive
aspect of the thing is both the most logical and rational justification
for considering the equation (2.33), arising due to the Snyder noncom-
mutative geometry (2.1)-(2.2), and trying pull out possibly novel valu-
able extensions of the well-grounded physical knowledge. It must be
emphasized that an arbitrary abstractive mathematics creates poten-
tially new physical theories, but extraction of physics is usually a heroic
work. By its simplicity the Snyder noncommutative geometry is one of
themes of this book, but another models are not forbidden. Possibly,
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however, the only Snyder noncommutative geometry possesses clear
physical meaning. Such a hypothesis is also the good point for experi-
mental verification.
B Massive neutrinos
In fact the Sidharth γ5-term, emerging from the Snyder noncommuta-
tive geometry of phase space (2.1), is the shift of the conventional Dirac
relativistic quantum mechanics. Let us presume that new physics
arises from the physical picture in which the modified Dirac equation
holds, but Special Relativity stays non-modif ied. In other words, we
shall preserve Einstein’s Special Relativity unchanged, but change the
Dirac relativistic quantum mechanics by the Snyder noncommutative
geometry. Such a modification is an algebra deformation. It is easy to
deduce that such a deformation can be realized by preservation of the
hyperbolic geometry of both the Minkowski energy-momentum space
as well as the space-time. While the physical foundation of the Einstein
theory is dynamics of a relativistic particle, the physical foundations of
an algebra deformation are based on a non-dynamical justification. For
example a deformation can be due to finite sizes of a particle. In this
manner, in our view while the Snyder–Sidharth deformation of Special
Relativity (2.32) can be interpreted as a dynamical result, the corre-
sponding modification of the Dirac equation (2.33) is due to the non-
dynamical γ5-term despite this term is explicitly dependent on a par-
ticle three-momentum. To make such a constructive strategy evident
we propose to apply the formalism of the Minkowski space, despite a
presence of the γ5-term, straightforwardly to both the modified Special
Relativity (2.32) and the modified Dirac equation (2.33).
The standard identity of the Minkowski energy-momentum space
pµ pµ =
(
γµ pµ
)2
= E2− c2 p2, (2.37)
allows to extract square of three momentum which, together with the
mass shell condition pµ pµ = mc2, applied to the modified Special Rela-
tivity (2.32) results in the equation
α
( c
ℏ
)2
ℓ2p4 = 0, (2.38)
which for nonzero momentum has the unique and unambiguous solu-
tion ℓ = 0. In other words, the hyperbolic identity (2.37) on the mass
shell leads to direct reconstruction of Special Relativity.
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Let us now apply the identity (2.37) to the modified Dirac equation
(2.33). Square of three-momentum can be extracted via the identity
(2.37) and applied within the equation (2.33)[
γµ pˆµ +mc2 +
√
α
ℏc
ℓγ5
[
E2−(γµ pˆµ)2]]ψ = 0, (2.39)
results in the quadratic equation[
−
√
α
ℏc
ℓγ5
(
γµ pˆµ
)2
+ γµ pˆµ +mc2 +
√
α
ℏc
ℓγ5E2
]
ψ = 0, (2.40)
which after multiplication of both sides by γ5 and using of the combi-
nation γ5γµ pµ can be rewritten in the following form[(
γ5γµ pˆµ
)2
− ε
(
γ5γµ pˆµ
)
+E2− εmc2γ5
]
ψ = 0, (2.41)
where ε is a maximal energy due to a minimal scale ℓ
ε =
ℏc√
αℓ
. (2.42)
The equation (2.41) expresses projection of the operator(
γ5γµ pˆµ
)2
− ε
(
γ5γµ pˆµ
)
+E2− εmc2γ5, (2.43)
on the spinor ψ. By application of elementary algebraic manipulations,
however, the quadratic operator (2.43) can be factorized straightfor-
wardly to the form
(γ5γµ pˆµ − ε+)(γ5γµ pˆµ − ε−), (2.44)
where ε± are the manifestly non-hermitian energies
ε± =
ε
2
1±
√
1− 4E
2
ε2
√
1+ 4εmc
2
ε2−4E2 γ
5
 . (2.45)
Principally the quantities (2.45) are due to the order reduction, and
also cause the Dirac-like linearization.
Let us treat a particle energy E, a particle mass m, and a maximal
energy ε (or equivalently a minimal scale ℓ) in the formula (2.45) as free
parameters. It can be observed straightforwardly that the modified
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Dirac equation (2.33) is equivalent to the two nonequivalent relativistic
quantum theories (
γµ pˆµ −M+c2
)
ψ = 0, (2.46)(
γµ pˆµ −M−c2
)
ψ = 0, (2.47)
where M± are the generated mass matrices
M± =
ε
2c2
−1∓
√
1− 4E
2
ε2
+
4mc2
ε
γ5
γ5. (2.48)
The result (2.48) is in itself nontrivial. Factually, by application of
the Minkowski energy-momentum space the Dirac equation modified
due to the Snyder noncommutative geometry has been reduced to two
distinguishable standard Dirac theories describing a kind of effective
particles characterized by manifestly non-hermitianmass matrices M±.
Both these theories are all the more so intriguing because the total in-
formation about a minimal scale ℓ, and therefore about the Snyder non-
commutative geometry, was placed in the mass matrices M± only, while
the relativistic space-time and energy-momentum formalisms are ex-
actly the same as in the standard Dirac quantum theory. Note that
such a procedure is also correct from the methodological point of view.
We have applied the tensor formalism of the hyperbolic 4-dimensional
energy-momentum geometry within the Dirac equation modified due to
the γ5-term. This point has not been noticed or has been omitted in the
analysis made by Sidharth. In this manner we have constructed new
type mass generation mechanism which deduction is impossible to per-
form within the frames of Special Relativity only, i.e. for in the situa-
tion when a minimal scale is vanishing ℓ= 0 or equivalently a maximal
energy is infinite ε = ∞. In fact, application of the noncommutative ge-
ometry results in a finite value of a maximal energy, what is a kind of
renormalization of Special Relativity. Therefore the mass generation
mechanism presented above results in the effect of such a nontrivial
renormalization, possesses purely kinetic nature and, above all, is due
to the factorization applied to the operator (2.43) projecting onto the
spinor wave function ψ. It must be emphasized that this kinetic effect
in the result due to the abstractive mathematics of noncommutative
geometry and algebra deformation. The key problem is generalization
of this mechanism to more general situations described in frames of
the Kontsevich deformation quantization. In other words the crucial
unsolved issue is a reply to the question: does a physical contribution
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from noncommutative geometry in general contains in a mass genera-
tion mechanism only?. The necessity of reply to this question is argued
above all by the problem of experimental verification of the theoretical
results due to noncommutative geometry, and possesses fundamental
meaning for philosophical foundations of the new physics obtained via
constructive applications of the abstractive mathematics. The reply to
this question is, however, far from this book content.
Let us present now the mass matrices M± in more convenient form
employing a linear dependence of the γ5 matrix. Fist, let us apply the
Taylor series expansion to the square root part of the mass matrices
(2.48). The expansion can be performed in the following way
√
1− 4E
2
ε2
+
4mc2
ε
γ5 =
√
1− 4E
2
ε2
√√√√√√√1+
4mc2
ε
1− 4E
2
ε2
γ5 =
=
√
1− 4E
2
ε2
∞
∑
n=0
(
1/2
n
)
4mc2
ε
1− 4E
2
ε2
γ5

n
, (2.49)
where the generalized Newton binomial symbol was used(
n
k
)
=
Γ(n+1)
Γ(k+1)Γ(n+1− k) .
By application of the basic properties of γ5 matrix, i.e.
(
γ5
)2n
= −1 and(
γ5
)2n+1
= −γ5, one can decompose of the sum present in the last term
of the formula (2.49) onto the two components related to the odd and
even powers of γ5 matrix
∞
∑
n=0
(
1/2
n
)
4mc2
ε
1− 4E
2
ε2
γ5

n
=
=−
∞
∑
n=0
(
1/2
2n
)
4mc2
ε
1− 4E
2
ε2

2n
−
∞
∑
n=0
(
1/2
2n+1
)
4mc2
ε
1− 4E
2
ε2

2n+1
γ5. (2.50)
Straightforward application of the standard summation procedure al-
lows to establish the sums presented in both the components of the
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decomposition (2.50)
∞
∑
n=0
(
1/2
2n
)
4mc2
ε
1− 4E
2
ε2

2n
=
√√√√√√√1+
4mc2
ε
1− 4E
2
ε2
+
√√√√√√√1−
4mc2
ε
1− 4E
2
ε2
, (2.51)
∞
∑
n=0
(
1/2
2n+1
)
4mc2
ε
1− 4E
2
ε2

2n+1
=
√√√√√√√1+
4mc2
ε
1− 4E
2
ε2
−
√√√√√√√1−
4mc2
ε
1− 4E
2
ε2
. (2.52)
In this manner one sees easily that both the mass matrices M± pos-
sess the following decomposition onto two components: the hermitian
H(M±) and the antihermitian A(M±)
M± = H(M±)+A(M±), (2.53)
where both the parts can be presented in a compact form
H(M±)=± ε2c2

√
1− 4E
2
ε2

√√√√√√√1+
4mc2
ε
1− 4E
2
ε2
−
√√√√√√√1−
4mc2
ε
1− 4E
2
ε2

 , (2.54)
A(M±)=− ε2c2
1±
√
1− 4E
2
ε2

√√√√√√√1+
4mc2
ε
1− 4E
2
ε2
+
√√√√√√√1−
4mc2
ε
1− 4E
2
ε2

γ5.(2.55)
By application of elementary algebraic manipulations one obtains
equivalent decomposition of the mass matrices M± into the basis of the
commutating projectors
{
Πi :
1+ γ5
2
,
1− γ5
2
}
,
M± = ∑
i
µ±i Πi = µ±R
1+ γ5
2
+µ±L
1− γ5
2
, (2.56)
where µ±R and µ±L are the projected masses related to the Dirac theories
with signs ± in agreement with the mass matrix signs. The values of
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the projected masses can be established easy
µ±R = −
1
c2
(
ε
2
±
√
ε2−4εmc2−4E2
)
, (2.57)
µ±L =
1
c2
(
ε
2
±
√
ε2 +4εmc2−4E2
)
. (2.58)
For physical correctness we shall presume that the masses of right-
handed neutrinos (2.57) and the left-handed neutrinos (2.58) are real
numbers. It is nontrivial conditions, which allows to establish the
range of a maximal energy ε via the energy and the mass of an origi-
nal quantum state obeying the Dirac equation. In the case of massive
states one obtains
ε ∈
−∞,−2mc2
1+
√
1+
(
E
mc2
)2∪
∪
−2mc2
1−
√
1+
(
E
mc2
)2 ,2mc2
1+
√
1+
(
E
mc2
)2∪
∪
2mc2
1+
√
1+
(
E
mc2
)2 ,∞
 , (2.59)
while in the case of massless quantum states possessing an energy E
ε ∈ (−∞,−2|E|]∪ [2|E|,∞) . (2.60)
The properties of the projectors Π†i Πi = 14, Π1Π2 =
1
2
14, Π†1 = Π2 and
Π1 +Π2 = 14 allows to derive the relation
M±M†± =
(µ±R )2 +(µ±L )2
2
14. (2.61)
By introducing the right- and left-handed chiral Weyl fields
ψR =
1+ γ5
2
ψ, (2.62)
ψL =
1− γ5
2
ψ, (2.63)
where a wave function ψ is a solution of the appropriate Dirac equa-
tions (2.46) and (2.47), both the theories can be rewritten as the system
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of two equations
(
γµ pˆµ +µ+c2
)[ ψ+R
ψ+L
]
= 0, (2.64)
(
γµ pˆµ +µ−c2
)[ ψ−R
ψ−L
]
= 0, (2.65)
where now the mass matrices µ±, related to the chiral fields ψ±R,L, are
manifestly hermitian quantities
µ± =
[
µ±R 0
0 µ±L
]
=
[
µ±R 0
0 µ±L
]†
. (2.66)
Note that the masses (2.57) and (2.58) are invariant with respect to a
choice of representation of the Dirac matrices γµ . By this reason these
quantities have physical character. It is interesting that for the mir-
ror reflection in a minimal scale ℓ→−ℓ, or equivalently for the mirror
reflection ε →−ε, one has the exchange between the masses µ±R ↔ µ±L
while the chiral Weyl fields stay unchanged. Similarly, in the situa-
tion of the mirror reflection in the mass of an original quantum state
m→−m one has the exchange between the projected masses µ±R ↔−µ±L .
The case of originally massless quantum states m = 0 is also intrigu-
ing from a theoretical point of view. From the mass formulas (2.57)
and (2.58) one sees straightforwardly that in such a case the equality
µR = −µL holds. In the limiting case of generic Einstein Special Rela-
tivity ℓ= 0, the projected masses have interesting properties
µ±R =
{ −∞ for +
∞ for − , (2.67)
µ±L =
{
∞ for +
−∞ for − . (2.68)
It means that in the case of Special Relativity the massive Weyl the-
ories are undetermined, i.e. the particles described by the Weyl equa-
tions (2.64) and (2.65) do not exist. In general, however, for correct-
ness of the projection splitting (2.56) both the projected masses (2.57)
and (2.58) must be real numbers. Strictly speaking when the projected
masses are complex numbers the decomposition (2.56) does not yield
hermitian mass matrices (2.66). Therefore, in such a case the pre-
sented construction has no sense, and by this reason should be replaced
by another theory based on different arguments.
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In the approach based on the Standard Model neutrinos are mass-
less quantum particles. In this manner, it is evident that application
of the Snyder noncommutative geometry generated the non-triviality
which is the kinetic mass generation mechanism of the neutrino mass.
It must be emphasized that in all the cited contributions Sidharth men-
tioned about a possibility of neutrino mass ”due to the mass term”,
where by the mass term he understands the dynamical γ5-term in the
modified Dirac equation (2.33). Albeit, regarding the Standard Model
which is the theory of elementary particles and fundamental interac-
tions, a mass term can not be dynamical, and such a nomenclature
is misleading in further analysis of the philosophical ideas. We have
been received the massive neutrinos due to the two-step mass gener-
ation mechanism. The first one is factorization of the modified Dirac
equation (2.33). The second one is the decomposition of the mass ma-
trices (2.48) into the projectors basis and introducing the chiral Weyl
fields (2.62) and (2.63). Calling such an unique procedure as the re-
sult ”due to the mass term” is at least inaccurate, creates a number of
inequivalent interpretations, and in itself is escaping from physics to
philosophy. It must be emphasized that any mass generation mecha-
nism is manifestly absent in Sidharth’s contributions and the reason-
ing presented there completely differs from our analysis, omits certain
important physical and mathematical details (Cf. e.g. Ref. [137]). The
procedure proposed above, i.e. by the unique treatment of the γ5-term
in the modified Dirac equation (2.33) and preservation the hyperbolic
geometry of Minkowski energy-momentum space (2.37) of the Einstein
Special Relativity, resulted in generation of the Weyl equations (2.64)-
(2.65) describing two left- ψ±L and two right- ψ±R chiral fields possessing
nonzero masses. In other words we have established the constructive
theory of massive neutrinos, related to both originally massive m 6= 0 as
well as massless m = 0 quantum states described by relativistic quan-
tum mechanics. By this reason the our approach changes the physical
essence of the concepts neutrino and neutrino mass. Our neutrino is a
chiral field due to any originally massive and massless quantum par-
ticle, which in itself is also a quantum particle. Our neutrino mass is
generated due to a mass of originally quantum particle. Furthermore,
it is easy to see that the Weyl theories (2.64) and (2.65) associate 4
massive neutrinos with a one original quantum state. Because of there
are 4 possible theories (2.36) the maximal number of the neutrinos due
to the Snyder noncommutative geometry is 16. However, this number
can be reduced due to experimental verification of the results of the
theories.
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C The Compton–Planck Scale
The Planck scale, defined by taking into account a minimal scale ℓ iden-
tical with the Planck length ℓP =
√
ℏG
c3
, in modern cosmology and par-
ticle physics is the energetic region at which quantum physics meets
classical physics. At this scale the standard methodology of particle
physics, i.e. the Standard Model, is manifestly inadequate tool for con-
structive description because of necessity of a theory of quantum grav-
ity. There is few approaches to the adequate formalism of the Planck
scale physics, including string theory, M-theory, loop quantum gravity,
and noncommutative geometry (See e.g. the Ref. [138]). A theory of
quantum gravity, however, is the main requirement for the consistent
description of the physics at the Planck scale. We shall present certain
proposal for such a theory in the second part of this book, while this
part is related to noncommutative geometry.
Let us look on few coincidences at the Planck scale, which are in-
formative for general understanding. In such a situation a maximal
energy (4.130) coincides with the Planck energy divided by
√
α
ε(ℓP) =
1√
α
√
ℏc5
G
=
1√
α
MPc2 =
EP√
α
. (2.69)
Let us take into account the Compton wavelength of a particle pos-
sessing the rest mass m, i.e. λC(m) = 2pi
ℏ
mc
. A maximal energy (4.130)
computed at the scale identical to the Compton wavelength λC(m) is
proportional to rest energy of a particle
ε(λC(m)) =
1
2pi
√
α
mc2, (2.70)
and, if α has the proposed value (1.220), becomes simply the rest en-
ergy of a particle ε = mc2.
Interestingly, in the situation when the rest mass of a particle equals
the Planck mass m≡MP =
√
ℏc
G or equivalently the rest energy of a par-
ticle equals to the Planck energy mc2 = EP, there is a number of non-
trivialities. Let us denote the Compton wavelength of such a Planckian
particle by ℓC = λC(MP). In fact, this wavelength defines the mixed scale
which we propose to call the Compton–Planck (CP) scale. It can be seen
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straightforwardly that in the CP scale holds
ε(ℓC) =
ε(ℓP)
2pi
. (2.71)
Moreover, when one regards (1.220), i.e. α = 1/(2pi)2, than also
α =
(
ε(ℓC)
ε(ℓP)
)2
=
(
ℓP
ℓC
)2
. (2.72)
Moreover, in the CP scale the doubled Compton wavelength equals to
a circumference of a circle with a radius of the Schwarzschild radius
rS(m) =
2Gm
c2
of the Planck mass (Cf. Ref. [118])
2ℓC = 2pirS (MP) . (2.73)
Straightforward and easy computation shows that the Compton wave-
length of the Planck mass is identified with a circumference of a circle
with a radius of the Planck length, i.e.
ℓC = 2piℓP, (2.74)
and by this reason the doubled Planck length equals to the Schwarzschild
radius of the Planck mass
2ℓP = rS(MP). (2.75)
In general the ratio of the Planck length and the Compton wave-
length of a particle with mass m is
ℓP
λC(m)
=
1
2pi
m
MP
. (2.76)
Let us generalize the last relation in the equation (2.72) as follows
α ≡
(
1
2pi
m
MP
)2
. (2.77)
Taking α as (1.220) together with the presumption α ∼ 1, which guar-
antees correctness of the Kontsevich deformation quantization. Such a
reasoning establishes the mass of a particle for which the Snyder non-
commutative geometry is adequate. It is not difficult to see that the
mass of a particle must be of an order of the Planck mass, i.e.
m∼MP. (2.78)
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If, however, one wishes to neglect (1.220) but preserve (2.77) together
with the condition α ∼ 1 then
m∼ 2piMP, (2.79)
i.e. the mass of a particle described by the noncommutative geometry
is of the order m∼ (1022−1023)MeV/c2.
D The Global Effective Chiral Condensate
Let us consider the meaning of the massive Weyl equations (2.64)-
(2.64) in the spirit of the gauge field theories [139], which are the base
of the Standard Model. The problem is to to construct the Lagrangian
L , revealing Lorentz invariance, of the gauge field theory character-
ized by the massive Weyl equations treated as the Euler-Lagrange
equations of motion for the chiral fields ψ±L and ψ±R . In general, such
a construction is not easy to perform, but because in fact the massive
Weyl equations are the Dirac theories, it can be seen by straightfor-
ward computations that the following four Dirac-like Lagrangians
L ±R = ψ¯±R
(
γµ pˆµ +µ±R c2
)
ψ±R , (2.80)
L ±L = ψ¯±L
(
γµ pˆµ +µ±L c2
)
ψ±L , (2.81)
where ψ¯±R,L =
(
ψ±R,L
)†
γ0 are the Dirac adjoint of ψ±R,L, lead to the massive
Weyl equations by the appropriate principle of the least action. In other
words, the Euler-Lagrange equations of motion
∂L ±R,L
∂ψ±R,L
−∂µ
∂L ±R,L
∂
(
∂µψ±R,L
) = 0, (2.82)
coincide with the massive Weyl equations (2.64)-(2.64). In this manner,
the appropriate full gauge field theory of massive neutrinos can be di-
rectly constructed by using of the Lagrangian which is an algebraical
sum of the four gauge field theories (2.80)-(2.81)
L = L +R +L
−
R +L
+
L +L
−
L , (2.83)
i.e. the massive Weyl equations are obtained from the Euler-Lagrange
equations of motion (2.82) with the exchange L ±R,L → L . It must be
emphasized that the choice of the Lagrangians in the form (2.80)-(2.81)
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is due to straightforward analogy between the massive Weyl equation
and the Dirac equation. The essential difference between these theo-
ries is the only number of spinor components what, however, has no
influence on the form of Lagrangian and the principle of the least ac-
tion. The Lagrangians (2.80) and (2.81) describe the two components of
the Weyl spinor. In other words, this choice is both the most intuitive
and the simplest. However, it does not mean that there is no another,
possibly more complicated, choice dictated by another justification.
One can see easy that the gauge field theories (2.80) and (2.81) ex-
hibit several well-known gauge symmetries. Namely, the (local) chiral
symmetry SU(2)±R ⊗SU(2)±L expressed via one of the transformations{
ψ±R → exp
{
iθ±R
}
ψ±R
ψ±L → ψ±L
, (2.84){
ψ±R → ψ±R
ψ±L → exp
{
iθ±L
}
ψ±L
, (2.85)
the vector symmetry U(1)±V{
ψ±R → exp{iθ±}ψ±R
ψ±L → exp{iθ±}ψ±L
, (2.86)
and the axial symmetry U(1)±A{
ψ±R → exp{−iθ±}ψ±R
ψ±L → exp{iθ±}ψ±L
. (2.87)
In this manner the total symmetry group is
SU(3)+C ⊕SU(3)−C , (2.88)
where SU(3)±C are the global (chiral) 3-flavor gauge symmetries related
to each of the gauge theories (2.80) and (2.81), i.e.
SU(2)+R ⊗SU(2)+L ⊗U(1)+V ⊗U(1)+A ≡ SU(3)+⊗SU(3)+ = SU(3)+C , (2.89)
SU(2)−R ⊗SU(2)−L ⊗U(1)−V ⊗U(1)−A ≡ SU(3)−⊗SU(3)− = SU(3)−C , (2.90)
describing 2-flavor massive free quarks - the neutrinos in our proposi-
tion. Because of, the group (2.88) does not possess a name in literature,
we shall call the group the composite symmetry SU(3)TOTC .
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By application of the definitions for the chiral Weyl fields (2.62) and
(2.63) one obtains
ψ¯±R,Lγµ pµψ±R,L = ψ¯±
1± γ5
2
γµ pµ
1± γ5
2
ψ± = ψ¯±
(
1± γ5
2
γµ 1± γ
5
2
)
pµ ψ±,
(2.91)
where ψ¯±= (ψ±)† γ0 is the Dirac adjoint of the Dirac fields ψ± related to
the chiral Weyl fields by the transformations (2.62) and (2.63). Because
of the identity
1± γ5
2
γµ 1± γ
5
2
=
γµ ±{γµ ,γ5}+ γ5γµγ5
4
=
1− (γ5)2
4
γµ = 1
2
γµ , (2.92)
where we have applied the properties of γ5 matrix
{
γµ ,γ5
}
= 0 and
(γ5)2 =−1, one obtains finally
ψ¯±R,Lγµ pµ ψ±R,L =
1
2
ψ¯±γµ pµ ψ±. (2.93)
Similarly, applying the identity
1± γ5
2
1± γ5
2
=
1
4
(
1±2γ5 +(γ5)2
)
=±1
2
γ5, (2.94)
one can establish the quantity
µ±R,Lc2ψ¯±R,Lψ±R,L = µ±R,Lc2ψ¯±
1± γ5
2
1± γ5
2
ψ±, (2.95)
with the result
µ±R,Lc2ψ¯±R,Lψ±R,L =
1
2
ψ¯±
(
±µ±R,Lc2γ5
)
ψ±, (2.96)
where the plus sign of the mass is appropriate for the right-handed
neutrinos, while the minus sign is appropriate for the left-handed neu-
trinos. In this way one obtains finally the partial Lagrangians
L ±R,L = ψ¯±R,L
(
γµ pµ +µ±R,Lc2
)
ψ±R,L =
= ψ¯±R,Lγµ pµψ±R,L +µ±R,Lc2ψ¯±R,Lψ±R,L =
=
1
2
ψ¯±γµ pµψ±+
1
2
ψ¯±
(
±µ±R,Lc2γ5
)
ψ± =
=
1
2
ψ¯±
(
γµ pµ ±µ±R,Lc2γ5
)
ψ±. (2.97)
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which reveal the Lorentz invariance. In this manner it can be seen
straightforwardly that with using of the partial Lagrangians (2.97) the
global chiral Lagrangian (2.83) takes the following form
L =
1
2
ψ¯+
(
γµ pµ +µ+R c2γ5
)
ψ++ 1
2
ψ¯+
(
γµ pµ −µ+L c2γ5
)
ψ++
+
1
2
ψ¯−
(
γµ pµ +µ−R c2γ5
)
ψ−+ 1
2
ψ¯−
(
γµ pµ −µ−L c2γ5
)
ψ−, (2.98)
or after summation
L = ψ¯+
(
γµ pˆµ +µ+e f f c2
)
ψ++ ψ¯−
(
γµ pˆµ +µ−e f f c2
)
ψ−, (2.99)
where µ±e f f are the effective mass matrices of the gauge fields ψ±,
µ±e f f =
µ±R −µ±L
2
γ5. (2.100)
After introduction of the global effective 8-component field
Ψ =
[
ψ+
ψ−
]
, (2.101)
the theory (2.99) becomes
L = ¯Ψ
(
γµ pˆµ +Me f f c2
)
Ψ, (2.102)
where Me f f is the mass matrix given by
Me f f =
[ µ+e f f 0
0 µ−e f f
]
, (2.103)
γµ are 8×8 matrices, and
pˆµ = iℏ
[
∂µ
∂µ
]
, (2.104)
is 8-component momentum operator. Therefore (2.102) can be associ-
ated with octonions. Hermiticity of both the effective mass matrices
µ±e f f , and therefore also of the global effective mass matrix Me f f , de-
pends on a choice of representation of the γ5 matrix. For consistency
the preferred representation of γ5 matrix must be hermitian. It means
that the effective global gauge field theory (2.102) is physical for the
only such a representation.
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Obviously, the global effective gauge field theory (2.102) demon-
strates an invariance with respect to action of the composite gauge
vector symmetry SU(2)TOTV
SU(2)TOTV = SU(2)+V ⊕SU(2)−V , (2.105)
where SU(2)±V are the SU(2)⊗SU(2) group transformations applied sep-
arately to each of the gauge fields ψ±{
ψ±→ exp{iθ±}ψ±
ψ¯±→ ψ¯± exp{−iθ±} . (2.106)
Such a situation means that there is realized the mechanism of sponta-
neous symmetry breakdown for the global effective gauge field theory
(2.102). The broken symmetry is the composite global chiral symmetry
SU(3)TOTC , and the result of the symmetry breakdown is its subgroup
the composite isospin symmetry group SU(2)TOTV
SU(3)TOTC −→ SU(2)TOTV . (2.107)
Such a situation possesses an unambiguous physical interpretation.
Namely, it is the syndrome of an existence of the global effective chiral
condensate of the massive neutrinos, being a composition of two inde-
pendent chiral condensates, which is the global effective gauge field
theory invariant under action of the gauge symmetry (See, e.g. the
book of S. Weinberg in Ref. [139])
SU(2)TOTV = (SU(2)+⊗SU(2)+)⊕ (SU(2)−⊗SU(2)−). (2.108)
However, because of action of the composite global chiral gauge sym-
metry SU(3)TOTC (2.88), the gauge field theories (2.80) and (2.81) looks
like formally as the theories of non-interacting massive free quarks.
Such a situation is very similar to the formalism of Quantum Chromo-
dynamics (QCD) [140], but factually in the presented physical scenario
one has to deal with a composition of two independent copies of QCD.
For each of these theories the space of fields is distinguishable for the
space of fields of the single QCD. The difference is contained, namely, in
the fact that there are only two massive chiral fields - the left- and the
right-handed Weyl fields, which are the neutrinos in our proposition.
The global effective chiral condensate of massive neutrinos (2.102) is
the result manifestly beyond the Standard Model, but essentially it
can be included into the fundamental theory of particle physics as the
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new contribution due to noncommutative geometry. Usually the spon-
taneous symmetry breakdown results in the related Goldstone bosons
generated via the mechanism. However, in the situation presented
above this mechanism results in the chiral condensate, i.e. does not
generate new particles. In the context of the massive neutrinos, the
result of the mechanism of the spontaneous symmetry breakdown is
the global effective chiral condensate of the massive neutrinos. By this
reason such a situation is manifestly distinguishable, and is beyond
methods of the Standard Model.
E Conclusion
The deformed Special Relativity given by the Snyder–Sidharth Hamil-
tonian constraint (2.32) obtained due to the Snyder geometry of non-
commutative space-time (2.1)-(2.1) manifestly and essentially differs
from the usual Einstein energy-momentum relation well-known from
Special Relativity. In particular as is self-evident from the form of
the Snyder–Sidharth Hamiltonian constraint(2.32), the Snyder non-
commutative geometry produces the extra contribution to the Einstein
energy-momentum relation due to the additional ℓ2-term. As we have
shown, this contribution can be neglected as the result of the algebra
deformation. This is brought out very clearly in the Dirac equations
(2.46)-(2.47) which are manifestly non-hermitian, as well as in the mas-
sive Weyl equations (2.64)-(2.65) which are blatantly hermitian and are
responsible for description of the neutrinos in our proposition.
A massless neutrino, characteristic for both the conventional Weyl
theory as well as the Standard Model, is now seen to argue as mass,
and further, this mass has a two left-handed components and a two
right-handed components, as it is straightforwardly noticeable from
the formulas (2.53) and (2.56). Once this is recognized, the mass ma-
trix which otherwise appears non-hermitian, turns out to be actually
hermitian, as seen in the formula (2.66), but if and only if when the
masses (2.53) and (2.56) of the neutrinos are real numbers. There is no
any restrictions, however, for their sign, i.e. the masses can be positive
as well as negative. In other words, the underlying Snyder noncommu-
tative geometry (2.1)-(2.1) is reflected in the modified Dirac equation
(2.33) and naturally and nontrivially gives rise to the mass of the neu-
trino.
As we have mentioned in partial discussions within this chapter, in
analogy with the Standard Model Sidharth [137] suggested that such
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a situation is a possible result ”due to mass term”, however, with no
any concrete calculations and proposals for the mass generation mech-
anism. The mass generation mechanism, proposed in this chapter for
such a constructive and consistent formulation of this Sidharth idea,
has purely kinetic nature, and moreover it is formally the result of the
first approximation of more general noncommutative geometry deter-
mined by the Kontsevich deformation quantization. In this manner we
have shown that the mass generation mechanism ”due to mass term”
can be elegantly formulated in frames of noncommutative geometry,
particularly in frames of the Snyder space-time.
We have shown also that the model of massive neutrinos can be
understood and consistently described from the point of view of gauge
field theories, which naturally includes Lorentz invariance. Such a for-
mulation leads to interesting construction involving two independent
copies of Quantum Chromodynamics and non-interacting massive free
quarks, which is also employing effective composite isospin group re-
sulting in the global effective chiral condensate of the massive neutri-
nos. The mechanism of spontaneous symmetry breakdown presented
above, which is the tool to receiving the composite isospin group, does
not require existence of related Goldstone bosons, but the role of Gold-
stone bosons plays the chiral condensate of massive neutrinos. In itself
this is new type of mass generation mechanism.
It must be remembered that in the Standard Model the neutrino is
massless, but the Super-Kamiokande experiments in the late nineties
showed that the neutrino does indeed have a mass and this is the lead-
ing motivation to an exploration of models beyond the Standard Model.
The model presented above is the b est example of such a situation. In
this connection it is also relevant to mention that currently the Stan-
dard Model requires the Higgs mechanism for the generation of mass
in general, though the Higgs particle has been undetected for forty five
years and it is hoped will be detected by researchers of Fermi National
Accelerator Laboratory or the Large Hadron Collider. We hope for next
development within the proposed here model of massive neutrinos.
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Chapter 3
The Neutrinos: Energy
Renormalization &
Integrability
A Introduction
In the previous chapter we have established that the modified Dirac
equation arising due to the Snyder noncommutative geometry, yields
the conventional Dirac theory with non-hermitian mass, or equiva-
lently to the Weyl equation with a diagonal and hermitian mass matri-
ces which describes the massive neutrinos. The obtained model of mas-
sive neutrinos involves 4 massive chiral fields related to any originally
massive or massless quantum state obeying the usual Dirac equation.
By application of the mechanism of spontaneous symmetry breakdown
with respect to the global chiral symmetry the model was converted
into the form of the isospin-symmetric global effective gauge field the-
ory of the 8-component field Ψ which is associated with the composed
chiral condensate of massive neutrinos.
All these results violate the Lorentz symmetry manifestly, albeit
their possible physical application can be considered in a diverse way.
On the one hand the global effective gauge field theory is beyond the
Standard Model, yet can be considered as its contributory part due
to the Snyder noncommutative geometry. On the other hand, in the
model of massive neutrinos the masses of the two left-handed and two
right-handed chiral Weyl fields arise due to mass and energy of an
original state and a minimal scale, e.g. the Planck scale. Therefore,
its quantum mechanical countenance becomes almost a mystical rid-
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dle. In fact, possible existence of the massive neutrinos would be the
logically consistent justification of physical correctness of the Snyder
noncommutative geometry.
This chapter is mostly focused on the quantum mechanical aspect
of the model of massive neutrinos. We shall present manifestly that
the model in itself yields consistent physical explanation of the Snyder
noncommutative geometry and consequently leads to energy renormal-
ization of an original quantum relativistic particle. We shall perform
computations arising directly from the Schrödinger equation formula-
tion of both the modified Dirac equation and the massive Weyl equa-
tion.
The first issue for discussion is the manifestly non-hermitianmodified
Dirac Hamiltonian. Its integrability is formulated by straightforward
application of the Zassenhaus formula for exponentiation of sum of two
non commuting operators. It is shown directly, however, that this ap-
proach does not lead to well-defined solutions, because of for such a
formulation the Zassenhaus exponents are still sums of two non com-
muting operators. Therefore such a integrability procedure possesses
a cyclic problem which can not be removed, and by this reason is not
algorithm. In this case the only approximations can be studied, but
extraction of full solution is an extremely difficult problem.
For solving the problem we shall change the integrability strat-
egy, i.e. instead of the modified Dirac equation we shall employ the
Schrödinger equation form of the Weyl equation with pure hermitian
mass matrix. Integration of this equation is straightforward, elemen-
tary, and analogous to integration of the Dirac equation. Computations
shall be presented in both the Dirac and the Weyl representations of
the Dirac gamma matrices.
We perform calculations in the Clifford algebra because of the rep-
resentations of gamma matrices obeying the Æther algebra are not es-
tablished and are very good problem for future research. This is caused
by the fact, that the Æther algebra was proposed first in this book, and
was not considered in earlier literature.
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B Energy renormalization
Let us focus our attention on the masses of left-handed and right-
handed chiral Weyl fields (2.57) and (2.58). By straightforward ele-
mentary algebraic manipulations these two relations can be rewritten
as the following system of equations
(
µ±R c2 +
ε
2
)2
= ε2−4εmc2−4E2(
µ±L c2−
ε
2
)2
= ε2 +4εmc2−4E2
(3.1)
which allows to study dependence between the deformation parameter,
i.e. a maximal energy ε, and energy E and mass m of a particle and the
masses µ±R and µ±L of neutrinos treated as physically measurable quan-
tities which can be established via experimental data. Subtraction of
the second equation from the first one in the system of equations (3.1),
allows to obtain (
µ±L c2−
ε
2
)2
−
(
µ±R c2 +
ε
2
)2
= 8εmc2, (3.2)
or applying the difference of two squares a2−b2 = (a−b)(a+b)[(
µ±L −µ±R
)
c2− ε](µ±L +µ±R )c2 = 8εmc2, (3.3)
what allows to derive a maximal energy as
ε =
(
µ±L −µ±R
)
c2
1+
8m
µ±L +µ±R
. (3.4)
Because of ε > 0 one has the condition of masses of neutrinos
µ±L > µ±R , (3.5)
what after using of the explicit formulas (2.57) and (2.58) leads to two
alternative conditions for ε
ε >∓
(√
ε2 +4εmc2−4E2 +
√
ε2−4εmc2−4E2
)
. (3.6)
The first condition leads to
ε ∈
(
−∞,−83mc
2− 43
√
3E2 +4m2c4
]
∪
[
−2mc2 +2
√
E2 +m2c4,∞
)
, (3.7)
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while the second one gives
ε ∈
[
−2mc2 +2
√
E2 +m2c4,−83mc
2 +
4
3
√
3E2 +4m2c4
]
, (3.8)
and by taking these results together one obtains finally
−2mc2 +2
√
E2 +m2c4 6 ε 6−83mc
2 +
4
3
√
3E2 +4m2c4. (3.9)
Because, however, ε > 0 one has the conditions for mass and energy of
a particle
−2mc2 +2
√
E2 +m2c4 > 0, (3.10)
−83mc
2 +
4
3
√
3E2 +4m2c4 > 0, (3.11)
−83mc
2 +
4
3
√
3E2 +4m2c4 > −2mc2 +2
√
E2 +m2c4. (3.12)
The first and the second conditions leads to the trivial relation E2 > 0,
while the third one states that
9
32E
4 +m2c4E2 +m4c8 > 0, (3.13)
what is satisfied if and only if mass m and energy E of a particle are
real numbers. By application of the bounds (3.9) to the relation (3.4)
one obtains the condition for masses
m 6
µ±L +µ±R
8 , (3.14)
or equivalently the inequality for the ratio
8m
µ±L +µ±R
6 1. (3.15)
By the definition (3.4) one has
8m
µ±L +µ±R
=
(
µ±L −µ±R
)
c2
ε
−1, (3.16)
what in the light of the inequality (3.15) leads to the bound
ε >
µ±L −µ±R
2
c2, (3.17)
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which can be translated into the language of a minimal scale
ℓ6
ℏ√
αc
2
µ±L −µ±R
. (3.18)
By using of the Compton wavelength of a neutrino
λC(µ±R,L) = 2pi
ℏ
µ±R,Lc
, (3.19)
the bound (3.25) can be written in the form
ℓ6
1
2pi
√
α
2λC(µ±L )λC(µ±R )
λC(µ±R )−λC(µ±L )
, (3.20)
which, if one wishes to apply α =
1
2pi
established by (1.220), becomes
ℓ6
2λC(µ±L )λC(µ±R )
λC(µ±R )−λC(µ±L )
. (3.21)
Equivalently, the bound (3.25) with the condition (1.220) can be pre-
sented in most conventional form
ℓ6 λC
(µ±R −µ±L
2
)
. (3.22)
If one wishes to do not preserve (1.220) then the bound (3.20) for fixed
scale value establishes the following inequality for α
α 6
(
1
2pi
1
ℓ
2λC(µ±L )λC(µ±R )
λC(µ±R )−λC(µ±L )
)2
, (3.23)
which in the light of the generalization (2.77) leads to
m
MP
6
1
ℓ
2λC(µ±L )λC(µ±R )
λC(µ±R )−λC(µ±L )
, (3.24)
or with using of (3.25)
m 6
(
ℏ
c
)2 2pi
ℓℓP
2
µ±L −µ±R
. (3.25)
This result in the light of the bound (3.14), however, leads to(
ℏ
c
)2 2pi
ℓℓP
2
µ±L −µ±R
=
µ±L +µ±R
8
, (3.26)
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what results in the squared-mass difference
∆µ2LR =
(
µ±L
)2−(µ±R )2 = (ℏc
)2 32pi
ℓℓP
= 32pi ℓP
ℓ
M2P. (3.27)
In this manner if ∆µ2LR is fixed by experimental data, then by the equa-
tion (3.27) establishes the minimal scale
ℓ= 32pi M
2
P
∆µ2LR
ℓP, (3.28)
or approximatively
ℓ≈ 2.4220 ·1023m
1
eV 2
c2
∆µ2LR
. (3.29)
Interestingly, at the Planck scale ℓ= ℓP, then (3.28) generates
∆µ2LR = 32piM2P ≈ 1.4985 ·1010
YeV 2
c2
, (3.30)
where 1YeV = 1024eV , while at the Compton scale ℓ= λC(me)
∆µ2LR ≈ 105
PeV 2
c2
, (3.31)
where 1PeV = 1015eV . Similarly, at the Compton–Planck scaleℓ= λC(MP)
∆µ2LR = 16M2P ≈ 2.3850 ·109
YeV 2
c2
. (3.32)
In the light of the mass formulas (2.57) and (2.58) one can deduce
the squared-mass difference
∆µ2LR = 16pi
ℓP
ℓ
M2P
1±
√
ε2−4E2 +8pi ℓP
ℓ
M2Pc4−
√
ε2−4E2−8pi ℓP
ℓ
M2Pc4
8mc2
 ,
(3.33)
where we have applied the generalization (2.77). Comparison of the
equations (3.27) and (3.33) gives
1 =±
√
ε2−4E2 +8pi ℓP
ℓ
M2Pc4−
√
ε2−4E2−8pi ℓP
ℓ
M2Pc4
8mc2 , (3.34)
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what is the equation for a minimal scale ℓ as a function of mass m and
energy E of a particle. The solution of this equation is easy to establish
αℓ=
√
3
16pi
ℓP√
1+
(
E
2mc2
)2 , (3.35)
what can be equivalently treated as the formula for the energy of a
particle
E2
(2mc2)2
=
3
256pi2
ℓ2P
α2ℓ2
−1, (3.36)
and application of the generalization (2.77) leads to
E2 =
3
16
ℓ2P
ℓ2
E2P− (2mc2)2 =
3
16ε
2− (2mc2)2, (3.37)
where EP = MPc2 is the Planck energy. Because, however, E2 > 0 one
obtains the inequality
mℓ6
√
3
8 MPℓP =
√
3
8
ℏ
c
, (3.38)
which for fixed mass of a particle gives the upper bound for a minimal
scale
ℓ6
2pi
√
3
8 λC(m), (3.39)
or the lower bound for maximal energy
ε >
8√
3
EP, (3.40)
while for fixed minimal scale leads to the upper bound for mass of a
particle.
Applying a minimal scale (3.35) within the definition (4.130) allows
to eliminate a minimal scale dependence
ε =
16pi√
3
EP
√
α
√
1+
(
E
2mc2
)2
, (3.41)
what after application of the generalization (2.77) takes the form
ε =
4√
3
√
E2 +(2mc2)2, (3.42)
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and in the light of (3.40) leads to the bound for energy of a particle
E2 > 4
(
E2P−m2c4
)
, (3.43)
which by E2 > 0 gives the bound for mass of a particle
m 6 MP, (3.44)
proving the Markov hypothesis expressing supposition that the upper
bound for mass of a particle is given by the Planck mass. Recall that
we have deduced (2.78) that the only case m ∼ MP coincides with the
Kontsevich deformation quantization. In the light of the inequality
(3.44) such a situation suggests that a particle described by the Snyder
noncommutative geometry is the Planckian particle, i.e. the particle
equipped with the mass identical to the Planck mass m = MP. In other
words possible existence of the Planckian particle will be establishing
the physical sense of both the Snyder noncommutative geometry and
the Kontsevich deformation quantization. It suggests also that physics
at the Planck scale is the physics of the Planckian particle.
A maximal energy (3.4) does not vanish for all µ±L 6= µ±R 6= 0, and is
finite if and only if µ±L,R <∞. The mass m of an original quantum state as
well as the masses of neutrinos µ±R and µ±L are presumed to be physical
quantities, which can be established by experimental data. In the case,
when an original quantum state is massless, a maximal energy has the
maximal value which equals to
ε(m = 0) =
(
µ±L −µ±R
)
c2 ≡ ε0, (3.45)
that is finite and non vanishing for finite µ±R 6= 0 and µ±L 6= 0. In this
manner one can study approximation around such defined state. For
|µ±R +µ±L |> 8m the appropriate Taylor series expansion is
ε = ε0
[
1− 8mµ±R +µ±L
+O
((
8m
µ±R +µ±L
)2)]
, (3.46)
while for |µ±R +µ±L |< 8m one has the following expansion
ε = ε0
[
µ±R +µ±L
8m
+O
((µ±R +µ±L
8m
)2)]
. (3.47)
For the case |µ±R +µ±L |= 8m both these series coincide and
ε =
ε0
2
. (3.48)
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The established inequality (3.15), however, allows to remove from con-
siderations the case |µ±R +µ±L |> 8m given by the Taylor series expansion
(3.46).
On the other hand, however, addition of the second equation to the
first one in the system of equations (3.1) gives the relation(
µ±L c2−
ε
2
)2
+
(
µ±R c2 +
ε
2
)2
= 2
(
ε2−4E2) . (3.49)
The LHS of the equation (3.49) is always positive as a sum of two
squares of real numbers, and therefore the RHS of this equation is
always positive also. In this manner, one obtains the renormalization
of energy of a particle vie a maximal energy
− ε
2
6 E 6
ε
2
. (3.50)
Naturally, for the generic case of Special Relativity we have ε ≡ ∞ and
by this reason values of energy E of a particle are not bounded. There-
fore, by the relation (3.50) it is evident that the Snyder noncommuta-
tive geometry results in renormalization of energy of a particle.
The relation (3.49) can be treated as the constraint for the energy
E of a particle, and immediately solved with respect to E. The solution
is a quadratic form which can be presented in the canonical form with
respect to a maximal energy ε
E2 =
3
16
{[
ε +
µ±L −µ±R
3 c
2
]2
−
[µ±L −µ±R
3 c
2
]2[
7+
12µ±L µ±R(
µ±L −µ±R
)2
]}
. (3.51)
By explicit application of a maximal energy (3.4) within the energetic
constraint (3.51) one can present the particle energy via the onlymasses
of the neutrinos related to this particle
E2 =
[(
µ±L −µ±R
)
c2
]2
48

4+
8m
µ±L +µ±R
1+ 8mµ±L +µ±R

2
−
[
7+
12µ±L µ±R(
µ±L −µ±R
)2
] , (3.52)
which for the case of originally massless state has the value
E2(m = 0) = 1
16
[(
µ±L −µ±R
)
c2
]2[3−4 µ±L µ±R(
µ±L −µ±R
)2
]
≡ E20 , (3.53)
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and by this reason energy of a particle is
E2 = E20 +∆E2, (3.54)
where ∆E2 is the correction generated due to nonzero mass of an origi-
nal quantum state
∆E2 =− 5
16
[(
µ±L −µ±R
)
c2
]2 8mµ±L +µ±R
1+
8m
µ±L +µ±R
8
5 +
8m
µ±L +µ±R
1+
8m
µ±L +µ±R
, (3.55)
which can be expanded into the Taylor series around the massless state
∆E2 = 1
16
[(
µ±L −µ±R
)
c2
]2 ∞∑
n=1
(−1)n(3n+5)
(
8m
µ±L +µ±R
)n
. (3.56)
Because of the relation (3.15) it is more convenient to see the Taylor
series expansion of E2 around the point µ±L +µ±R = 8m, which we shall
call the 8m point, when |µ±L +µ±R | > 8m. In such a situation the decom-
position, which we shall call the 8m expansion, has somewhat different
form
E2 = E28m +∆E28m, (3.57)
where
E28m = E
2
0 +
13
64
[(
µ±L −µ±R
)
c2
]2
, (3.58)
∆E28m =
[(
µ±L −µ±R
)
c2
]2
64
∞
∑
n=1
(
−1
2
)n
(3n+7)
(
8m
µ±L +µ±R
−1
)n
. (3.59)
In this way, in the 8m expansion the leading correction to square of
energy of a particle is
∆E28m
(1)
=− 564
[(
µ±L −µ±R
)
c2
]2( 8m
µ±L +µ±R
−1
)
. (3.60)
For defined E28m the equation (3.58) establishes the relation between
the masses of the neutrinos
µ±L =
33
25 ±
√
464
625 +
(
8
5
E8m
µ±R c2
)2µ±R , (3.61)
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and because of the condition µ±L −µ±R > 0
µ±L −µ±R =
 8
25 ±
√
464
625 +
(
8
5
E8m
µ±R c2
)2µ±R > 0. (3.62)
the case of minus sign leads to the inequality(
E8m
µ±R c2
)2
+
1
4
6 0, (3.63)
which does not possess solutions for real values of E8m and µ±R . There-
fore, the physical solution is
µ±L =
33
25 +
4
25
√
29+4
(
E8m
µ±R c2
)2µ±R , (3.64)
and has minimal value for E8m = 0 with the value
µ±L =
(
33
25 +
4
25
√
29
)
µ±R ≈ 2.1816µ±R . (3.65)
In fact, for given value of energy of massless state E0 the equation
(3.53) can be used for establishment of the relation between masses of
the neutrinos. In result one receives two possible solutions
µ±L =
5
3±
4
3
√
1+
1
3
(
E0
µ±L c2
)2µ±R , (3.66)
and the physical solution is established by the condition (3.5)
µ±L −µ±R =
2
3±
4
3
√
1+
1
3
(
E0
µ±L c2
)2µ±R > 0, (3.67)
which in the case of the minus sign states that(
E0
µ±L c2
)2
+
9
4
6 0, (3.68)
what is not satisfied for real E0 and µ±L . This argument allows to gen-
erate the physical solution
µ±L =
5
3 +
4
3
√
1+ 13
(
E0
µ±L c2
)2µ±R . (3.69)
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which is minimized by E0 = 0 with the value
µ±L = 3µ±R . (3.70)
The relation (3.52) for squared energy E2 of a particle, i.e. factually
the constraint, is useful for analysis of certain situations. Albeit, in
general if one knows approximative value of E2 the value of energy E of
a particle can not be established by taking a square root of E2. Square
root taking is in itself an approximation, and if one wishes to study ap-
proximations of energy E then this energy should be determined sep-
arately via the appropriate Taylor series expansion. The problem is
that the obtained series for E2 and for E shall be in general different,
and taking a square root of arbitrary fixed order of approximation of E2
does not coincide with the same order of approximation of E.
In this manner, one can perform the deductions for energy E of a
particle which are analogous to the deductions for its square. Let us
write out the formula for energy explicitly
E =
(
µ±L −µ±R
)
c2
4
√√√√√√√√13
4+
8m
µ±L +µ±R
1+ 8mµ±L +µ±R

2
− 73 −
4µ±L µ±R(
µ±L −µ±R
)2 . (3.71)
It is easy to see that for the originally massless case the value of energy
is E = E0 where
E0 =
(
µ±L −µ±R
)
c2
4
√√√√3− 4µ±L µ±R(
µ±L −µ±R
)2 , (3.72)
and in this way
E−E0 =
(
µ±L −µ±R
)
c2
4
{√√√√√√√√13
4+
8m
µ±L +µ±R
1+ 8m
µ±L +µ±R

2
−
[
7
3
+
4µ±L µ±R(
µ±L −µ±R
)2
]
−
√√√√3− 4µ±L µ±R(
µ±L −µ±R
)2
}
. (3.73)
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Now one can apply the 8m expansion to the relation (3.73). In this case,
i.e. E not E2, the expansion is more difficult to apply, because one has
to deal with square roots. The expansion has the form
E =
(
µ±L −µ±R
)
c2
4
∞
∑
n=0
An
(
8m
µ±L +µ±R
−1
)n
. (3.74)
The explicit formula for the coefficients An is not easy to extract, be-
cause for n > 0 they satisfy the recurrence equation
(66+22n+8(3+n)a2)An+3 +(51+23n+12(2+n)a2)An+2 +
+(9+8n+6(1+n)a2)An+1 +n(1+a2)An = 0, (3.75)
with the initial conditions
A0 =
√
11
4
+a2, (3.76)
A1 = − 5
8
√
11
4
+a2
, (3.77)
A2 =
59+26a2
64
(
11
4
+a2
)3/2 , (3.78)
where we have introduced the parameter
a =
4E0/c2
µ±L −µ±R
. (3.79)
Similar situation has a place for expansion around massless state.
In this case the expansion has the form
E =
(
µ±L −µ±R
)
c2
4
∞
∑
n=0
Bn
(
8m
µ±L +µ±R
)n
, (3.80)
where in general for n > 0 the expansion coefficients Bn satisfy the fol-
lowing recurrence equation
(18+6n+(3+n)a2)Bn+3 +(24+10n+3(2+n)a2)Bn+2 +
+(6+5n+3(1+n)a2)Bn+1 +n(1+a2)Bn = 0, (3.81)
86
ŁUKASZ ANDRZEJ GLINKA: ÆTHEREAL MULTIVERSE
having the following initial conditions
B0 =
√
6+a2, (3.82)
B1 = − 4√6+a2 , (3.83)
B2 = − 50+11a
2
2(6+a2)3/2
. (3.84)
C The Integrability Problem for the Dirac
equations
The received Dirac equations(
iℏγµ∂µ −M±
)
ψ = 0, (3.85)
where the mass matrices M± is given by the formula (2.56), can be
rewritten in the form of the Schrödinger equation
iℏ∂0ψ± = ˆHψ±, (3.86)
where in the present case the Hamilton operator ˆH has the form
ˆH =−iℏcγ0γ i∂i− µ
±
L +µ±R
2
c2γ0 + µ
±
L −µ±R
2
c2γ0γ5, (3.87)
which can be splitted into the hermitian H( ˆH) and the antihermitian
A( ˆH) components
ˆH = H( ˆH)+A( ˆH), (3.88)
H( ˆH) = −iℏcγ0γ i∂i− µ
±
L +µ±R
2
c2γ0, (3.89)
A( ˆH) =
µ±L −µ±R
2
c2γ0γ5, (3.90)
with (anti)hermiticity defined standardly∫
d3xψ¯±H( ˆH)ψ± =
∫
d3xH( ˆH)ψ±ψ±, (3.91)∫
d3xψ¯±A( ˆH)ψ± = −
∫
d3xA( ˆH)ψ±ψ±. (3.92)
Let us consider the situation when the masses of the neutrinos has
the same value, which we shall call µ
µ±R = µ±L ≡ µ. (3.93)
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It is easy to see that then the antihermitian component (3.90) vanishes
identically. However, the hermitian component (3.89) is still nontriv-
ial. Consequently, the Hamilton operator (3.88) takes the form of the
conventional Dirac Hamiltonian
ˆHD =−γ0
(
iℏcγ i∂i +µc2
)
. (3.94)
In such a situation, however, by the relation (3.52) energy of a particle
vanishes identically
E = 0. (3.95)
Taking into account the bounds (3.50) one obtains that also a maximal
energy trivializes identically
ε ≡ 0, (3.96)
and therefore a minimal scale is infinite ℓ = ∞. In the light of the for-
mulas (2.57)-(2.58) for the masses of the neutrinos, one obtains
µ±R = µ±L ≡ 0, (3.97)
i.e. by the definition (3.93)
µ ≡ 0. (3.98)
Therefore, the Dirac Hamiltonian (3.94) becomes massless
ˆHD =−iℏcγ0γ i∂i. (3.99)
and consequently the Dirac equations (3.85) becomes theWeyl equation
iℏγµ∂µ ψ = 0, (3.100)
describing massless particle - the Weyl neutrino. It means that equal-
ity between the masses of the neutrinos (3.93) defines the massless
particle obeying the Weyl equation. However, in the light of the Super-
Kamiokande results neutrino is equipped with nonzero mass. In this
manner, such an embarrassing situation created by the Weyl equation
(3.100), and laying in the foundations of the Standard Model, is man-
ifestly non physical. In other words, in the light of the Snyder non-
commutative geometry the theory of massive neutrinos is consistent if
and only if the difference between masses of the left-handed and the
right-handed neutrinos is nonzero and positive.
The full modified Hamiltonian (3.87) possesses non-hermitian na-
ture evidently. Therefore consequently the Schrödinger equation form
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time evolution (3.86) is non unitary manifestly. Its formal integration,
however, can be carried out by the standard method of quantum me-
chanics
ψ±(x, t) = G(t, t0)ψ±(x, t0), (3.101)
involving the following time evolution operator
G(t, t0)≡ exp
{
− i
ℏ
∫ t
t0
dτ ˆH(τ)
}
. (3.102)
By this reason, the integrability problem for the wave equation (3.86)
with the Hamilton operator (3.87) can be formulated in terms of the
appropriate Zassenhaus exponents
exp{A+B} = exp(A)exp(B)
∞
∏
n=2
expCn, (3.103)
C2 = −12C, (3.104)
C3 = −16(2[C,B]+ [C,A]), (3.105)
C4 = − 124([[C,A],A]+3[[C,A],B]+3[[C,B],B]), (3.106)
. . .
where C = [A,B]. In the light of the definition (3.102) one can establish
the following identification
A ≡ A(t) =− i
ℏ
∫ t
t0
dτH( ˆH)(τ), (3.107)
B ≡ B(t) =− i
ℏ
∫ t
t0
dτA( ˆH)(τ), (3.108)
and therefore the commutator C can be derived straightforwardly and
rather easy. The result is
C =− 1
ℏ2
∫ t
t0
dτ ′
∫ t
t0
dτ ′′C
(
τ ′,τ ′′
)
, (3.109)
where we have introduced the quantity
C
(
τ ′,τ ′′
)≡ [H( ˆH)(τ ′),A( ˆH)(τ ′′)] , (3.110)
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which can be computed with using of elementary algebra
C =
(
iℏ
µ±R −µ±L
2
c3∂i
)
γ0γ iγ0γ5 +
(
(µ±R )2− (µ±L )2
4
c4
)
γ0γ0γ5−
−
(
iℏ
µ±R −µ±L
2
c3∂i
)
γ0γ5γ0γ i−
(
(µ±R )2− (µ±L )2
4
c4
)
γ0γ5γ0 =
= 2
(
iℏ
µ±R −µ±L
2
c3∂i
)
γ0γ iγ0γ5 +2
(
(µ±R )2− (µ±L )2
4
c4
)
γ0γ0γ5, (3.111)
where we have applied the relations
γ0γ5γ0γ i = −γ0γ iγ0γ5, (3.112)
γ0γ5γ0 = −γ0γ0γ5, (3.113)
arising from the property of the γ5 matrix
{
γ5,γµ
}
= 0. Therefore, con-
sequently one obtains finally the result
C(τ ′,τ ′′) = 2H( ˆH)(τ ′)A( ˆH)(τ ′′), (3.114)
that leads to the equivalent statement - for arbitrary two times τ ′ and
τ ′′ the Poisson brackets of the hermitian H( ˆH)(τ ′) and the antihermi-
tian A( ˆH)(τ ′′) components of the full Hamiltonian (3.88) is trivial{
H( ˆH)(τ ′),A( ˆH)(τ ′′)
}
= 0. (3.115)
Naturally, by simple factorization one obtains also
C = 2AB , {A,B}= 0, (3.116)
and consequently
[C,A] = CA, (3.117)
[C,B] = CB, (3.118)
[[C,A] ,A] = 2 [C,A]A, (3.119)
[[C,A] ,B] = 2 [C,A]B, (3.120)
[[C,B] ,A] = 2 [C,B]A, (3.121)
and so on. In this manner the 4th order approximation of the formula
(3.103) in the present case has the form
exp{A+B} ≈ exp(A)exp(B)expC2 expC3 expC4, (3.122)
C2 = −12C, (3.123)
C3 = −16(CA+2CB), (3.124)
C4 = − 112
(
CA2 +3CB2 + 3
2
C2
)
. (3.125)
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For the case of constant in time masses µ±R and µ±L one can determine
the relations
A =
i
ℏ
(t− t0)
(
−iℏcγ i∂i + µ
±
L +µ±R
2
c2
)
γ0, (3.126)
B =
i(µ±L −µ±R )c2
2ℏ
(t− t0)γ5γ0, (3.127)
C =
(µ±L −µ±R )c2
ℏ2
(t− t0)2
(
−iℏcγ i∂i + µ
±
L +µ±R
2
c2
)
γ5, (3.128)
and consequently by elementary algebraic manipulations one estab-
lishes the Zassenhaus exponents as
C2 = −(µ
±
L −µ±R )c2
2ℏ2
(t− t0)2
(
−iℏcγ i∂i + µ
±
L +µ±R
2
c2
)
γ5, (3.129)
C3 = − i6ℏ3 (µ
±
L −µ±R )c2(t− t0)3
(
−iℏcγ i∂i + µ
±
L +µ±R
2
c2
)
×
×
[(
−iℏcγ i∂i + µ
±
L +µ±R
2
c2
)
γ5 +(µ±L −µ±R )c2
]
γ0, (3.130)
C4 =
(µ±L −µ±R )c2
12ℏ4
(t− t0)4
(
−iℏcγ i∂i + µ
±
L +µ±R
2
c2
)
×
×
{[(
−iℏcγ i∂i + µ
±
L +µ±R
2
c2
)2
+3
(µ±L −µ±R
2
c2
)2]
γ5 +
+ 3
µ±L −µ±R
2
c2
(
−iℏcγ i∂i + µ
±
L +µ±R
2
c2
)}
. (3.131)
This approximation is sufficient to conclude the general properties
of the procedure and the conclusions following from these features. The
explicit form of the Zassenhaus exponents Cn shows manifestly that
the integrability problem formulated in terms of the Zassenhaus for-
mula is not well defined. Namely, the problem is that when the Hamil-
ton operator is a sum of non-commuting antihermitian and hermitian
components then also the Zassenhaus exponents Cn obtain analogous
legacy, i.e. are sums of two non-commuting operators. The funda-
mental stage, i.e. the exponentiation procedure, must be applied once
again, and therefore consequently in the next step of the procedure
one meets the same property, i.e. sums of two non-commuting opera-
tors. In this manner the problem is cyclic and can not be solved in any
approximation, while computation of full integration formula (3.103)
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becomes the tremendous computational problem and its convergence
is unclear. Therefore for the case the Schrödinger equation (3.86) with
the Hamilton operator (3.87), such a recurrence integrability procedure
based on the Zassenhaus exponents is not an algorithm what results
in the conclusion that the quantum system is non integrable. By this
reason one must construct any different integrability procedure having
finite number of steps and being an algorithm. For realization of such
a construction let us formulate the integrability problem in a certain
different form.
D The Integrability Problem for the mas-
sive Weyl equations
For constructive solving the problem, let us consider another integra-
bility procedure. Instead of the Dirac equation leads us focus on the
massive Weyl equations (2.64)-(2.65), which define the model of mas-
sive neutrinos. These two equations can be straightforwardly rewritten
in the form of the effective two-component time evolution described by
the Schrödinger equation
iℏ∂0
[
ψ±R (x, t)
ψ±L (x, t)
]
= ˆH (∂i)
[
ψ±R (x, t)
ψ±L (x, t)
]
, (3.132)
where the Hamilton operator ˆH
ˆH =−γ0
(
iℏcγ i∂i +
[
µ±R c2 0
0 µ±L c2
])
, (3.133)
is manifestly hermitian and therefore the Schrödinger time evolution
(3.132) is unitary. In this manner the integration procedure can be
performed in the usual way well known from quantum mechanics.
Integrability of (3.132) is well defined. The solutions are[
ψ±R (x, t)
ψ±L (x, t)
]
=U(t, t0)
[
ψ±R (x, t0)
ψ±L (x, t0)
]
, (3.134)
where U(t, t0) is the unitary time-evolution operator, that for the con-
stant masses is explicitly given by
U(t, t0) = exp
{
− i
ℏ
(t− t0) ˆH
}
, (3.135)
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and ψ±R,L(x, t0) are the initial time t0 eigenstates with defined momenta
iℏσ i∂iψ±R,L(x, t0) = p± 0R,L ψ±R,L(x, t0), (3.136)
where the initial momenta p±R
0 and p±L
0 are related to the right-handed
ψ±R (x, t0) and the left-handed ψ±L (x, t0) chiral fields, respectively. The
eigenequation (3.136), however, can be straightforwardly integrated
and the result will be determining the spatial part of the evolution.
The result can be presented in the symbolic form
ψ±R,L(x, t0) = exp
{
− i
ℏ
p± 0R,L (x− x0)iσ i
}
ψ±R,L(x0, t0), (3.137)
which after direct exponentiation leads to
ψ±R,L(x, t0) =
(
12 cosη− iηiσ i sinηη
)
ψ±R,L(x0, t0), (3.138)
where η = |ηi| and ηi is the three dimensionless vector
ηi =
p± 0R,L
ℏ
(x− x0)i. (3.139)
In the present situation the embarrassing problem which emerges
in the integration procedure for the Dirac equation, discussed in the
previous section, is absent. Now the Zassenhaus exponents are not
troublesome because of, by definition, the γ5 matrix is included into the
chiral Weyl fields. Therefore the Hamilton operator (3.133) is mani-
festly hermitian, and consequently the exponentiation (3.135) can be
straightforwardly performed by the standard method of quantum me-
chanics. At first glance, however, the mass matrix presence in the
Hamilton operator (3.133) causes that one can choose between at least
two nonequivalent representations of the Dirac γ matrices. On the one
hand, the straightforward analogy to the Weyl equation suggests that
the appropriate choice is the Weyl basis. Albeit, on the other hand,
the Hamilton operator (3.133) can be treated as the usual hermitian
Dirac Hamiltonian, and therefore consequently the Dirac basis would
be the right representation for the Dirac γ matrices. Other choices can
be also applied, but they have no unambiguous justification because
of the mass matrix presence in the Weyl equation. For example the
Majorana basis, which is an adequate choice for the case of massless
neutrino, is not an adequate choice for the case of massive neutrino.
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In this manner, in fact, one should not prefer the representation but
rather consider both the chiral fields and the time evolution operator
(3.135) in both the Weyl and the Dirac representations. Let us denote
by superscript r the chosen representation. By this reason the ade-
quate labeling is
U(t, t0) → U r(t, t0), (3.140)
ψ±R,L(x, t0) → (ψ±R,L)r(x, t0), (3.141)
ψ±R,L(x0, t0) → (ψ±R,L)r(x0, t0) (3.142)
where the superscript r = D,W means that the quantities are taken in
the Dirac and theWeyl basis, respectively. Interestingly, the eigenequa-
tion (3.136) is independent on the representation choice, and therefore
the initial momenta p± 0R,L of the chiral Weyl fields are measurable. For
full consistency, let us test both the representations.
D1 The Dirac basis
The Dirac basis of the gamma matrices is defined as
γ0 =
[
I 0
0 −I
]
, γ i =
[
0 σ i
−σ i 0
]
, γ5 =
[
0 I
I 0
]
, (3.143)
where I is the 2× 2 unit matrix, and σ i = [σx,σy,σz] is a vector of the
2×2 Pauli matrices
σx =
[
0 1
1 0
]
, σy =
[
0 −i
i 0
]
, σz =
[
1 0
0 −1
]
. (3.144)
Application of the Dirac basis (3.143) allows to express the Hamilton
operator (3.133) as follows
ˆH =
 µ±R iℏc σ i∂i
i
ℏ
c
σ i∂i −µ±L
c2, (3.145)
and for the case of constant in time neutrinos masses yields a solution
(3.134) with the unitary time evolution operator U
UD = exp
−ic
2
ℏ
(t− t0)
 µ±R iℏc σ i∂i
i
ℏ
c
σ i∂i −µ±L

 . (3.146)
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Straightforward exponentiation in (3.146) leads to the result
UD =
{[
I 0
0 I
]
cos
t− t0
ℏ
c2
√(µ±R +µ±L
2
)2
+
(
i
ℏ
c
σ i∂i
)2−
− i
 µ
±
L +µ±R
2
i
ℏ
c
σ i∂i
i
ℏ
c
σ i∂i −µ
±
L +µ±R
2
×
×
sin
 t− t0
ℏ
c2
√(µ±R +µ±L
2
)2
+
(
i
ℏ
c
σ i∂i
)2
√(µ±R +µ±L
2
)2
+
(
i
ℏ
c
σ i∂i
)2
}
×
× exp
{
−i(µ
±
R −µ±L )c2
2ℏ
(t− t0)
}
, (3.147)
where we understand that all the functions are treated by the appro-
priate Taylor series expansions.
D2 The Weyl basis
As we have mentioned, however, application of theWeyl representation
of the Dirac γ matrices is also justified by theoretical reasons. Such a
basis is defined as follows
γ0 =
[
0 I
I 0
]
, γ i =
[
0 σ i
−σ i 0
]
, γ5 =
[ −I 0
0 I
]
, (3.148)
and the Hamilton operator (3.133) in this representation has the form
ˆH =
 iℏc σ i∂i −µ±L
−µ±R −i
ℏ
c
σ i∂i
c2. (3.149)
Consequently, for the case of constant in time neutrinos masses one
establishes the unitary time evolution operator
UW = exp
−ic
2
ℏ
(t− t0)
 iℏc σ i∂i −µ±L
−µ±R −i
ℏ
c
σ i∂i

 , (3.150)
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which after straightforward exponentiation becomes
UW =
[
I 0
0 I
]
cos
 t− t0
ℏ
c2
√
µ±L µ±R +
(
i
ℏ
c
σ i∂i
)2−
− i
 iℏc σ i∂i −µ±L
−µ±R −i
ℏ
c
σ i∂i

sin
t− t0
ℏ
c2
√
µ±L µ±R +
(
i
ℏ
c
σ i∂i
)2
√
µ±L µ±R +
(
i
ℏ
c
σ i∂i
)2 .(3.151)
Evidently, the time evolution operator evaluated in the Weyl repre-
sentation (3.151) has meaningfully simpler form then the result of the
evaluation performed in the Dirac basis (3.147). In this manner results
of the choices distinguishable and therefore are not physically equiva-
lent, i.e. will yield different solutions of the same equation. Albeit, it is
not the strangest property. Namely, both the choices can be related to
physics in different energetic regions, and therefore it is useful to solve
the massive Weyl equation in both the representations.
D3 The space-time evolution
It must be emphasized that the results obtained in both the previous
subsections are strictly related to the massive Weyl equations pre-
sented in the form of the Schrödinger equation (3.132). Presently,
one can straightforwardly apply these key results, i.e. the momentum
eigenequations (3.136), the spatial evolutions (3.137), and the evalu-
ations of the unitary time evolution operators (3.147) and (3.151), to
exact determination of the corresponding wave functions of the mas-
sive Weyl equation (3.132) in both the Dirac and the Weyl bases of the
Dirac gamma matrices.
Dirac-like solutions
Let us derive first the wave functions in the Dirac basis. Employing
the shortened notation
ED(p±R
0
)≡ c2
√√√√(µD±)2 +
(
p±R
0
c
)2
, (3.152)
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where µD± is the arithmetic mean of the masses of the neutrinos
µD± =
µ±R +µ±L
2
, (3.153)
by elementary algebraic manipulations one receives the right-handed
chiral Weyl fields
(ψ±R )D(x, t) =
{[
cos
[
t− t0
ℏ
ED(p±R
0
)
]
−
− iµD±c2
sin
[
t− t0
ℏ
ED(p±R
0
)
]
ED(p±R
0
)
]
exp
{
− i
ℏ
p±R
0
(x− x0)iσ i
}
(ψ±R )D0 −
− ip±L 0c
sin
[
t− t0
ℏ
ED(p±L
0
)
]
ED(p±L
0
)
exp
{
− i
ℏ
p±L
0
(x− x0)iσ i
}
(ψ±L )D0
}
×
× exp
{
−i(µ
±
R −µ±L )c2
2ℏ
(t− t0)
}
, (3.154)
where (ψ±R,L)D0 = (ψ±R,L)D(x0, t0). Similarly, the left-handed chiral Weyl
fields also can be also established in an exact way
(ψ±L )D(x, t) =
{[
cos
[
t− t0
ℏ
ED(p±L
0
)
]
+
+ iµD±c2
sin
[
t− t0
ℏ
ED(p±L
0
)
]
ED(p±L
0
)
]
exp
{
− i
ℏ
p±L
0
(x− x0)iσ i
}
(ψ±L )D0 −
− ip±R
0
c
sin
[
t− t0
ℏ
ED(p±R
0
)
]
ED(p±R
0
)
exp
{
− i
ℏ
p±R
0
(x− x0)iσ i
}
(ψ±R )D0
}
×
× exp
{
−i(µ
±
R −µ±L )c2
2ℏ
(t− t0)
}
. (3.155)
Weyl-like solutions
Similar line of reasoning can be carried out for derivation of the wave
functions in the Weyl basis. Employing the following shortened nota-
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tion
EW (p±R
0
)≡ c2
√√√√(µW± )2 +
(
p±R
0
c
)2
, (3.156)
where µW± is the geometric mean of the masses of the neutrinos
µW± =
√
µ±R µ±L , (3.157)
and performing elementary calculation one can deduce the right-handed
chiral Weyl fields
(ψ±R )W (x, t) =
{
cos
[
t− t0
ℏ
EW (p±R
0
)
]
−
− ip±R 0c
sin
[
t− t0
ℏ
EW (p±R
0
)
]
EW (p±R
0
)
}
exp
{
− i
ℏ
p±R
0
(x− x0)iσ i
}
(ψ±R )W0 +
+ iµ±L c2
sin
[
t− t0
ℏ
EW (p±L
0
)
]
EW (p±L
0
)
exp
{
− i
ℏ
p±L
0
(x− x0)iσ i
}
(ψ±L )W0 , (3.158)
where similarly as in the case of the Dirac-like solutions we have in-
troduced (ψ±R,L)W0 = (ψ±R,L)W (x0, t0). For the left-handed chiral Weyl fields
one obtains the formula
(ψ±L )W (x, t) =
{
cos
[
t− t0
ℏ
EW (p±L
0
)
]
−
+ ip±L
0
c
sin
[
t− t0
ℏ
EW (p±L
0
)
]
EW (p±L
0
)
}
exp
{
− i
ℏ
p±L
0
(x− x0)iσ i
}
(ψ±L )W0 +
+ iµ±R c2
sin
[
t− t0
ℏ
EW (p±R
0
)
]
EW (p±R
0
)
exp
{
− i
ℏ
p±R
0
(x− x0)iσ i
}
(ψ±R )W0 . (3.159)
In this manner one sees that the difference between obtained wave
functions is crucial. Straightforward comparison of the Weyl-like so-
lutions (3.158) and (3.159) with the Dirac-like solutions (3.154) and
(3.155) shows that in the case of the Dirac basis there are different
coefficients of cosinuses and sinuses, and there is an additional time-
exponent. Moreover, the functions MD(p±R
0
) and MW (p±R
0
) having the
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basic status for both the received solutions also have different form
which manifestly depends on the choice of the Dirac representation of
the γ matrices. As we have suggested earlier, the difference is not a
problem, because the solutions can be related to different regions of
energy. Anyway, however, the validation of both the representations,
and also other ones, should be verified by experimental data.
D4 Probability density. Normalization
If one knows explicit form of the chiral Weyl fields then, applying the
Dirac basis, one can derive the usual Dirac fields by the following pro-
cedure
(ψ±)D =
 (ψ
±
R )
D +(ψ±L )D
2
12
(ψ±R )D− (ψ±L )D
2
12
(ψ±R )D− (ψ±L )D
2
12
(ψ±R )D +(ψ±L )D
2
12
 , (3.160)
where we have used the shortened notation (ψ±)D = (ψ±)D(x, t), and
(ψ±R,L)D = (ψ±R,L)D(x, t). Similarly, employing the Weyl basis, the Dirac
fields can be determined as follows
(ψ±)W =
[
(ψ±L )W 12 02
02 (ψ±R )W 12
]
, (3.161)
where like in the case of the Dirac basis we have applied the shortened
notation (ψ±)W = (ψ±)W (x, t), and (ψ±R,L)W = (ψ±R,L)W (x, t). It is evident
now, that in general these two cases are different from physical, math-
ematical, and computational points of view. In this manner, if we con-
sider the quantum mechanical probability density and its normaliza-
tion, we are forced to relate the probability density revealing Lorentz
invariance to the chosen representation
ΩD,W ≡ (ψ¯±)D,W (ψ±)D,W , (3.162)∫
d3xΩD,W = 14. (3.163)
Applying the Dirac field in the Dirac basis (3.160) by elementary deriva-
tion one can obtain
ΩD =
 (ψ¯
±
R )
D(ψ±R )D +(ψ¯±L )D(ψ±L )D
2
12
(ψ¯±R )D(ψ±R )D− (ψ¯±L )D(ψ±L )D
2
12
(ψ¯±R )D(ψ±R )D− (ψ¯±L )D(ψ±L )D
2
12
(ψ¯±R )D(ψ±R )D +(ψ¯±L )D(ψ±L )D
2
12
 ,
(3.164)
99
ŁUKASZ ANDRZEJ GLINKA: ÆTHEREAL MULTIVERSE
and similarly the probability density (3.162) computed for the Dirac
field in the Weyl basis (3.161) has the form
ΩW =
[
(ψ¯±R )W (ψ±R )W 12 02
02 (ψ¯±L )W (ψ±L )W 12
]
. (3.165)
Employing the normalization condition (3.163) in the Dirac represen-
tation one obtains the system of equations
1
2
(∫
d3x(ψ¯±R )D(ψ±R )D +
∫
d3x(ψ¯±L )D(ψ±L )D
)
= 1, (3.166)
1
2
(∫
d3x(ψ¯±R )D(ψ±R )D−
∫
d3x(ψ¯±L )D(ψ±L )D
)
= 0, (3.167)
which leads to ∫
d3x(ψ¯±R )D(ψ±R )D = 1, (3.168)∫
d3x(ψ¯±L )D(ψ±L )D = 1. (3.169)
In the case of Weyl representation one receives∫
d3x(ψ¯±R )W (ψ±R )W = 1, (3.170)∫
d3x(ψ¯±L )W (ψ±L )W = 1. (3.171)
In this manner one sees straightforwardly that the normalization con-
ditions (3.168), (3.169) and (3.170), (3.171)) are the same∫
d3x(ψ¯±R,L)D,W (x, t)(ψ±R,L)D,W (x, t) = 1, (3.172)
i.e. are invariant with respect to the choice of the gamma matrices
representations, what means that they are physical conditions. Using
of the fact that full space-time evolution is determined as
(ψ±R,L)D,W (x, t) =UD,W (t, t0)(ψ±R,L)D,W (x, t0), (3.173)[
UD,W (t, t0)
]†UD,W (t, t0) = 12, (3.174)
one finds easily that∫
d3x(ψ¯±R,L)D,W (x, t0)(ψ±R,L)D,W (x, t0) = 1. (3.175)
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By using of the spatial evolution (3.138) one obtains the relation∣∣∣(ψ±R,L)D,W (x0, t0)∣∣∣2 ∫ d3x
(
12 +
(x− x0)i
|x− x0| ℑσ
i sin
∣∣∣∣∣2 p
± 0
R,L
ℏ
(x− x0)i
∣∣∣∣∣
)
= 1,
(3.176)
where ℑσ i = σ
i−σ i†
2i
is a imaginary part of the vector σ i. The decom-
position σi = [σx,0,σz]+ i[0,−iσy,0] yields ℑσ i = [0,−iσy,0], and the equa-
tion (3.176) becomes∣∣∣(ψ±R,L)D,W (x0, t0)∣∣∣2 ∫ d3x
(
12− i(x− x0)y|x− x0| σy sin
∣∣∣∣∣2 p
± 0
R,L
ℏ
(x− x0)i
∣∣∣∣∣
)
= 1.
(3.177)
Introducing the change of variables (x− x0)i → x′i in the following way
x′i ≡ 2
p± 0R,L
ℏ
(x− x0)i, (3.178)
and the effective volume V ′ due to the vector x′i
V ′12 =
∫
d3x′
{
12− iσyx′y sin |x
′|
|x′|
}
, (3.179)
the equation (3.177) can be rewritten in the form
∣∣∣(ψ±R,L)D,W (x0, t0)∣∣∣2
(
2p± 0R,L
ℏ
)3
V ′12 = 12, (3.180)
and therefore one obtains finally
(ψ±R,L)D,W (x0, t0) =
(
ℏ
2p± 0R,L
)3/2
1√
V ′
exp iθ±, (3.181)
where θ± are arbitrary constant phases. The volume (3.179) differs
from the standard one by the presence of the extra axial (y) volume Vy
Vy =−iσy
∫
d3x′x′y
sin |x′|
|x′| , (3.182)
which is the axial effect and has nontrivial feature, namely
Vy =

0 on finite symmetrical spaces
∞ on infinite symmetrical spaces
< ∞ on sections of symmetrical spaces
. (3.183)
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Now one sees straightforwardly that the normalization is strictly
speaking dependent on the choice of an appropriate region of integra-
bility. For infinite symmetric spatial regions such a normalization pro-
cedure is not well defined, because of the axial volume effect is infinite.
However, one can study certain reasonable situations which consider
solutions of the quantum theory on finite symmetric spatial regions.
Moreover, the problem of integrability is defined with respect to the
choice of the initial momentum of the chiral Weyl fields p± 0R,L . In fact,
there are many possible nonequivalent physical situations connected
with the choice of a concrete initial momentum eigenvalue. In the next
section we are going to discuss the one of such situations related to a
finite symmetric spatial region, the concrete example of the model of
massive neutrinos, which in general was solved in the present section.
E TheUltra-Relativistic MassiveNeutrinos
As the final piece of this chapter let us consider the concrete application
of the general model presented in the previous section, which is based
on the normalization in a finite symmetrical box and putting ad hoc the
eigenvalue of the initial momenta of the chiral Weyl fields according to
the ultra-relativistic limit of Special Relativity
p± 0R,L = µ±R,Lc. (3.184)
For such a simplified situation the normalization discussed in the pre-
vious section leads to the following initial data condition
(ψ±R,L)D,W (x0, t0) =
√√√√( ℏ
2µ±R,Lc
)3
1
V ′
exp iθ± =
√
pi3
λ 3C(µ±R,L)
V ′
exp iθ±,
(3.185)
where λC(µ±R,L) is the Compton wavelength of the right- or left-handed
neutrino. Because of normalization in the symmetrical box gives
V ′ =V =
∫
d3x, (3.186)
one obtains finally
(ψ±R,L)D,W (x0, t0) =
√
pi3
λ 3C(µ±R,L)
V
exp iθ±. (3.187)
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When the theory is normalized in the region of the volume
V = pi3λ 3C(µ±R,L), (3.188)
then initial values of the chiral Weyl fields determine the phase
(ψ±R,L)D,W (x0, t0) = exp iθ±. (3.189)
Interestingly, when one considers the normalization symmetrical spaces
for the left- and right-handed neutrino as a spheres of radiuses R±R,L
then the normalization radiuses are
R±R,L =
√
3
2
pi2/3λC(µ±R,L)≈ 1.858λC(µ±R,L). (3.190)
In this manner, if one can measure the normalization radius R±R,L then
the masses of the neutrinos can be established as
µ±R,L =
√
3
4pi1/3
ℏ
c
1
R±R,L
=
√
3
4pi1/3
MP
ℓP
R±R,L
, (3.191)
what can be approximated as
µ±R,L ≈ 1.04 ·10−43
1kg ·1m
R±R,L
= 0.583
1eV
c2
·1nm
R±R,L
. (3.192)
If one wishes to establish the squared-mass difference
∆µ2LR =
3
16pi2/3
(
ℏ
c
)2[ 1(
R±L
)2 − 1(R±R )2
]
, (3.193)
or with using of the Planck mass and the Planck length
∆µ2LR =
3M2P
16pi2/3
[(
ℓP
R±L
)2
−
(
ℓP
R±R
)2]
. (3.194)
Because of the squared-mass difference is positive ∆µ2LR > 0 one has
R±R > R
±
L . (3.195)
Moreover, application of the relation (3.27) leads to the conclusion
3
512pi5/3
[
1(
R±L
)2
/ℓP
− 1(
R±R
)2
/ℓP
]
=
1
ℓ
, (3.196)
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which can be treated as the lensmaker’s equation
(n−1)
[
1
R1
− 1
R2
+
n−1
n
d
R1R2
]
=
1
f , (3.197)
for the convergent lens of thickness d small compared with the radiuses
of curvature R1 and R2. The lens has the focal length identical to a
minimal scale
f = ℓ, (3.198)
the radiuses of curvature strictly related to the normalization radiuses
R1 =
(
R±L
)2
ℓP
, (3.199)
R2 =
(
R±R
)2
ℓP
, (3.200)
and refractive index
n = 1+ 3
512pi5/3
≈ 1.00087. (3.201)
Let us call such a lens the neutrino lens. The equation (3.196) expresses
a minimal scale via the normalization radiuses, i.e. if and only if R±R,L
are established by experimental data then ℓ is also established.
Let us consider such a normalization, i.e. the particular case of the
general solutions which describes the situation of the neutrino lens.
First let us derive the appropriate wave functions in the Dirac repre-
sentation. Introducing the function
ED(x,y)≡ c2
√(
x+ y
2
)2
+ x2, (3.202)
the right-handed chiral Weyl fields are
(ψ±R )D(x, t) =
{[
cos
[
t− t0
ℏ
ED(µ±R ,µ±L )
]
−
− i µ
D±c2
ED(µ±R ,µ±L )
sin
[
t− t0
ℏ
ED(µ±R ,µ±L )
]]
exp
{
− ic
ℏ
µ±R (x− x0)iσ i
}
−
− i µ
±
L c
2
ED(µ±L ,µ±R )
sin
[
t− t0
ℏ
ED(µ±L ,µ±R )
]
exp
{
− ic
ℏ
µ±L (x− x0)iσ i
}}
×
× exp
{
i
[
θ±− (µ
±
R −µ±L )c2
2ℏ
(t− t0)]
]}
. (3.203)
104
ŁUKASZ ANDRZEJ GLINKA: ÆTHEREAL MULTIVERSE
while the left-handed chiral Weyl fields are
(ψ±L )D(x, t) =
{[
cos
[
t− t0
ℏ
ED(µ±L ,µ±R )
]
+
+ i
µD±c2
ED(µ±L ,µ±R )
sin
[
t− t0
ℏ
ED(µ±L ,µ±R )
]]
exp
{
− ic
ℏ
µ±L (x− x0)iσ i
}
−
− i µ
±
R c
2
ED(µ±R ,µ±L )
sin
[
t− t0
ℏ
ED(µ±R ,µ±L )
]
exp
{
− ic
ℏ
µ±R (x− x0)iσ i
}}
×
× exp
{
i
[
θ±− (µ
±
R −µ±L )c2
2ℏ
(t− t0)]
]}
. (3.204)
Similarly, one can derive the appropriate wave functions in the Weyl
representation. Introducing the function
EW (x,y)≡ c2
√
xy+ x2, (3.205)
for the right-handed chiral Weyl fields are
(ψ±R )W (x, t) = exp iθ±
{[
cos
[
t− t0
ℏ
EW (µ±R ,µ±L )
]
−
− iµ
±
R c
2
EW (µ±R ,µ±L )
sin
[
t− t0
ℏ
EW (µ±R ,µ±L )
]]
exp
{
− ic
ℏ
µ±R (x− x0)iσ i
}
+
+
iµ±L c2
EW (µ±L ,µ±R )
sin
[
t− t0
ℏ
EW (µ±L ,µ±R )
]
exp
{
− ic
ℏ
µ±L (x− x0)iσ i
}}
, (3.206)
while the left-handed chiral Weyl fields are
(ψ±L )W (x, t) = exp iθ±
{[
cos
[
t− t0
ℏ
EW (µ±L ,µ±R )
]
−
− iµ
±
L c
2
EW (µ±L ,µ±R )
sin
[
t− t0
ℏ
EW (µ±L ,µ±R )
]]
exp
{
− ic
ℏ
µ±L (x− x0)iσ i
}
+
+
iµ±R c2
EW (µ±R ,µ±L )
sin
[
t− t0
ℏ
EW (µ±R ,µ±L )
]
exp
{
− ic
ℏ
µ±R (x− x0)iσ i
}}
. (3.207)
The situation considered above is only the example following from
the model of massive neutrinos based on the massive Weyl equations
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(2.64)-(2.65) obtained via application of the Snyder noncommutative
geometry (2.1)-(2.2). Because of such a physical situation is related
to the ultra-relativistic limit, therefore this type of massive neutri-
nos we shall call ultra-relativistic massive neutrinos. There are many
other possibilities for determination of the relation between the initial
values of eigenmomentum p± 0R,L and the masses µ±R,L of the right- and
left-handed chiral Weyl fields ψ±R,L. However, the choice (8.14) tested
above presents the crucial reasonability which is the straightforward
consequence of its special-relativistic character. Such a situation ex-
presses validation of special equivalence principle for the initial space-
time evolution of the massive neutrinos, i.e. E±R,L = µ±R,Lc2 = p± 0R,L c. This
case, however, is also nontrivial from the high energy physics point
of view [141]. Namely, it is strictly related to the ultra-high energy
region, widely studied in the modern astrophysics (See e.g. the Refs.
[135] and [142] and suitable references therein). The presented partic-
ular space-time evolution describes physics of the massive neutrinos in
such an energetic region, and therefore its results should be verified by
experimental data due to ultra-high energy astrophysics.
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Chapter 4
The Quantum Cosmology
A Introduction
Quantum cosmology is one of the most important research tenden-
cies within modern theoretical gravitational physics. Its necessity is
defined by problems of formulation of the physics of early and very
early stages of our Universe. Its essence, however, is the problem of
construction of the model of the Universe, in which quantum theory
and statistical mechanics meet and work together. Such a strategy is
well known as the crucial aspect of string theory, however, and by this
reason an arbitrary model of quantum cosmology which is the linkage
between the quantum physics and the statistical physics will be pos-
sessing characteristic features and properties of string theory. More-
over, it is possible even that any such a model will be defining new
kinds of string theories. Albeit, because of very abstractive mathe-
matical form of string theory, the problem is how to build the model of
quantum cosmology which could be manifestly presenting the value for
phenomenology. In other words, the crucial problem in formulation of
quantum cosmology is an experimental verification of any its model.
One of the most essential steps in the history of quantum cosmology
was quantum geometrodynamics (QGD), called also quantum General
Relativity or quantum gravity, which had the beginning in the works
due to J.A. Wheeler and B.S. DeWitt. Standardly, in such a strategy
the primary canonical quantization procedure is applied to arbitrary
canonical formulation of classical theory of gravitation, General Rela-
tivity (GR). The most spread canonical formulation of General Relativ-
ity is the Hamiltonian approach which started by early works of P.A.M.
Dirac and obtained a final and commonly accepted appearance in the
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works due to R. Arnowitt, S. Deser, and C.W. Misner. It is called the
Arnowitt–Deser–Misner decomposition or 3+1 splitting.
In this part of this book we shall discuss certain both particular
consequences as well as development of the strategy of quantum grav-
ity based on the Wheeler–DeWitt equation . The main purpose of this
chapter is, however, the construction of such a model of quantum Uni-
verse, which will be leading to plausible theoretical predictions pos-
sessing both clearly defined physical sense as well as the possibility of
verification by comparison of its results with experimental data due to
observations of the physical Universe. Applying the well-known epis-
temological justifications of quantum theory, we propose to describe
quantum cosmology as quantum field theory formulated in terms of
the Fock space of creation and annihilation operators. The Fock space
formalism has exceptionally well established phenomenological mean-
ing for quantum physics. In this manner, the basic problem is the con-
structive application of the method of secondary quantization, which
would be resulting in phenomenological deductions for quantum cos-
mology. The natural consequence of the formalism of the Fock repère is
the possibility for straightforward construction of statistical mechanics
of quantum states of Universe. Moreover, the Fock space formalism ap-
plied in the context of quantum cosmology leads to natural definition
of Multiverse as the collection of quantum universes.
By this reason we shall employ the quantum field theoretical rea-
soning for quantum cosmology. As the classical model of the Universe
we shall consider the conformal-flat metric first derived by A.A. Fried-
mann, and applied in the cosmological context by G. Lemaître, H.P.
Robertson, and A.G. Walker, which recently has been obtained the fun-
damental status for a number of models of observed Universe. We shall
show that straightforward application of the Hamiltonian approach to
General Relativity for such a concrete solution of the Einstein field
equations results in the Hamiltonian constraint corresponding to the
fundamental state of a bosonic string.
This chapter is not too extensive. First, in the section B we shall
sketch very shortly the classical model of Universe described by the
conformal-flat Friedmann–Lemaître–Robertson–Walker metric for the
case of spatially finite volume, which in this book is called the Einstein–
Friedmann Universe, possessing the cylindrical or toroidal topology
corresponding to open and closed strings, respectively. We present the
Hamiltonian approach which connects both the Dirac approach and the
Arnowitt–Deser–Misner Hamiltonian formulation of General Relativ-
ity, in which there is splitting of evolution of four-dimensional space-
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time into the dynamics of three-dimensional space in one-dimensional
time. There is received the Hamiltonian constraint, and the Hub-
ble law is obtained due to its resolution. Moreover, the dynamics of
the model is identified with the dynamics of boson having negative
squared-mass, i.e. with the tachyon. In the section C we perform the
primary canonical quantization procedure with respect to the classi-
cal model. By the primary quantization of the Hamiltonian constraint
we receive the appropriate Wheeler–DeWitt equation. Applying the
separation of variables based on the Hamilton equations of motion we
make reduction of order of such an evolution, and therefore the ap-
propriate one-dimensional Dirac equation for the Universe is deduced.
Employing the method of secondary quantization to such a reduced
evolution results in the quantum field theory formulated in the Fock
space. Application of the appropriate Bogoliubov transformation and
the Heisenberg equations of motion leads to the diagonalization of the
equations of motion to its canonical form. In this manner, we receive
the static Fock repère and quantization of the cosmological model is for-
mulated in terms of the monodromy in the Fock space. In the section D
we shall construct the statistical mechanics, especially thermodynam-
ics, of quantum states of the Universe. Computations are performed
according to the Bose–Einstein statistics in frames of the method of
density matrix. We apply the approximation in which the quantum
Universe is a system with one degenerated state, i.e. one-particle ap-
proximation. The section E is devoted to discussion of the particular
thermodynamical situation of the system of many quantum Universe,
i.e. the early light Multiverse corresponding to a cosmological radia-
tion, which is characterized by minimal entropy. In the final section F
we summarize briefly the results of this chapter and present the per-
spective for further development of the proposed approach to quantum
cosmology.
B The Classical Universe
General Relativity based on the Einstein field equations [143]
Rµν − 12gµν R = κTµν , (4.1)
where κ =
8piG
c4
is constant, Rµν is the Ricci curvature tensor, R is the
Ricci scalar curvature, and Tµν is the stress-energy tensor, is commonly
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accepted as the classical theory of gravitation describing the evolution
of a metric tensor gµν of a four-dimensional Riemannian space-time
manifold M [144, 145]. The field equations (4.1) can be generated as the
Euler–Lagrange equations of motion obtained via the Hilbert–Palatini
action principle [146, 147] δSEH = 0 with respect to the fundamental
field gµν applied to the Einstein–Hilbert action
SEH =
1
c
∫
M
d4x
√−g
(
− 1
2κℓ2P
R+LM
)
, (4.2)
where ℓP is the Planck length, and the constant multiplier
1
ℓ2P
in the ge-
ometric action arises from dimensional correctness of the action, which
should be [E] · [T ]. In the action (4.2) we denoted g = detgµν , and LM
denotes the Lagrangian density of Matter fields. The variational prin-
ciple allows to express the stress-energy tensor of Matter fields via the
Lagrangian density of Matter fields
Tµν =
2√−g
δ (√−gLM)
δgµν . (4.3)
Let us consider the exact solution of the Einstein field equations
(4.1) first derived by Friedmann, and studied in extensive cosmological
context by Lemaître, Robertson, and Walker [148], for which the space-
time interval has the following form
ds2 = gµνdxµ dxν =−(dx0)2 +a2(x0)δi jdxidx j, (4.4)
where a(x0) is the cosmic scale factor parameter, and xµ (µ = 0,1,2,3) is
a Cartesian system of space-time coordinates in which the time coordi-
nate x0 is the object of the diffeomorphisms [149, 150]
x0 → x′0 = x′(x0). (4.5)
When volume of space is finite
V =
∫
dx1dx2dx3 < ∞, (4.6)
then the interval (4.4) describes the Einstein–Friedmann Universe pos-
sessing a topology related to finite space. Such a cosmology is very far
from triviality, because of the topological structure of finite space re-
lates the model to considerations of string theory. Finite space is as-
sociated with cylindrical, toroidal, but also with more general stringy
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topologies and orbifolds [151]. In other words, the Einstein–Friedmann
Universe having finite space looks like to be a topological string. How-
ever, such complicated theoretical situations shall not be developed in
this book. Also cylindrical topology is far from our present considera-
tions, because of presence of the boundaries in general can be resulting
in very nontrivial physical consequences. The finite space possessing
toroidal topology has no boundary because of the ends of the cylinder
are identified each other. By this reason, for simplicity of the cosmo-
logical model, in this book we shall study the case of the Einstein–
Friedmann Universe equipped with the toroidal topology. Such a choice
is in itself non trivial, because of the toroidal topology can be naturally
identified with closed strings. In this manner, we shall consider the
cosmological model possessing more general significance, which also
can be extended on other topologies mentioned above.
Let us consider the Friedmann–Lemaître–Robertson–Walker met-
ric (4.4) in frames of the Hamiltonian approach jointing the Dirac ap-
proach [152] and the Arnowitt–Deser–Misner Hamiltonian formula-
tion of General Relativity [153]. In this chapter we shall not present
the detailed analysis and explanations which can be found in more
specialized student textbooks (See e.g. the Ref. [154]), and shall be
discussed in further part of this book. The Arnowitt–Deser–Misner de-
composition of any metric satisfying the Einstein field equation, in a
given coordinate system, has the form
gµν =
[ −N2 +NiNi Ni
N j hi j
]
, (4.7)
where N is the lapse function, Ni is the shift vector, hi j is the met-
ric of 3-dimensional space embedded in the 4-dimensional space-time,
and N j = hi jNi. The classical Universe described by the Friedmann–
Lemaître–Robertson–Walker metric (4.4) can be parametrized by
N2 = 1, (4.8)
Ni = [0,0,0], (4.9)
hi j = a2(x0)δi j. (4.10)
According to the strategy propagated by Dirac, the lapse function should
be preserved explicitly but the shift vector, because of its trivialization,
becomes absent. Moreover, at the end of calculations the lapse function
should be putted explicitly. In this manner, the Hamiltonian approach
involving the Dirac and the ADM formulations of General Relativity
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allows to present the Friedmann–Lemaître–Robertson–Walker metric
in the following form
gµν =
[ −N2 0
0 a2(x0)δi j
]
, (4.11)
what is associated with the space-time interval
ds2 =−N2(dx0)2 +a2(x0)dxidx j. (4.12)
The diffeomorphism
ct = cτ + x0, (4.13)
where τ is a reference constant, allows to transform the cosmological
time t to the conformal time η on the level of the integral measure
dη = N(x0)dx0 ≡ dt
a(t)
, (4.14)
what allows to rewrite the interval (4.12) in the following form
ds2 = a2(η)
[−c2dη2 +δi jdxidx j] . (4.15)
It means that, in the coordinate system (cη,xi), the Universe is de-
scribed by the scaled Minkowski space-time
gµν = Ω(η)ηµν , (4.16)
where the scaling function Ω(η) is
Ω(η) = a2(η). (4.17)
Derivation of the Christoffel symbols for the metric (4.11),
Γρµν =
1
2
gρσ
(
∂ν gµσ +∂µ gσν −∂σ gµν
)
, (4.18)
leads to the nontrivial components
Γ000 =
˙N
N
, (4.19)
Γ0ii =
aa˙
N2
, (4.20)
Γii0 =
a˙
a
, (4.21)
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where dot means x0-differentiation, and consequently the Ricci curva-
ture tensor
Rµν = ∂αΓαµν −∂ν Γαµα +ΓαβαΓβµν −Γαβν Γβµα , (4.22)
takes the following form
Rµν =

−3
(
a¨
a
− a˙
a
˙N
N
)
0T
0 a
2
N2
(
a¨
a
−2
(
a˙
a
)2
− a˙
a
˙N
N
)
δi j
. (4.23)
By straightforward calculation of the contravariant metric components
and taking into account the Ricci curvature tensor (4.47), one receives
the Ricci scalar curvature
R = gµνRµν =
6
N2
[
a¨
a
−
(
a˙
a
)2
− a˙
a
˙N
N
]
, (4.24)
what allows to establish evaluation of the Einstein–Hilbert action (4.2)
for the classical Universe. Let us present the procedure in some detail.
First, let us consider the geometric part of the Einstein–Hilbert action,
i.e. ∫
M
d4x
√−gR =
∫
M
d3x
∫
dx0Na3 6
N2
[
a¨
a
−
(
a˙
a
)2
− a˙
a
˙N
N
]
= (4.25)
= 6V
∫
dx0 a¨a
2N− a˙2aN− a˙a2 ˙N
N2
, (4.26)
where V =
∫
d3x is volume of space. Applying the total derivative
d
dx0
(
a˙a2
N
)
=
a¨a2N + a˙2aN + a˙a2 ˙N
N2
, (4.27)
one obtains∫
M
d4x
√−gR = 6V
∫
dx0
[
d
dx0
(
a˙a2
N
)
− 3a˙
2a
N
]
= (4.28)
= −18V
∫
dx0 a˙
2a
N
, (4.29)
where the boundary term was omitted as vanishing. Because of the
relation holds
a˙ =
1
c
a′
a
, (4.30)
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where prime means η-differentiation, one has
a˙2a =
1
c2
a′2
a
, (4.31)
and because of dx0 = cdt one obtains finally∫
M
d4x
√−gR =−18V
c
∫
dt 1
N
a′2
a
=−18V
c
∫
dη a
′2
N
. (4.32)
Let us consider now the action of Matter fields∫
M
d4x
√−gLM =
∫
d3x
∫
dx0Na3LM = c
∫
d3x
∫
dtNa3LM = (4.33)
= c
∫
d3x
∫
dηNa4LM = c
∫
dηNa4
∫
d3xLM. (4.34)
Let us take into account the Legendre transformation
LM = pF ˙F−HM, (4.35)
where F is a Matter field (for collection of Matter fields one has a sum
over fields), pF =
∂L
∂ ˙F is the conjugate momentum to F, and HM is
Hamiltonian density of Matter fields. Taking into account the definition
of the conjugate momentum one can write
pF ˙F = ˙F
∂LM
∂ ˙F =
∂
∂ ˙F
(
˙FLM
)−LM, (4.36)
and therefore one receives the relation
LM = pF ˙F−HM = ∂∂ ˙F
(
˙FLM
)−LM−HM, (4.37)
which allows to establish the Lagrangian density of Matter fields in
the form
LM =
1
2
∂
∂ ˙F
(
˙FLM
)− 1
2
HM. (4.38)
In this manner one can determine the volume integral of the Lagrangian
density of Matter fields∫
d3xLM =
1
2
∫
d3x ∂∂ ˙F
(
˙FLM
)− 1
2
∫
d3xHM. (4.39)
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Let us consider the first term of this formula. It is evidently seen that
the integrand is a total derivative, and applying the chain rule of dif-
ferentiation one can write the integrand as
∂
∂ ˙F
(
˙FLM
)
=
∂V
∂ ˙F
∂
∂V
(
˙FLM
)
. (4.40)
However, in the light of the fact dV = d3x the derivative identically van-
ishes
∂V
∂ ˙F = 0, so that in such a situation one has∫
d3x ∂∂ ˙F
(
˙FLM
)
=
∂V
∂ ˙F
∫
dV ∂∂V
(
˙FLM
)
=
∂V
∂ ˙F
(
˙FLM
)
= 0, (4.41)
and therefore the volume integral of the Lagrangian density of Matter
fields is much more simplified∫
d3xLM =−12
∫
d3xHM. (4.42)
In this manner, finally the action of Matter fields can be entirely ex-
pressed via the only Hamiltonian density of Matter fields∫
M
d4x
√−gLM = −c2
∫
dηNa4
∫
d3xHM. (4.43)
Collecting all these facts one can establish evaluation of the Einstein–
Hilbert action on the Friedmann–Lemaître–Robertson–Walker metric.
Interestingly, in such a situation the Einstein–Hilbert action has the
Hamilton form in the conformal time, i.e.
SEH =
∫
dηL(a,a′,η), (4.44)
and the Lagrangian L(a,a′,η) of the cosmological model has the form
L(a,a′,η) = 3
2
MPℓ2P
V
VP
a′2
N
− 1
2
Na4HM(η). (4.45)
where VP =
4
3
piℓ3P is the volume of the Planck sphere, and HM(η) is the
volume integral of the Hamiltonian density of Matter fields
HM(η) =
∫
d3xHM(x,η), (4.46)
which has a natural interpretation of energy of Matter fields.
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The momentum conjugated to the cosmic scale factor parameter can
be derived straightforwardly from the reduced action (4.44)
Pa =
1
ℓP
∂L
∂ (a′) = 3MPℓP
V
VP
a′
N
, (4.47)
where the factor
1
ℓP
was putted ad hoc for dimensional correctness of
the momentum, which should be [E] · [T ] · [L]−1. It can be seen straight-
forwardly that by application of the Legendre transformation to the
reduced action (4.44) leads to
SEH =
∫
dη
{
ℓPPaa′−NH(η)
}
, (4.48)
where H(η) is the Hamilton function of the cosmological model
H(η) = VP
3V
P2a
2MP
+
1
2
a4HM(η). (4.49)
According to the Arnowitt–Deser–Misner Hamiltonian formulation of
General Relativity, the Euler–Lagrange equations of motion obtained
via vanishing of functional derivatives of the total action with respect
to the parameters N, and Ni are the constraints. In the present situa-
tion one has the only one constraint – the Hamiltonian constraint
δSEH
δN =−H(η) = 0. (4.50)
In other words the Hamiltonian constraint to the case of the Friedmann–
Lemaître–Robertson–Walker metric is
VP
3V
P2a
2MP
+
1
2
a4HM(η)≈ 0. (4.51)
Substitution of the explicit form of the conjugated momentum (4.47) to
the Hamiltonian constraint (4.51) leads to the equation
a′2 +
N2
MPℓ2P
VP
3V a
4HM(η) = 0. (4.52)
One can put now the value N2 = 1 which is right for the present case.
Using of the Hubble parameter
H(a)≡ a˙
a
=
a′
a2
, (4.53)
117
ŁUKASZ ANDRZEJ GLINKA: ÆTHEREAL MULTIVERSE
where in this context dot means t-differentiation, the Hamiltonian con-
straint can be presented as the equation for the energy of Matter fields
HM(η) =−3MPℓ2P
V
VP
H2(a), (4.54)
which suggests that energy of Matter fields is negative. Therefore one
can put
HM(η) =−|HM(η)| , (4.55)
so that the equation (4.54) can be rewritten in the form
H(a) =±
√
1
MPℓ2P
VP
3V |HM|, (4.56)
where HM = HM(•), and •= t,η. The solution (4.56) is the Hubble law.
The result (4.54) is in itself nontrivial. Namely, it means that the
energy of Matter fields explicitly depends not on the conformal time
η, but on the cosmic scale factor parameter. In other words HM(η) =
HM(a). Applying the result (4.54) within the Lagrangian (4.45) and
Hamiltonian (4.49) of the cosmological model one sees that explicit de-
pendence on the conformal time transits into explicit dependence on
the cosmic scale factor parameter a, i.e.
L(a,a′) =
MPℓ2P
2
3V
VP
1
N
[
a′2 +N2a4H2(a)
]
, (4.57)
H(Pa,a) =
VP
3V
[
P2a
2MP
− MPℓ
2
P
2
(
3V
VP
)2
a4H2(a)
]
. (4.58)
These formulas, however, show the tautology of quantum cosmology,
because of in the light of the Dirac approach H(Pa,a) ≈ 0 generates
the Hubble parameter H(a) =
1
N
a′
a2
, which after taking into account
the value of N = ±1 proper for the Friedmann–Lemaître–Robertson–
Walker metric and the transformation to the cosmological time t, a′ =
a˙a, becomes the usual Hubble parameter, i.e. H(a) =
a˙
a
.
The Hamiltonian (4.58), however in itself in nontrivial because of
after taking into account the fact H(a) =
a′
a2
up to the constant mul-
tiplier
VP
3V
it takes the form of the Hamiltonian of a one-dimensional
Euclidean oscillator
H(Pa,a) =
VP
3V
[T (Pa)−V (Pa,a)] . (4.59)
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where the kinetic energy T (Pa) and the potential energy V (Pa,a) are
T (Pa) =
P2a
2MP
, (4.60)
V (Pa,a) =
P2a
2MP
a2. (4.61)
This oscillator is the one-dimensional Euclidean harmonic oscillator if
one identifies the cosmological coordinate with
xC = ℓPa (4.62)
and the potential energy with V =
kx2C
2
, then the constant k is
k = P
2
a
MPℓ2P
. (4.63)
In other words the one-dimensional Euclidean harmonic oscillator is
defined by the conjugate momentum
Pa =±
√
kMPℓP, (4.64)
or equivalently
x′C =±
√
k
MP
ℓP
VP
3V . (4.65)
This equation can be solved immediately
xC(η) =±
√
k
MP
ℓP
VP
3V (η−ηI) . (4.66)
Applying the relation (4.64) and the solution (4.66) to the Hamiltonian
(4.59) one obtains the Hamiltonian of the one-dimensional Euclidean
harmonic oscillator
H(η) = kℓ
2
P
2
VP
3V
[
1− k
MP
(
VP
3V
)2
(η−ηI)2
]
. (4.67)
Interestingly, when one identifies
ηI =
√
MP
k
3V
VP
, (4.68)
119
ŁUKASZ ANDRZEJ GLINKA: ÆTHEREAL MULTIVERSE
then the Hamiltonian of the one-dimensional Euclidean harmonic os-
cillator becomes
H(η) =−k
2ℓ2P
2MP
(
VP
3V
)3[
η2−2
√
MP
k
3V
VP
η
]
. (4.69)
Its values are positive for 0 < η < 2ηI, negative for η > 2ηI, and zero for
η = 2ηI. Interestingly, when one puts ad hoc V =VP and
k = kP =
MP
t2P
= MPω2P =
EP
ℓ2P
≈ 7.4880571 ·1078kg
s2
, (4.70)
then ηI = 3tP, and the Hamiltonian of one-dimensional Euclidean har-
monic oscillatorr is simplified to
H(η) =−EP54
[(
η
tP
)2
−6 η
tP
]
, (4.71)
so that initially, i.e. for η = 3tP, one obtains
H(ηI) =
EP
6 . (4.72)
Let us call such a case the Planckian one-dimensional Euclidean har-
monic oscillator.
In this manner, in the Hamiltonian approach presented above the
Einstein–Friedmann Universe is described by the Hamiltonian con-
straint (4.51), and the Hubble law is obtained due to straightforward
integration of this constraint. The Hubble law can be expressed via
both the cosmological as well as the conformal time∫ a
aI
da′
a′2H(a′)
= ηI −η, (4.73)∫ a
aI
da′
a′H(a′)
= tI− t, (4.74)
where the subscript I denotes the initial data values of given quantity.
Let us consider the cosmological redshift z defined by the formula [155],
a
aI
≡ 1
1+ z
, (4.75)
where in terms of cosmological time a = a(t), aI = a(tI), z = z(tI, t), while
in in terms of conformal time a = a(η), aI = a(ηI), z = z(ηI,η). Then the
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Hubble law (4.73)-(4.74) can be expressed as∫ z
zI
dz′
H(z′)
= a(ηI)(η−ηI) , (4.76)∫ z
zI
dz′
(1+ z′)H(z′)
= t− tI, (4.77)
where zI = z(tI, tI)= z(ηI,ηI), and by the equation (4.56) and the definition
(4.53) the cosmological redshift can be expressed by two distinguish-
able ways
z(ηI,η) = ±a(ηI)
∫ η
ηI
dη ′
√
1
MPℓ2P
VP
3V
|HM(η ′)| (4.78)
z(tI, t) = exp
{
±a(ηI)
a(tI)
∫ t
tI
dt ′
√
1
MPℓ2P
VP
3V |HM(t
′)|
}
−1. (4.79)
The relations (4.73) and (4.74), as well as, (4.76) and (4.77) allow to
establish the relation between conformal and cosmological time
η−ηI = t− tI +
∫ a
aI
a′−1
a′2
da′
H(a′)
, (4.80)
a(ηI)(η−ηI) = t− tI +
∫ z
zI
z′dz′
(1+ z′)H(z′)
. (4.81)
Interestingly, because of the universal definition of the cosmological
redshift (4.75) one can put ad hoc that
z(ηI,η) = z(tI, t), (4.82)
i.e. that cosmological redshift is invariant with respect to the exchange
between cosmological time and conformal time. In such a situation,
for consistency one should apply the measure (4.14) within the relation
(4.78). It can seen by straightforward calculation that such an invari-
ance is nontrivial, because of results in the Riccati equation
g˙ = g+h, (4.83)
where g˙ =
dg
dt , and we have introduced the notation
g = g(t) = exp[ f (t)] ln[ f (t)], (4.84)
h = h(t) = aI
a(t)
, (4.85)
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where aI = a(tI) and the unknown function f (t) has the form
f (t) =±a(ηI)
a(tI)
√
1
MPℓ2P
VP
3V |HM(t
′)|= H(t), (4.86)
where we have applied equality a(ηI) = a(tI). The Riccati equation
(4.83) can be solved immediately with the result
g(t) = et−tI
(
1+
∫ t
tI
dt ′e−t ′h(t ′)
)
. (4.87)
Differentiation of g = expH lnH leads to
g˙ = ˙H expH lnH + expH
˙H
H
, (4.88)
and applying of expH =
g
lnH within (4.88) one obtains
g˙
g
= ˙H
(
1+
1
H lnH
)
. (4.89)
Differentiation of both the sides of the equation (4.89) leads to
g¨
g
− g˙
2
g2
= ¨H
(
1+ 1
H lnH
)
−
˙H2
H2 lnH
(
1+ 1lnH
)
, (4.90)
or after using of the equation (4.89)
g¨
g
− g˙
2
g2
=
¨H
˙H
g˙
g
−
˙H2
H2 lnH
(
1+
1
lnH
)
. (4.91)
By this reason, one can apply the following identification
g¨
g
=
¨H
˙H
g˙
g
, (4.92)
g˙2
g2
=
˙H2
H2 lnH
(
1+ 1lnH
)
. (4.93)
The equation (4.92) can be rewritten as
¨H
˙H
=
g¨
g˙
. (4.94)
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Its integration can be performed straightforwardly
ln ˙H = ln g˙+ lnC0, (4.95)
where C0 is an integration constant, or equivalently
˙H =C0g˙. (4.96)
Integration of the equation (4.96) gives
H =C0g+C1, (4.97)
where C1 ia an integration constant. In this manner
˙H2
H2
=
(
C0g˙
C0g+C1
)2
=
g˙2(
g+C′1
)2 , (4.98)
where C′1 =
C1
C0
, and the equation (4.93) can be rewritten as
(g+C′1)
2
g2
=
1
lnH
(
1+
1
lnH
)
, (4.99)
or in equivalent form of the algebraic equation for unknown lnH(
g+C′1
)2
(lnH)2−g2 lnH−g2 = 0, (4.100)
which has two solutions
lnH = 1
2
(
g
g+C′1
)21±
√
1+4
(
g+C′1
g
)2 , (4.101)
and by lnH = g
expH
> 1 the correct solution is
lnH = 1
2
(
g
g+C′1
)21+
√
1+4
(
g+C′1
g
)2 . (4.102)
Jointing of the solutions (4.97) and (4.102) allows to establish the alge-
braic identity for the function g
ln(C0g+C1) =
1
2
(
C0g
C0g+C1
)21+
√
1+4
(
C0g+C1
C0g
)2 , (4.103)
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Equivalently, however, by using lnH = g
expH
within the equation (4.100)
one obtains the algebraic equation for unknown function expH
(expH)2 +gexpH− (g+C′1)2 = 0, (4.104)
having also two possible solutions
expH = g
2
1±
√
1+4
(
g+C′1
g
)2 , (4.105)
and because of expH > 1, g > 1 the correct solution is
expH = g
2
1+
√
1+4
(
g+C′1
g
)2 , (4.106)
and by using of the solution (4.97) one obtains another identity for g
exp(C0g+C1) =
g
2
1+
√
1+4
(
C0g+C1
C0g
)2 . (4.107)
Anyway, however, employing the solution (4.97) within the definition
g = expH lnH allows to establish one more identity for g
g = exp(C0g+C1) ln(C0g+C1) . (4.108)
Another identity can be established via application of the equation
(4.89) and the relation (4.96) which leads to
lnH = C0g
1−C0g
1
C0g+C1
, (4.109)
what applied to the equation (4.100) gives the algebraic equation for
the function g
C20g3 +(C0C1−3C0)g2 +(2−C40 −2C1)g+C30C1−
C1
C0
= 0, (4.110)
having in general three solutions. Taking into account the Riccati equa-
tion (4.83), i.e. nonzero value of g˙ = g+ h, one can differentiate both
sides of the equation (4.110) and obtain
[3C20g2 +2(C0C1−3C0)g+2−C40 −2C1]g˙ = 0, (4.111)
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and conclude that the following constraint is fulfilled
3C20g2 +2(C0C1−3C0)g+2−C40 −2C1 = 0. (4.112)
It allows to establish the value of function g
g = g(C0,C1) =−C1−33C0 ±
1
3C0
√
C21 +3C40 +3 = constans. (4.113)
Taking the positive solution as the physical
g(C0,C1) =−C1−33C0 +
1
3C0
√
C21 +3C40 +3. (4.114)
one can derive the value of the Hubble parameter
H = 1+
2
3C1 +
1
3
√
C21 +3C40 +3. (4.115)
Therefore, the problem is to establish the constants C0 and C1. It can
be seen straightforwardly that
C1 = HI−C0gI, (4.116)
C0 =
˙HI
g˙I
, (4.117)
where gI = g(tI) and g˙I = g˙(tI). Because of the function g and its deriva-
tive are determined explicitly by the relation (4.87) and the Riccati
equation (4.83), one has
gI = 1, (4.118)
g˙I = gI +h(tI) = 2, (4.119)
and by this reason one obtains finally
C1 = HI−
˙HI
2
, (4.120)
C0 =
˙HI
2
. (4.121)
In other words, in such a situation the Hubble parameter has a form
H = 1+ 2
3
(
HI−
˙HI
2
)
+
1
3
√
H2I −HI ˙HI +
3
16
˙H4I −
1
4
˙H2I +3. (4.122)
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Particularly, in the case when C1 = 0 one obtains
HI = H0 exp{2(tI− t0)} , (4.123)
and the actual value of the Hubble parameter becomes
H = 1+ 1√
3
√
1+H40 exp{8(tI− t0)}. (4.124)
It can be seen by straightforward computation that if one takes into
account the usual definition of the density of energy of Matter fields
HM(x, ·) = dεM(·)dV (x) , (4.125)
where · = t,η, dV (x) = d3x is an infinitesimal volume, and dεM(·) is an
infinitesimal energy of Matter fields contained in such a volume, then
εM = |HM|, (4.126)
and consequently the relations (4.78) and (4.79) allow to establish de-
pendence of energy of Matter fields from the redshift
εM(t) = 3MPℓ2P
V
VP
∣∣∣∣ a(tI)a(ηI)
∣∣∣∣2 ∣∣∣∣ 11+ z(tI, t) dz(tI, t)dt
∣∣∣∣2 , (4.127)
εM(η) = 3MPℓ2P
V
VP
∣∣∣∣ 1a(ηI)
∣∣∣∣2 ∣∣∣∣dz(ηI,η)dη
∣∣∣∣2 . (4.128)
By application of the formulas (4.127) and (4.128), and definitions
(4.14), (4.56) and (4.75) it can be seen straightforwardly that HM, εM,
and H are diffeoinvariants of the coordinate time
HM = inv., εM = inv., H(a) = inv., (4.129)
and moreover the relation holds
εM(t) = 3MPℓ2P
V
VP
∣∣∣∣ a(tI)a(ηI)
∣∣∣∣2 ∣∣∣∣ a˙(t)a(t)
∣∣∣∣2 = 3MPℓ2P VVP
∣∣∣∣ a(tI)a(ηI)
∣∣∣∣2 |H(a)|2. (4.130)
Using of the relations (4.56) and (4.130) one obtains∣∣∣∣ a(tI)a(ηI)
∣∣∣∣2 = 1. (4.131)
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Integration of the equation (4.130) leads to the relation
a(t)
a(tI)
= exp
{
±a(ηI)
a(tI)
∫ t
tI
dt ′
√
1
MPℓ2P
VP
3V
εM(t ′)
}
. (4.132)
If one identifies a(tI) = a(ηI) = aI, and H(a) as real and positive then the
energy of Matter fields is simply
1
MPℓ2P
VP
3V
εM = H2(a), (4.133)
and the cosmic scale factor parameter takes the form
a(t) = aI exp
{
±
∫ t
tI
dt ′
√
1
MPℓ2P
VP
3V
εM(t ′)
}
. (4.134)
In general the energy of Matter fields (4.133) defines the evolution of
the classical Universe. However, because of εM is invariant with respect
to exchange between the cosmological time and the conformal time, it
can be considered rather as function of the redshift z or the cosmic scale
factor parameter a. Moreover, when there is several kinds of Matter
fields then εM can be considered as the total energy of Matter fields,
and by this reason is an algebraical sum of all contributions
εM = ∑
i
εi, (4.135)
where the subscript i is associated with a kind of Matter fields. In this
manner, the evolution (4.133) can be considered as the dependence of
the redshift on the cosmological as well as the conformal time√
∑
i
εi(z) =
1
1+ z
dz
dt , (4.136)√
∑
i
εi(z) =
dz
dη , (4.137)
as well as as the dependence of the cosmic scale factor on the cosmolog-
ical as well as the conformal time√
∑
i
εi(a) =
1
a
da
dt , (4.138)√
∑
i
εi(a) =
1
a2
da
dη . (4.139)
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Interestingly, the Hamiltonian constraint (4.51), describing the clas-
sical toroidal Einstein–Friedmann Universe, can be parameterized in
the way characteristic for a bosonic string, i.e. by using of the Einstein
energy-momentum relation
P2ac2 +m2(a)c4 = E2(a), (4.140)
where the energy identically vanishes E2(a) = 0, and the squared mass
is manifestly negative
m2(a) =−
(
3MPtP
V
VP
)2
a4H2(a)< 0, (4.141)
Hence, it is easy to deduce that the Universe can be understood as the
tachyon, i.e. the groundstate of the classical bosonic string [156]. The
mass of the tachyon can be expressed via two ways√
|m2(a)|= 3 V
VP
MPtPa′ =
3
2
V
VP
MPtP ˙Ω, (4.142)
where Ω = a2(t) is the scaling function (4.17) and SP = 4piℓ2P is the area
of the Planck sphere. The Hubble law (4.73)-(4.74) can be interpreted
as the relation between volume of space and the mass of the tachyon
MP
∫ a
aI
da′√
|m2(a′)| =
VP
3V
η−ηI
tP
, (4.143)
MP
∫ a
aI
a′da′√
|m2(a′)| =
VP
3V
t− tI
tP
. (4.144)
In this manner, we have received the classical point of view on the
Einstein–Friedmann Universe. Let us construct the quantum theory
of the Universe.
C Quantization of Hamiltonian Constraint
Application of the primary canonical quantization in the form[
ˆPa, aˆ
]
=−i ℏ
ℓP
, (4.145)
where the parameter of quantization
ℏ
ℓP
= MPc is the Planck momen-
tum having the value
ℏ
ℓP
= MPc≈ 6.524806271kg ·m
s
. (4.146)
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In comparison to the standard quantum mechanics, in which the pa-
rameter of quantization is the reduced Planck constant ℏ, this value
of the parameter of quantization is large, i.e. about 1034 times more.
Such a procedure allows to generate the operator of the momentum
conjugated to the cosmic scale factor parameter
ˆPa =−i ℏ
ℓP
d
da . (4.147)
Applying such a primary canonical quantization within the Hamilto-
nian constraint (4.140) of the Einstein–Friedmann Universe one re-
ceives the one-dimensional Klein–Gordon equation(
d2
da2 +ω
2(a)
)
Ψ(a) = 0, (4.148)
where ω is the cosmological dimensionless frequency given by the for-
mula
ω(a) =
3V
VP
a2H(a)
ωP
, (4.149)
where VP =
4
3
piℓ3P is volume of the Planck sphere, and ωP =
1
tP
is the
Planck frequency. In the context of cosmology the Klein–Gordon equa-
tion (4.148) is the analog of the Wheeler–DeWitt equation [157, 158] of
more general quantum geometrodynamics. Usually this equation iden-
tified with non relativistic quantum mechanics, i.e. as the Schrödinger
equation. Because of the cosmic scale factor parameter a is defined as
a function of cosmological or conformal time, in general the wave func-
tion Ψ(a) is a functional, and the equation (4.148) is a one-dimensional
functional differential equation. In general by the spirit of the Wheeler
superspace, the wave function is a wave functional on the space of
three-dimensional metrics characterized by the parameter a. We shall
discuss details of this approach in next chapters of this part. Albeit, it
must be emphasized that the approach based on the Schrödinger equa-
tion, which has been worked out more than 50 years ago, since the
mid-1980’s does not lead to new constructive results.
A different possible interpretation of the quantum theory (4.148) is
the Klein–Gordon equation, i.e. the relativistic wave equation describ-
ing bosons. It is not difficult to see by straightforward computations
that the equation (4.148) can be generated as the classical field theo-
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retic Euler–Lagrange equations of motion ∂∂Ψ − ∂∂a ∂∂ (dΨda
)
L(Ψ, dΨda
)
= 0, (4.150)
via the variational principle
δS[Ψ] = 0, (4.151)
with respect to the action functional S[Ψ] having the following form
S[Ψ] =
∫
daL
(
Ψ, dΨda
)
, (4.152)
where the Lagrangian of the classical field, i.e. one-dimensional wave
function Ψ = Ψ(a), is
L
(
Ψ, dΨda
)
=
1
2
(
dΨ
da
)2
− 1
2
ω2(a)Ψ2. (4.153)
The momentum ΠΨ canonically conjugated to the wave function Ψ can
be established immediately from the action (4.152) as
ΠΨ =
∂L
(
Ψ, dΨda
)
∂
(
dΨ
da
) = dΨda , (4.154)
and its straightforward application allows to rewrite the equation (4.148)
in the form
dΠΨ
da +ω
2(a)Ψ(a) = 0. (4.155)
The equations of motion (4.154) and (4.155) can be treated as the sys-
tem of equations and employed for reduction of order of the Wheeler–
DeWitt equation (4.148). Such a reduction can be done by introducing
to the theory the two-component scalar field
Φ =
[
ΠΨ
Ψ
]
, (4.156)
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which allows to express the quantum cosmology given by the Klein–
Gordon equation(4.148), which describes the Einstein–Friedmann Uni-
verse as the Multiverse of quantum universes, as the one-dimensional
Dirac equation (
−iσ2 dda−M
)
Φ = 0, (4.157)
where M is the mass matrix, and σ2 is one of the Pauli matrices,
M =
[ −1 0
0 −ω2
]
, (4.158)
σ2 =
[
0 −i
i 0
]
. (4.159)
On the other hand the one-dimensional Dirac equation (4.157) describes
two-component one-dimensional scalar field, i.e. axion, and as one-
dimensional quantum mechanics is automatically supersymmetric. In
this way the quantum cosmology based on spatially finite and conformal-
flat Friedmann–Lemaître–Robertson–Walker metric , i.e. the Einstein–
Friedmann Universe, is strictly related to one-dimensional superstrings
which we shall call the Fermi–Bose superstrings. This name arises
from the fact that in the dimension 1 there is no difference between
Fermi–Dirac and Bose–Einstein statistics because of the spin is zero.
In this manner the quantum field theory which shall be constructed
relying on the Fock repère of creators and annihilators will be describ-
ing the Multiverse of Fermi–Bose superstrings, which we shall call the
superstring Multiverse, which in the quantum cosmology presented
above is the system of multiple quantum Einstein–Friedmann Uni-
verses.
Because of the quantum cosmology (4.148) has manifestly bosonic
character, let us perform the secondary canonical quantization of the
one-dimensional Dirac equation (4.157) appropriate to bosons [159][
ˆΠΨ[a], ˆΨ[a′]
]
=−iδ (a−a′) , (4.160)
and other canonical commutation relations are trivial. In the explicit
form the bosonic field is
[
ˆΨ
ˆΠΨ
]
=

1√
2ω(a)
1√
2ω(a)
−i
√
ω(a)
2
i
√
ω(a)
2
[ G[a]G†[a]
]
, (4.161)
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and is consistent with the algebraic approach to canonical commuta-
tion relations due to von Neumann, and Araki and Woods [160]. In
result the Universe is described by the dynamical basis
Ba =
{[
G[a]
G†[a]
]
:
[
G[a],G†[a′]
]
= δ
(
a−a′) ,[G[a],G[a′]]= 0} , (4.162)
satisfying non-Heisenberg equations of motion
dBa
da =
 −iω(a)
1
2ω(a)
dω(a)
da
1
2ω(a)
dω(a)
da iω(a)
Ba, (4.163)
and via perturbation theory holds∣∣∣∣ 12ω(a) dω(a)da
∣∣∣∣≪ 1a . (4.164)
The equations (4.163) can be diagonalized via taking into account the
new basis B′a
B′a =
{[
G′[a]
G′†[a]
]
:
[
G′[a],G′†[a′]
]
= δ
(
a−a′) ,[G′[a],G′[a′]]= 0} , (4.165)
obtained via taking together the Bogoliubov transformation and the
Heisenberg equations of motion
B′a =
[
u v
v∗ u∗
]
Ba, (4.166)
dB′a
da =
[ −iω ′ 0
0 iω ′
]
B′a, (4.167)
where the hyperbolic constraint holds
|u|2−|v|2 = 1, (4.168)
and ω ′ is an unknown frequency. It can be seen by straightforward
computation that such a procedure generates unambiguously ω ′ = 0,
and therefore the new basis is the static Fock repère
BI =
{[
wI
w†I
]
:
[
wI,w
†
I
]
= 1, [wI,wI] = 0
}
, (4.169)
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and by this reason the static vacuum state is obtained
〈0|=
{
〈0| : wI 〈0|= 0 , 0 = |0〉w†I
}
. (4.170)
The system of operator equations (4.163) transits to the system of equa-
tions for the Bogoliubov coefficients
d
da
[
v(a)
u(a)
]
=
 −iω(a)
1
2ω(a)
∂ω(a)
∂a
1
2ω(a)
∂ω(a)
∂a iω(a)
[ v(a)u(a)
]
, (4.171)
which is easy to solve in the superfluid parametrization [161]
v(a) = exp(iθ(a))sinhφ(a), (4.172)
u(a) = exp(iθ(a))coshφ(a), (4.173)
where θ and φ are the angles, which in the present situation express
via the mass of the tachyon as follows
θ(a) = ±i
∫ a
aI
ω(a′)da′, (4.174)
φ(a) = ln
√
ωI
ω(a)
, (4.175)
where ωI = ω(aI) is the initial data of ω(a).
In this manner, the quantum cosmology is completely determined
via the monodromy matrix C between the dynamical and the static Fock
repère Ba =CBI which is explicitly given by
C =

(√
ω(a)
ωI
+
√
ωI
ω(a)
)
eλ
2
(√
ω(a)
ωI
−
√
ωI
ω(a)
)
e−λ
2(√
ω(a)
ωI
−
√
ωI
ω(a)
)
eλ
2
(√
ω(a)
ωI
+
√
ωI
ω(a)
)
e−λ
2
 , (4.176)
where λ is integrated frequency
λ = λ (a) = iθ(a) =∓
∫ a
aI
ω(a′)da′. (4.177)
Now the quantum field ˆΨ can be computed straightforwardly
ˆΨ[a] = 1√
2ωI
(
eλ (a)wI + e−λ (a)w†I
)
, (4.178)
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and if one introduces the state
|n〉 ≡ ( ˆΨ[a])n 〈0|= e−nλ (a)
(2ωI)n/2
w† nI |0〉 , (4.179)
then the interesting relations can be derived
〈m|n〉 = e
(m−n)λ (a)
(2ωI)(m+n)/2
〈0|wmI w† nI |0〉 , (4.180)
〈n|n〉 =
n
∑
p=0
eipi(p+1)
(2ωI)n
Cnn−p 〈0|
(
w†I wI
)p
|0〉= e
i(2n+1)pi
(2ωI)n
, (4.181)
where Cnk is the Newton binomial symbol, which in the present case is
Cnn−p =
n!
p!(n− p)! , (4.182)
and we have applied the normalization of the stable vacuum state
〈0|0〉= 1. (4.183)
Obviously the state |n〉 is a n-particle state describing the Multiverse.
Its physical sense arises via the straightforward analogy with the quan-
tum theory of many body systems (See e.g. the Ref. [162]). Namely, in
the present case of the quantum cosmology one has to deal with the
system of many quantum universes. Such a specific quantum many
body system, i.e. the secondary-quantized Einstein–Friedmann Uni-
verse given by the quantum field (4.178) and the many particle states
(4.179), is manifestly a realization of the Multiverse hypothesis. Let us
consider now the thermodynamics of the Multiverse.
D The Multiverse Thermodynamics
Because of we have derived the static basis (4.169), formally also exists
the thermal equilibrium for quantum states of the Einstein–Friedmann
Universe (4.4). In this section we shall formulate thermodynamics of
many quantum Universe. We shall apply the simplest approximation,
i.e. we shall consider the system with one degenerated state which is
defined by the density operator ρG having the form
ρG = G†G = (4.184)
= B†a
[
1 0
0 0
]
Ba = (4.185)
= B†I
[ |u|2 −uv
−u∗v∗ |v|2
]
BI ≡ B†I ρeqBI, (4.186)
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where ρeq is the density operator in the thermal equilibrium. By straight-
forward computation of the Boltzmann–von Neumann entropy S
S =
tr
(
ρeq lnρeq
)
trρeq
= (4.187)
= ln
(
2|u|2−1)≡− lnΩeq, (4.188)
it is easy to deduce the distribution function Ωeq:
Ωeq =
1
2|u|2−1 =
1
2|v|2+1 . (4.189)
On the other side, one can use the occupation number n
n ≡ 〈0|G†[a]G[a]|0〉= (4.190)
=
1
4
(
ω(a)
ωI
+
ωI
ω(a)
)
− 1
2
= |v|2, (4.191)
where mI = m(aI), to derivation of the entropy
S = ln〈n〉, (4.192)
where 〈n〉 is averaged occupation number
〈n〉= 2n+1 = 1
2
(
ω(a)
ωI
+
ωI
ω(a)
)
. (4.193)
By combination of the formulas (4.188), (4.191), and (4.192), with the
natural conditions n≥ 0 and ω(a)≥ ωI, one receives the mass spectrum
of the system of many Einstein–Friedmann Universes
ω(a)
ωI
= 〈n〉+
√
〈n〉2−1. (4.194)
Similarly, by application of the averaging method one can derive the
internal energy U
U ≡ tr(ρeqHeq)
trρeq
= (4.195)
=
(
〈n〉+ 1
2
)(
〈n〉+
√
〈n〉2−1
)
ωI, (4.196)
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and chemical potential µ
µ ≡ ∂U∂n = (4.197)
=
 〈n〉+ 12√〈n〉2−1 +1
(〈n〉+√〈n〉2−1)ωI, (4.198)
where we have applied the Hamiltonian of the classical theory ex-
pressed in the static Fock repère
H =
(
G†[a]G[a]+G[a]G†[a]
) ω(a)
2
= B†I HeqBI, (4.199)
where Heq is the Hamiltonian in equilibrium
Heq =
[ |u|2+ |v|2 −2uv
−2u∗v∗ |u|2+ |v|2
]
ω(a)
2
. (4.200)
Let us establish temperature of the system by using of the method
of quantum statistics. For this one must take into account the concrete
form of the quantum statistics of the system. The bosonic character
of the quantum cosmology (4.148) suggests application of the Bose–
Einstein statistics which naturally describes bosonic systems. In this
manner
Ωeq ≡ 1
exp
{
U−µn
T
}
−1
. (4.201)
Because of the quantum statistics derived in this section has the form
Ωeq =
1
|u|2 + |v|2 =
1
2|u|2−1 , (4.202)
what after taking into account the fact 2|u|2 = 〈n〉+ 1 results in the
relation
U−µn
T
= ln(〈n〉+1) . (4.203)
Consequently such a procedure allows to determine the temperature of
the system of quantum states of the Universe as the fixed parameter.
T = ωI
〈n〉+
√
〈n〉2−1
ln(〈n〉+1) × (4.204)
×
[
〈n〉+ 1
2
− 1
2
(
〈n〉+
√
〈n〉2−1+ 1
2
)√〈n〉−1
〈n〉+1
]
. (4.205)
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E The Early Light Multiverse
Interestingly, there is a certain particular thermodynamical situation
of the system of many quantumUniverses. Namely, these are the quan-
tum Universes possessing minimal entropy
Smin = 0. (4.206)
It can be deduced straightforwardly that such a Multiverse is charac-
terized by the following conditions
n = 0 , 〈n〉= 1 , ω(a) = ωI, (4.207)
and therefore its thermodynamical parameters have the values
Umin =
3
2
ωI, (4.208)
µmin = ∞, (4.209)
Tmin =
Umax
ln2 . (4.210)
The relations (4.208), (4.209), and (4.210) shows that such a specific
collection of quantum Universes is determined by the only initial data,
i.e. the parameter ωI. The relation (4.210) nontrivially connects tem-
perature and internal energy of these quantum states, and therefore
in general spirit of statistical mechanics it is the equation of state of
the collection of quantum Universes. Infinite value of the chemical po-
tential is the only characteristic syndrome of openness of the system,
and shows that in the point n = 0 a phase transition happens. Such a
point can be understood as the point in which quantum Universes start
their existence. There is a question about the physical meaning of the
quantum states of Universe characterized by the minimal entropy. It
is not difficult to see that for such Universes holds the relation
ωI =±3VVP
a2I H(aI)
ωP
, (4.211)
which defines the initial value of the Hubble parameter
H(aI) =
Q
a2I
, (4.212)
where Q is a constant which depends on two free parameters: the ini-
tial data of the mass and the volume of space
Q =±VP
3V
ωPωI = constans. (4.213)
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Interestingly, when ωI is finite and nonzero and volume of space is
infinite then identically Q ≡ 0, and therefore the initial value of the
Hubble parameter also vanishes. It proves that for consistency the vol-
ume of space must be finite and nonzero. In such a situation the value
of the Hubble parameter (4.212) is associated for a radiation, and this
is the physical sense of this collection of quantum Universes. In this
manner, the Multiverse of such a quantum Universes expresses a cos-
mological nature of light, and by this reason we propose to call this the
light Multiverse. It can be seen by straightforward derivation from the
Hubble parameter (4.212) and its definition
H(aI) =
1
aI
daI
dtI
=
1
a2I
daI
dηI
, (4.214)
that the light Multiverse is described by the following initial values of
the cosmic scale factor parameter
aI(tI, t0) =
√
a20 +2Q(tI− t0), (4.215)
aI(ηI,η0) = a0 +Q(ηI −η0), (4.216)
where t0, η0, a0 = aI(t0, t0) = aI(η0,η0) are the integration constants, and
aI(tI, t0) > a0, (4.217)
aI(ηI,η0) > a0. (4.218)
Because, however, both the scale factor parameters aI(tI, t0) and aI(ηI,η0)
are the only constants, one can suggest ad hoc that they are equal
aI(tI, t0) = aI(ηI,η0)≡ aI. (4.219)
Such a conjecture allows to establish the linkage between the cosmolog-
ical and the conformal times for the early evolution of the Multiverse
ηI −η0 = a0Q
(√
1+ 2Q
a20
(tI− t0)−1
)
. (4.220)
There can be also interesting the Taylor expansion of this relation
ηI −η0 =
√
pi
∞
∑
n=0
(2Q/a0)n
Γ(n+2)Γ
(
1
2
−n
)(tI− t0)n+1. (4.221)
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In the sense of perturbation theory the proposed quantum cosmol-
ogy is consistent if and only if the condition (4.164) is satisfied. This
inequality can be expressed in terms of the Hubble parameter
H(a)≪ H(aI), (4.222)
and straightforwardly integrated. Application of the cosmological time
allows to rewrite the inequality (4.222) as
1
a
da
dt ≪
1
aI
daI
dtI
, (4.223)
and straightforward integration in the region a0 6 aI 6 a gives
ln
∣∣∣∣ aaI
∣∣∣∣≪ ln ∣∣∣∣aIa0
∣∣∣∣ , (4.224)
what leads to the bound for cosmic scale factor parameter
a≪ a
2
I
a0
. (4.225)
In the light of the inequalities (4.217) and (4.218) one has
a2I
a0
=
aI
a0
aI > aI, (4.226)
results in the bound for cosmic scale factor parameter
a > aI, (4.227)
which can be expressed equivalently as the bound for redshift
z(tI, t)6 0, (4.228)
and defines the early Universe. Similarly, the inequality (4.222) can be
rewritten in terms of conformal time
1
a2
da
dη ≪
1
a2I
daI
dηI
(4.229)
and straightforwardly integrated with the result
− 1
a
+
1
aI
≪− 1
aI
+
1
a0
, (4.230)
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which finally gives the bound for cosmic scale factor parameter
a≪ a0aI
2a0−aI . (4.231)
Interestingly, the results (4.225) and (4.231) coincide in the only one
case aI = a0.
By this reason, with using of the formulas (4.215) and (4.216), the
early light Multiverse in itself expresses the applicability conditions
for the model of quantum cosmology
a ≪ a0 + 2Q
a0
(tI− t0), (4.232)
a ≪ a0 + Q(ηI−η0)
1− Q
a0
(ηI−η0)
. (4.233)
Because, however, one can suggest also that the cosmic scale factor
parameter expressed via cosmological and conformal time is the same,
particularly in the case of early Universe, one obtains the equation
2Q
a0
(tI− t0) = Q(ηI −η0)
1− Q
a0
(ηI −η0)
, (4.234)
having the solution
ηI−η0 = 2(tI− t0)
a0 +2
Q
a0
(tI− t0)
, (4.235)
which compared with the relation (4.220)
2(tI− t0)
a0 +2
Q
a0
(tI− t0)
=
a0
Q
(√
1+ 2Q
a20
(tI− t0)−1
)
, (4.236)
leads to the following equation
2 Q
a0
(tI− t0)
[(
2 Q
a0
(tI− t0)
)2
−2 Q
a0
(tI− t0)−1
]
= 0. (4.237)
Interestingly, despite the equation (4.237) is satisfied for tI = t0, i.e. if
aI = a0, it also possesses two other solutions
2 Q
a0
(tI− t0) = ϕ±, (4.238)
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where ϕ± are the irrational constants
ϕ± =
1±√5
2
, (4.239)
which in the case ϕ+ = ϕ ≈ 1.6180339887 is the Fibonacci golden ratio,
and in the case ϕ− = 1−ϕ = ϕ −
√
5. Employing the difference tI − t0
established via (4.238) within the equation (4.235) one receives
ηI −η0 = a0Q
ϕ±
a0 +ϕ±
. (4.240)
First let us consider the situation based on the cosmological time. When
one knows the value of the difference
τ = tI− t0, (4.241)
the relation (4.238) can be used for determination of the constant Q
Q = a0 ϕ±2τ . (4.242)
Because of Q = HIa2I one has
a2I
a0
=
ϕ±
2HIτ
, (4.243)
i.e. when one knows the initial value of the Hubble parameter HI and
the difference (4.241) then by the condition (4.225) one obtains
a≪ ϕ±
2HIτ
. (4.244)
It is easy to see from (4.243) that the initial data of cosmic scale factor
parameter is given by the beginning value of this parameter
aI =
√
ϕ±
2HIτ
a0, (4.245)
what means that for consistency must be a0 6= 0. The relations (4.243)
and (4.245) allow to derive the ratio
aI
a0
=
ϕ±
2HIτ
1
aI
=
√
ϕ±
2HIτ
1
a0
(4.246)
and consequently the initial data of redshift zI = z(t0, tI)
aI
a0
=
1
1+ zI
, (4.247)
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where
z(t0, t) = exp
{
±a(η0)
a(t0)
∫ t
t0
dt ′
√
1
MPℓ2P
VP
3V
|HM(t ′)|
}
−1, (4.248)
can be obtained straightforwardly
zI =
√
2a0
ϕ±
HIτ−1, (4.249)
what after taking account that a(η0) = a(t0) = a0 in the relation (4.248)
leads to the result
±
∫ tI
t0
dt ′
√
1
MPℓ2P
VP
3V |HM(t
′)|= 1
2
ln
∣∣∣∣2a0ϕ± HI(tI− t0)
∣∣∣∣ . (4.250)
After differentiating of both sides of the equation (4.250) with respect
to tI one obtains
HI =
√
1
MPℓ2P
VP
3V |HM(tI)|=
1
2(tI− t0) , (4.251)
what after straightforward integration
ln aI
a0
=
1
2
∫ tI
0
dt ′
t ′− t0 , (4.252)
on the one hand allows to establish the initial data of the cosmic scale
factor parameter
aI = a0
√
τ
t0
, (4.253)
and on the other hand leads to the energy of Matter fields
εM(tI) =
3MPℓ2P
4τ2
V
VP
. (4.254)
Taking into account the Planck sphere V =VP and τ = tP one receives
εM(tI) =
3
4
EP. (4.255)
Similarly for the Planck cube V = ℓ3P and τ = tP one obtains
εM(tI) =
9
16pi EP. (4.256)
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Applying the formula (4.245) one receives noth the beginning value
and the initial data of the cosmic scale factor parameter
a0 =
ϕ±
2HIτ
t0
τ
, (4.257)
aI =
ϕ±
2HIτ
√
t0
τ
. (4.258)
Moreover, because of Q =±VP
3V
ωI one can establish the initial data
ωI =±32a0ϕ±
1
ωPτ
V
VP
, (4.259)
which for the case of plus sign becomes
ω+I =
3
2
a0ϕ
1
ωPτ
V
VP
, (4.260)
while for the case of the minus sign is
ω−I =
3
2
a0(ϕ−1) 1
ωPτ
V
VP
=
ϕ−1
ϕ ω
+
I . (4.261)
Interestingly, when one considers the Universe having volume of the
Planck cube V = ℓ3P and the time difference (4.241) equal to the Planck
time τ = tP
tP =
√
ℏG
c5
≈ 5.39124 ·10−44s, (4.262)
then one obtains approximatively
ω+I =
9ϕ
8pi a0, (4.263)
ω−I =
9
8pi
(ϕ−1)a0. (4.264)
Similarly, for the Planck sphere V =
4
3
piℓ3P one receives
ω+I =
3
2
ϕa0, (4.265)
ω−I =
3
2
(ϕ−1)a0. (4.266)
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Anyway, however, the relations (4.215) and (4.216) can be used to
elimination of the parameter Q by the following combination
a2I (tI, t0)−a20
2(tI− t0) =
aI(ηI,η0)−a0
ηI−η0 , (4.267)
which after taking into account that aI(tI, t0) = aI(ηI,η0) = aI becomes
aI +a0
2
=
tI− t0
ηI −η0 , (4.268)
and leads to another relation between cosmological and conformal times
ηI −η0 = 2
aI +a0
(tI− t0), (4.269)
which in the case a0 = 0 becomes
ηI −η0 = 2
aI
(tI− t0). (4.270)
Applying the result (4.269) to the series (4.221) one obtains the rule
1√
pi
=
aI +a0
2
∞
∑
n=0
(2Q/a0)n
Γ(n+2)Γ
(
1
2
−n
)(tI− t0)n. (4.271)
Let us consider the situation η = η0 and t = t0. Then the redshift
(4.78) and (4.79) must be redefined as follows
z(η0,η) =±a(η0)
∫ η
η0
dη ′
√
1
MPℓ2P
VP
3V |HM(η
′)|, (4.272)
Let us denote by z0 the value of the cosmological redshift at the be-
ginning of evolution of the classical Universe. Then by using of the
definition (4.272) one can establish
z0 = z(t0, t0)≡ 0, (4.273)
it is independent on a value of the cosmic scale factor parameter a0 at
the beginning of evolution of the Universe. The relations (4.80) and
(4.81) computed for η = η0 and t = t0 are
ηI −η0 = tI− t0 +
∫ aI
a0
a′−1
a′2
da′
H(a′)
, (4.274)
a0(ηI−η0) = tI− t0 +
∫ zI
0
z′dz′
(1+ z′)H(z′)
, (4.275)
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and by application of the result (4.269) become(
2
aI +a0
−1
)
(tI− t0) =
∫ aI
a0
a′−1
a′2
da′
H(a′)
, (4.276)
aI−a0
aI +a0
(tI− t0) =
∫ zI
0
z′dz′
(1+ z′)H(z′)
. (4.277)
Interestingly, the LHS of the formula (4.276) vanishes identically
when the initial data aI and the beginning value a0 of the cosmic scale
factor parameter are constrained by the equation
aI +a0 = 2. (4.278)
If one expresses the integral on the RHS of (4.276) via time variables
then this equation says that
0 =
∫ tI
t0
dt ′−
∫ ηI
η0
dη ′, (4.279)
what leads to the equality between the differences
η0−ηI = t0− tI, (4.280)
what is consistent with the relation (4.269). Such an equality means
that if the condition (4.278) holds then in such a region of evolution of
the Universe the conformal time and the cosmological time flow in such
a way that their difference is constant
η− t = constans, (4.281)
and for convenience can be taken equal to zero. The equation (4.281)
expresses the law of conservation for the difference η − t. In such a
situation the second relation (4.277) becomes
(1−a0)(tI− t0) =
∫ zI
0
z′dz′
(1+ z′)H(z′)
, (4.282)
where the initial data of redshift is
zI = 2
a0−1
2−a0 = 2
1−aI
aI
. (4.283)
Interestingly, when a0 = 1 then aI = 1 the initial data of redshift is triv-
ial zI = 0, and the LHS of the formula (4.282) identically vanishes. After
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expression of the integral on the RHS of (4.282) via time variables one
obtains
0 =
∫ tI
t0
z(t0, t
′)dt ′ =
∫ tI
t0
(
a(t0)
a(t ′)
−1
)
dt ′ = a0
∫ ηI
η0
dη ′−
∫ tI
t0
dt ′, (4.284)
what can be computed straightforwardly
a0(ηI−η0) = tI− t0, (4.285)
and for a0 = 1 leads once again to the law of conservation (4.280).
Let us see what happens in the particular situation for which a0 = 0.
First let us establish the initial data of redshift zI
zI =−1. (4.286)
Because of the constraint (4.278) one has aI = 2 and therefore the rela-
tions (4.276) and (4.277) take the form
0 =
∫ 2
0
a′−1
a′2
da′
H(a′)
, (4.287)
t0− tI =
∫ 0
−1
z′dz′
(1+ z′)H(z′)
. (4.288)
Interestingly, in such a case the equation (4.234) is simplified
Q
2
(ηI −η0)2− (tI− t0) = 0, (4.289)
and in the light of the relation (4.280) allows to establish the value of
the parameter Q crucial for the initial data Hubble law (4.212)
Q = 2 tI− t0
(ηI−η0)2 =±
2
τ
, (4.290)
where we have denoted τ = ηI−η0 = tI− t0. In the light of the definition
(4.213) one can determine the initial data mI
ωI =
6V
VP
1
ωPτ
. (4.291)
For finite volume of space V and finite the time τ the initial data ωI
are established consistently. The time τ can be interpreted as the time
between the beginning of the Universe and creation of initial data. If
its value is taken ad hoc as identical to the Planck time τ = tP then
ωI =
6V
VP
, (4.292)
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and therefore if value of ωI is small, ωI ∼ 1 say, the volume of space is
V ∼ VP6 . (4.293)
Such a volume can be treated as definition of the early Multiverse.
In the light of the result (4.288) one obtains another definition of
the time τ
τ =−
∫ 0
−1
z′dz′
(1+ z′)H(z′)
, (4.294)
which by using of the fact
H(z′) =− 1
1+ z′
dz′
dt ′ , (4.295)
and z′ = z(t0, t ′) becomes
τ =
∫ tI
t0
z(t0, t
′)dt ′, (4.296)
or after expressing via energy of Matter fields
τ =
∫ tI
t0
[
exp
[
±
∫ t ′
t0
dt ′′
√
1
MPℓ2P
VP
3V
εM(t ′′)
]
−1
]
dt ′. (4.297)
finally results in the relation
τ =
1
2
∫ tI
t0
exp
[
±
∫ t ′
t0
dt ′′
√
1
MPℓ2P
VP
3V
εM(t ′′)
]
dt ′. (4.298)
The natural generalization of the equation (4.298) is
t2− t1 = 12
∫ t2
t1
exp
[
±
∫ t ′
t1
dt ′′
√
1
MPℓ2P
VP
3V
εM(t ′′)
]
dt ′, (4.299)
which in the case t1 = 0, and t2 = t can be used for determination of the
cosmological time
t− t0 = 12
∫ t
t0
exp
[
±
∫ t ′
t0
dt ′′
√
1
MPℓ2P
VP
3V εM(t
′′)
]
dt ′, (4.300)
In the light of the relations (4.56) and (4.125) one has
H(z′) =
√
1
MPℓ2P
VP
3V εM(z
′), (4.301)
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where εM(z′) is energy of Matter fields. For given energy of Matter
fields dependence on redshift z′ the equation (4.301) can be solved as a
differential equation for the redshift as unknown function of cosmolog-
ical or conformal time. Application of the explicit form of εM(z′) to the
formula (4.294) shall be resulting in the exact evaluation of the time
τ. Equivalently, the redshift derived from the evolution (4.301) can be
applied to the formula (4.296) for determination of the time τ.
Interestingly, one can apply the equation (4.301) to the generalized
relation (4.300)
t− t0 = 12
∫ t
t0
exp
[
±
∫ t ′
t0
dt ′′ 1
a(t ′′)
da(t ′′)
dt ′′
]
dt ′ =
=
1
2
∫ t
t0
exp
[
±
∫ a(t ′)
a0
da
a
]
dt ′ = 1
2
∫ t
t0
exp
[
± ln a(t
′)
a0
]
dt ′ =
=
1
2
∫ t
t0
(
a(t ′)
a0
)±1
dt ′, (4.302)
and it is evident that the case of the plus sign, i.e. an expanding Uni-
verse, is distinguishable from the case of the minus sign, i.e. a collaps-
ing Universe. The case of plus sign gives
(t− t0)+ = 12a0
∫ t
t0
a(t ′)dt ′ = 1
2a0
∫ t
t0
a2(t ′)
dt ′
a(t ′)
=
=
1
2a0
∫ η
η0
a2(η ′)dη ′, (4.303)
what after application of the definition of the Hubble parameter ex-
pressed in terms of conformal time
a2(η)dη = da
H(a)
, (4.304)
allows to establish the result
(t− t0)+ = 12a0
∫ a
a0
da′
H(a′)
. (4.305)
The case of the minus sign leads to completely different result
(t− t0)− = a02
∫ t
t0
dt ′
a(t ′)
=
a0
2
∫ a
a0
da′
a′2H(a′)
, (4.306)
or after straightforward computation
(t− t0)− = a02
∫ η
η0
dη ′ = a0
2
(η−η0), (4.307)
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which allows to determine the nontrivial relation between the cosmo-
logical and the conformal time
t =
1
2
a0η. (4.308)
Because of the plus sign is related to expansion of the Multiverse and
the minus sign describes the opposite situation, the relations for the
cosmological time (4.303) and (4.306) mean that the flow of cosmolog-
ical time in an expanding Multiverse is distinguish then the flow in a
collapsing Multiverse. Strictly speaking the equation is satisfied
a20d(t− t0)+ = a2d(t− t0)−, (4.309)
and if t−0 = t
+
0 then one has the condition
a20dt+−a2dt− = 0. (4.310)
In other words the cosmological time flows in the same way if and only
if for arbitrary value of the conformal time or the cosmological time
the relation a2 ≡ a20 holds identically. In such a situation the relation
(4.308) is automatically satisfied, while the value of the Hubble param-
eter is trivial H =
1
a2
da
dη = 0. In this manner such an approach suggests
that the Multiverse has non dynamical nature or is dynamical but con-
sidered in a fixed moment of time.
On the other side, however, it can be seen straightforwardly that ap-
plication of the trivial value H = 0 of the Hubble parameter within the
definitions (4.305) and (4.306) of the cosmological time leads to mani-
festly divergent integrands. Such a singular behavior suggests that the
non dynamical Multiverse has non physical nature or, in other words,
that the fixation of time has purely non physical nature. However, from
the point of view of modern physics fixation of time is the standard tool
in the theoretical explanations of quantum field theory.
There is another possible interpretation of the relations (4.309) and
(4.310). Namely, one can say that during the expansion of the Mul-
tiverse the beginning value of the cosmic scale factor parameter is ad
hoc established to a certain value a0, while during a collapse of the Mul-
tiverse the beginning value is undetermined. In such a situation the
identification a2 = a20 means exactly that Multiverse is non expanding
and is not collapsing, i.e. is non dynamical .
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F Summary
TheMultiverse, which we understand as the collection of multiple quan-
tum universes, obtained via the quantization in the static Fock space of
creators and annihilators applied to the classical Einstein–Friedmann
Universe, has showed us the general way for the constructive scenario
of the physics of the observed Universe. By straightforward computa-
tions, involving mainly elementary mathematical analysis, we have re-
ceived the thermodynamics of the system of many quantum universes,
which in itself is the result possessing both the most natural and strong
value for phenomenology and empirical verification of the theoretical
results of the model. This elegant feature allows to conclude that the
proposed programme of construction of the model of the quantum uni-
verse has been realized via using of the simple solution of the Einstein
field equations.
We have presented few important findings of such a formulation.
These are particularly:
1. Formulation of quantum cosmology via the models of theoretical
physics having well-established value for phenomenology.
2. Rational and simple scheme of natural emergence of observed
Universe as the system of multiple quantum universes - the Mul-
tiverse in our understanding.
3. Ideological unification of quantum cosmology with the most fun-
damental natural sciences, like organic chemistry and evolution-
ary biology, in wider sense expressing neglecting of interference
of supernatural forces in creation and development of Universe
as misleading and groundless. Establishing of the Multiverse hy-
pothesis as the fundamental landscape for understanding of the
observed Universe.
4. Description of (very) early Universe as the static Multiverse of
the superfluid Fermi–Bose superstrings, which in general can be
open or closed.
5. A conceptual way to understanding a physical role of quantum
gravity, string theory, and supersymmetry for birth and early evo-
lution of the observed Universe.
6. Essential cosmological role of superfluidity and light for the Mul-
tiverse hypothesis.
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To see the sense of the proposed strategy, let us sketch briefly the
crucial elements of the constructed model of quantum cosmology
1. Description of a certain selected solution of the Einstein field
equations in frames of the Hamiltonian approach jointing the
Dirac approach and the Arnowitt–Deser–Misner Hamiltonian for-
mulation of General Relativity.
2. Application the received Hamiltonian constraint the methods of
the primary and the secondary quantization are applied, and the
one-dimensional Dirac equation is obtained.
3. Elementary formulation of the thermodynamics of quantum states
of the selected metric by application of the methods of statistical
mechanics based on the static Fock repère.
There is an obvious conjecture following from such a programme of
quantum cosmology. Namely, the proposed strategy of construction of
quantum cosmology can be generalized for another solutions of the Ein-
stein field equations, and in result the appropriate models of quantum
gravity can be straightforwardly obtained. In other words, the Multi-
verse hypothesis based on the one-dimensional Dirac equation can be
straightforwardly generalized onto all solutions of the Einstein field
equations which can be parametrized by application of the Arnowitt–
Deser–Misner decomposition. Such a strategy would be resulting in the
elegant transition between quantum cosmology and quantum gravity.
We shall present a certain idea for constructive realization of such a
general strategy in the next chapters of this book.
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Chapter 5
The Inflationary Multiverse
The quantum cosmology based on the one-dimensional Klein–Gordon
equation can be applied straightforwardly. Let us consider an appli-
cation of the one-dimensional quantum cosmology which leads to new
results. It must be emphasized that this chapter is rather far from the
main stream of this part. However, its content in itself is an essential
linkage between the Multiverse cosmology presented in this chapter
and one of the most intriguing ideas of the modern theoretical cosmol-
ogy, which is inflation. In this section we shall the particular situation
within the general idea of inflation. This situation is the inflation due
to the Higgs inflaton.
A The Inflationary Cosmology
One of the main subjects of inflationary cosmology is the theory of
inflationary cosmological perturbations of quantum-mechanical origin
(For numerous details see e.g. the Ref. [163]). The idea to go beyond
the isotropic and homogeneous space-time given by the Friedmann–
Lemaître–Robertson–Walker metric, for which the interval expressed
via the conformal time η has the form
ds2 = a2(η)
(−c2dη2 +δi jdxidx j) . (5.1)
The question of is how small quantum perturbations around this solu-
tion of the Einstein field equations behave during inflation, the phase
of accelerated expansion that took place in the early universe. It can
be seen that the corresponding physics is similar to the Schwinger ef-
fect[164]. In General Relativity, inflation can be obtained by domina-
tion of a fluid which pressure is negative. Since, at very high energies,
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quantum field theory is the natural candidate to describe matter, it is
natural and simple to postulate that a scalar field, called the inf laton
was responsible for the evolution of the universe in this regime. The
action of Matter fields which is considered in inflationary cosmology
has the form
S =
1
c
∫
M
d4x
√−g
(
EPℓP
2
gµν∂µ ϕ∂ν ϕ +
1
ℓ3P
V (ϕ)
)
, (5.2)
where ϕ is the inflaton field. It must be emphasized that the action
(5.2) of scalar field was complemented by the Planck units for dimen-
sional correctness of the action, such that the potential V has a di-
mension of energy. In the most general situation the interval of the
perturbed Friedmann–Lemaître–Robertson–Walker metric is [165]
ds2 = a2(η)
(−c2(1−2φ)dη2 +2B,idxidη + [(1−2ψ)δi j +2E,i j +hi j]dxidx j) ,
(5.3)
where the functions φ , B, ψ and E represent the scalar sector whereas
the tensor hi j, satisfying hii = h
; j
i j = 0 describes the gravitational waves.
There are no vector perturbations because a single scalar field cannot
seed rotational perturbations. At the linear level, the two types of per-
turbations decouple and, therefore, can be treated separately. In the
case of scalar perturbations of the geometry evoked above, by freedom
to choose the coordinate system the four functions are in fact redun-
dant, and the scalar fluctuations of the geometry can be characterized
by the gauge-invariant Bardeen potential [166]
ΦB = φ + 1
a
[a(B−E ′)]′, (5.4)
where prime means η-differentiation. The gauge-invariant perturba-
tion which characterizes the fluctuations in the inflaton scalar field is
δϕg(η,x) = δϕ +ϕ ′(B−E ′). (5.5)
Because of the perturbed Einstein field equations couple the Bardeen
potential and the gauge-invariant perturbation one has one degree of
freedom. Therefore the scalar sector formalism is reduced to study of
the Mukhanov–Sasaki variable
v(η,x) = a
√
SP
κc
[
δϕg +ϕ ′ΦB
H
]
, (5.6)
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where SP = 4piℓ2P is the area of the Planck sphere, and H =
a′
a
is the
Hubble parameter. Usually inflationary perturbations are formulated
in terms of the variable
µS(η,x) =−
√
κℏv(η,x) =−2a√γζ (η,x), (5.7)
where ζ (η,x) is the conserved quantity
ζ = H
−1Φ′B +ΦB
(ϕ ′)2
2a2
−V(ϕ)
+ΦB, (5.8)
and γ is the background function
γ = 1− H
′
H 2
. (5.9)
Here H =
a′
a
is the conformal Hubble parameter, which is connected
with the Hubble parameter H =
a˙
a
by the relation H = aH. The au-
tomatically gauge-invariant tensor sector is described by the quantity
µT (η,x) defined according by
hi j =
µT
a
QT Ti j , (5.10)
where QT Ti j are the transverse and traceless eigentensors of the Laplace
operator on the space-like sections. Usually the perturbations are stud-
ied mode by mode via using the Fourier transforms µ˜S(η,k) and µ˜T (η,k)
µ˜S(η,k) =
∫
d3xµS(η,x)e−ikx, (5.11)
µ˜T (η,k) =
∫
d3xµT (η,x)e−ikx, (5.12)
obeying the following Euler–Lagrange equations of motion
d2µ˜S(η,k)
dη2 +ωS(k,η)µ˜S(η,k) = 0, (5.13)
d2µ˜T (η,k)
dη2 +ωT (k,η)µ˜T (η,k) = 0, (5.14)
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following from the second variation of the Einstein–Hilbert action. Here
ωS(k,η) and ωT (k,η) are the frequencies
ω2S (k,η) = k2c2−
(a
√γ)′′
a
√γ , (5.15)
ω2T (k,η) = k2c2−
a′′
a
. (5.16)
The cosmological perturbations obey exactly the same type of equa-
tion as a scalar field Φ(t,x) interacting with a classical electric field in
the Schwinger effect, i.e. the equation of a parametric oscillator
¨Φ˜(t,k)+ω2(k, t)Φ˜(t,k) = 0, (5.17)
where the frequency has the form
ω2(k, t) = k2c2 + m
2c4
ℏ2
−2c
2
ℏ
eEkzt +
1
ℏ2
e2E2t2, (5.18)
where e is the elementary charge, and E is the electric field. The only
difference is the classical source which, in the case of cosmological per-
turbations, is the background gravitational field. Also the time depen-
dence of the frequencies is qualitatively different. The primary canoni-
cal quantization of the theory proceeds as in the usual Schwinger effect.
The consequence of the interaction between the quantum cosmologi-
cal perturbations and the classical background is creation of particles,
which in the context of inflation are gravitons. Classically, this corre-
sponds to the amplification growing mode of the fluctuations.
Let us consider the slow-roll parameters [167]
ε = 3
MPℓP
2
ϕ˙2
MPℓP
2
ϕ˙2 + 1
ℓ3P
V(ϕ)
=−
˙H
H2
, (5.19)
δ = − ϕ¨
Hϕ˙ = ε−
1
2H
ε˙
ε
, (5.20)
ξ = ε˙− ˙δ
H
, (5.21)
obeying the equations of motion
ε˙
H
= 2ε(ε−δ ), (5.22)
˙δ
H
= 2ε(ε−δ )−ξ . (5.23)
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It is convenient to express the slow-roll parameters via the horizon flow
functions ε1, ε2, and ε3
ε = ε1, (5.24)
δ = ε1− 12ε2, (5.25)
ξ = 1
2
ε2ε3. (5.26)
It is easy to see that
ε1
3 measures the ratio of of the kinetic energy to the
total energy, whereas ε2 represents a model where the kinetic energy
itself increases, when ε2 > 0, or decreases when ε2 < 0 with respect to
the total energy. Provided the slow-roll conditions are valid ε1,2 ≪ 1 one
can express the slow-roll parameters via inflaton potential
ε1 ≃ 14SP
(
V′
V
)2
, (5.27)
ε2 ≃ 1SP
[(
V′
V
)2
− V
′′
V
]
, (5.28)
where prime denotes ϕ-differentiation, and SP = 4piℓ2P is the area of
the Planck sphere. Derivation of the third horizon flow function ε3
is rather tedious. Straightforward application of the definitions (5.24),
(5.25), and (5.20) to the definition (5.21), and taking into account the
definition (5.26) leads to the result
ε3 = 2ε1
ε ′2
ε ′1
. (5.29)
while by using the definitions (5.35) and (5.36) one receives
ε ′2
ε ′1
=
1− 12
V′′′
V′
− V
′′
V
V′′
V
−
(
V′
V
)2

−1
. (5.30)
Therefore the final result can be presented in the compact form
ε3 ≃ 12SP
(
V′
V
)21− 12
V′′′
V′
− V
′′
V
V′′
V
−
(
V′
V
)2

−1
. (5.31)
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The frequencies of the gauge-invariant cosmological perturbations can
be written as
ω2S (k,η) = ω2P
[
ℓ2Pk2− (2+3δ )
t2P
η2
]
, (5.32)
ω2T (k,η) = ω2P
[
ℓ2Pk2− (2+3ε)
t2P
η2
]
. (5.33)
B The Power Law Inflaton
Let us consider first the inflaton potential in the form of the power law
V(ϕ) =− ℓ
p
P
EP
m2c4
2
ϕ p, (5.34)
where m is the mass of the power law inflaton ϕ.
In such a situation the horizon flow functions are easy to derive
ε1 ≃ 14SP
p2
ϕ2 , (5.35)
ε2 ≃ 1SP
p
ϕ2 , (5.36)
ε3 ≃ − 12SP
p3/(p+1)
ϕ2 , (5.37)
so that the slow roll parameters have the form
ε =
1
4SP
p2
ϕ2 , (5.38)
δ = 1
4SP
p(p−2)
ϕ2 , (5.39)
ξ = − 1
2S2P
p4/(p+1)
ϕ4 . (5.40)
In this manner one can establish straightforwardly the frequencies of
the scalar and the tensor cosmological perturbations
ω2S (k,η) = ω2P
[
ℓ2Pk2−
(
2+ 3
4SP
p(p−2)
ϕ2
)
t2P
η2
]
, (5.41)
ω2T (k,η) = ω2P
[
ℓ2Pk2−
(
2+
3
4SP
p2
ϕ2
)
t2P
η2
]
. (5.42)
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The problem is to establish the total frequency of the inflationary cos-
mological perturbations of the power law inflaton. Let us postulate
such an effective frequency by the Pythagorean theorem
ω2eff = ω
2
S (k,η)+ω2T (k,η), (5.43)
which we shall call the Pythagorean frequency, which has the following
explicit form
ωeff =
√
2ω2P
[
ℓ2Pk2−
(
2+
3
4SP
p(p−1)
ϕ2
)
t2P
η2
]
. (5.44)
One can consider the effective energy of the cosmological perturbations
of the power law inflaton. Let us propose ad hoc that such an energy
of the inflationary cosmological perturbations is simply given by the
Planck wave-particle duality relation
Eeff = ℏωeff, (5.45)
so that applying the Pythagorean frequency (5.43) one obtains
Eeff =
√
2E2P
[
ℓ2Pk2−
(
2+ 3
4SP
p(p−1)
ϕ2
)
t2P
η2
]
. (5.46)
This chapter will be focused on discussion of several consequences for
possible physical meaning of the Higgs inflaton following from the en-
ergy formula (5.46).
C The Higgs–Hubble Inflaton
Let us discuss first the nontrivial linkage of the power law inflaton with
the Multiverse model presented in the previous chapter of this part.
For this let us introduce the auxiliary field ϕ = ϕ(η), which expressed
in terms of the Planck units is
ϕ(η) = ϕ0a(η), (5.47)
where a(η) is the cosmic scale factor parameter, η is the conformal time
describing the classical general relativistic evolution of the Friedmann–
Lemaître–Robertson–Walker metric, and ϕ0 =
α
ℓP
is the initial datum of
the auxiliary field ϕ(η) (with a(η0) = 1, and dimensionless α).
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The Einstein–Hilbert action of General Relativity evaluated on the
Friedmann–Lemaître–Robertson–Walker metric gµν = diag[−1,a2(t)δi j],
which we established in the previous section as (4.44), can be presented
in the following form
S[ϕ] =
∫
dη
[
MPℓPV
3
2
α2ℓ3P
VP
ϕ ′2 + ϕ
4
ϕ40
εM(η)
]
, (5.48)
where V =
∫
d3x < ∞ is the spatial volume, η is the conformal time,
dη = dt
a(t)
, prime denotes η-differentiation, εM(η) =
∫
d3xHM(x,η) is the
energy of Matter fields. In this manner the most convenient choice of
the constant parameter α is
α =
2
3
√
pi , (5.49)
so that the auxiliary field is
ϕ(η) = ϕ0a(η) , ϕ0 =
2
√
pi
3ℓP
≈ 7.3109596 ·1034 1
m
, (5.50)
and the Einstein–Hilbert action becomes
S[ϕ] =
∫
dη
[
MPℓP
2
Vϕ ′2 + ϕ
4
ϕ40
εM(η)
]
. (5.51)
Application of the conjugate momentum
Pϕ =
1
ℓ2P
δS[ϕ]
δϕ ′ =
MPV
ℓP
ϕ ′, (5.52)
allows to present the action (5.51) in the Hamilton form by application
of the Legendre transformation
S[ϕ] =
∫
dη
{
ℓ2PPϕϕ ′−H(η)
}
, (5.53)
where H(η) is the Hamiltonian
H(η) = ℓ
3
P
V
P2ϕ
2MP
− ϕ
4
ϕ40
εM(η)≈ 0, (5.54)
which vanishes automatically due to the Dirac method of canonical
primary quantization. The Hamiltonian constraint can be straightfor-
wardly resolved in the form
Pϕ =±
√
V
ℓ3P
ϕ2
ϕ20
√
2MPεM(η), (5.55)
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which generates the solution in the form of the Hubble law
ϕ(η)
ϕ0
=
1
1+ z(η0,η)
, (5.56)
where z is the cosmological redshift
z(η0,η) =± 1ϕ0
∫ η
η0
√
2εM(η ′)
MPℓPV
dη ′. (5.57)
Application of the Dirac method of canonical primary quantization
[ ˆPϕ ,ϕ] =−i ℏ
ℓ2P
, (5.58)
leads to the momentum operator
ˆPϕ =−i ℏ
ℓ2P
d
dϕ , (5.59)
which applied to the Hamiltonian constraint, leads to the Wheeler–
DeWitt equation – the Klein–Gordon equation governing the Multi-
verse (
d2
dϕ2 +Ω
2
ϕ
)
Ψ(ϕ) = 0, (5.60)
where Ωϕ is the frequency
Ωϕ = ℓP
√
2V
ℓ3P
ϕ2
ϕ20
√
εM(η)
EP
. (5.61)
The frequency (5.61) can be presented in the equivalent form
Ωϕ = ℓP
√
2V
ℓ3P
(
3EPV(ϕ)√
pim2c4
)2/p√εM(η)
EP
, (5.62)
which for the only p = 2, i.e. for the case of the Higgs inflaton, becomes
proportional to the inflaton potential V(ϕ) = VH(ϕ) = −ℓ2P
m2c4
2
ϕ2. In
such a situation the meaning of the frequency (5.62) becomes much
more unambiguous. In other words such a Multiverse emerges due
to the Higgs–Hubble inf laton, and by this reason we shall call it the
Higgs–Hubble Multiverse. In general the auxiliary field (5.47) satisfies
the Hubble law (5.56), and therefore we shall call it the Hubble aux-
iliary f ield, what after identification with the power law inflaton be-
comes the Hubble inf laton.
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D The Chaotic Slow–Roll Inflation
Let us discuss in certain detail the Higgs–Hubble inflaton (5.47) in the
context of chaotic inflation (See e.g. the Ref. [168]). We shall work here
in frames of the standard scalar perturbation theory of the inflationary
cosmology in which a scalar field ϕ in a curved space given by the per-
turbed metric of the Friedmann–Lemaître–Robertson–Walker space-
time.
The action of a scalar field σ in an arbitrary curved space is
S = 1
c
∫
d4x
√−g
(
EPℓP
2
gµν∂µ σ∂νσ +
1
ℓ3P
V(σ)
)
, (5.63)
and therefore ϕ satisfies the Klein–Gordon equation
1√−g∂µ
(√−ggµν∂ν σ)− 2
ℓ4PEP
dV(σ)
dσ = 0. (5.64)
If one performs the following perturbation
σ(x,η) = ϕ(η)+δϕ(x,η), (5.65)
then the Klein–Gordon equation for the unperturbated homogeneous
scalar field ϕ = ϕ(η) takes the following form
ϕ ′′+2H ϕ ′+ 2a
2
MPℓ4P
dV(ϕ)
dϕ = 0, (5.66)
where a = a(η) is the cosmic scale factor parameter, H = a
′(η)
a(η) is the
conformal Hubble parameter, and ϕ0 =
2
√
pi
3ℓP
is the initial datum of the
Higgs–Hubble inflaton. The perturbation scalar field δϕ(x,η) also pos-
sesses nontrivial dynamics which, however, we shall not discuss here.
Our proposal is to interpret the Higgs–Hubble inflaton (5.47) as the
homogeneous unperturbated scalar field ϕ. In other words
ϕ = ϕ0
1+ z
= ϕ0a. (5.67)
In such a situation one has
ϕ ′ = − z
′
ϕ0
ϕ2, (5.68)
ϕ ′′ = 2
(
z′
ϕ0
)2
ϕ3, (5.69)
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a =
ϕ
ϕ0
, (5.70)
H =
ϕ ′
ϕ , (5.71)
V(ϕ) = −ℓ2P
m2c4
2EP
ϕ2. (5.72)
Therefore the Klein–Gordon equation (5.66) becomes
ϕ ′′+2ϕ
′2
ϕ −
2
ϕ20
(
mc2
ℏ
)2
ϕ3 = 0, (5.73)
which after taking into account explicit form of the derivatives ϕ ′ and
ϕ ′′, and ϕ 6= 0, becomes the differential equation for the cosmological
redshift
z′2− 1
2
(
mc2
ℏ
)2
= 0. (5.74)
The equation (5.74) can be solved straightforwardly
z(η,η0) =± 1√2
mc2
ℏ
(η−η0). (5.75)
In this manner in general case the Higgs–Hubble inflaton has the form
ϕ = ϕ0
1± 1√
2
mc2
ℏ
(η−η0)
. (5.76)
Because of in the light of the definition (5.57) one has
z′ =± 1ϕ0
√
2εM(η)
2MPℓPV
, (5.77)
what compared to the result of the equation (5.74)
z′ =± 1√
2
mc2
ℏ
, (5.78)
allows to establish the energy of Matter fields
εM(η) =
4
27
pi2
V
VP
m2c2
MP
, (5.79)
162
ŁUKASZ ANDRZEJ GLINKA: ÆTHEREAL MULTIVERSE
where VP =
4
3piℓ
3
P is the volume of the Planck sphere. Therefore the
frequency (5.61) can be rewritten in the form
Ωφ =
√
9
8pi
V
m
MP
ϕ2. (5.80)
If one takes into account ad hoc the relation
Ωφ = ℓP
ℓ2P
E2P
m2c4
2
ϕ2, (5.81)
then one obtains the mass of the Higgs–Hubble inflaton
m =
√
2pi
V
VP
MP. (5.82)
Because of εM(η) is the energy of Matter fields one can write ad hoc
εM(η) = ℏωM(η), (5.83)
where ωM is the frequency field of the Matter fields, which in the light
of the formula (5.79) is
ωM =
4
27
pi2
V
VP
(
mc2
ℏ
)2 1
ωP
, (5.84)
where ωP =
MPc2
ℏ
is the Planck frequency. One can suggest ad hoc that
ωM = ωP, and then the mass of the Higgs–Hubble inflaton is
m =
3
2pi
√
3VP
V
MP. (5.85)
In such a situation comparison of the formulas (5.82) and (5.85) leads
to the following conclusion
V =
3
2pi
VP = 2ℓ3P ≈ 8.4483 ·10−105m3. (5.86)
In such a situation the Einstein–Hilbert action of the Einstein–Friedmann
Multiverse takes the form of the action of the one-dimensional ϕ4-
theory evolving in the conformal time
S[ϕ] = 3
2pi
∫
dη
(
MPℓPVP
2
ϕ ′2 + 3
4
ℓ4P
m2c2
MP
ϕ4
)
. (5.87)
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If one takes into account the usual action of a ϕ4-theory expressed in
terms of the conformal time and complemented by the Planck units
S[ϕ] =C
∫
dη
(
MPℓPVP
2
ϕ ′2− ℓ4P
g
4!ϕ
4
)
, (5.88)
where g is the coupling parameter and C is a constant which has not
influence to the Euler–Lagrange equations of motion
MPVPϕ ′′+ ℓ3P
g
3!ϕ
3 = 0, (5.89)
then one obtains the coupling parameter in the form
g =−3 ·3!m
2c2
MP
. (5.90)
In such a situation one can establish the beta function
β (g) = dgd lnm (5.91)
which for the Higgs–Hubble inflaton is
β (g) = m dgdm = 2g. (5.92)
Interestingly, this value of the beta function coincides with the asymp-
totics g → ∞ of β (g) calculated from the duality relation for the two-
dimensional Ising model [169], where the dimension D following from
the asymptotic relation β (g) = Dg is D = 2.
However, the situation is rather strange, because one one has to
deal with the dimension 1. There is, however, different definition of the
beta function (See e.g. the Ref. [170])
β (g) = dgd lnm2 , (5.93)
which for the Higgs–Hubble inflaton is
β (g) = m2 dgdm2 = g. (5.94)
This value of β (g) coincides with the asymptotics g → ∞ of β (g) in
quantum electrodynamics. If one takes into account the asymptotics
β (g) = Dg, then D = 1 coincides with the situation of the Higgs–Hubble
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inflaton. In this manner the Einstein–Friedmann Universe as well as
the Higgs–Hubble inflaton obtained nontrivial physical meaning.
In our situation, however, the potential can be straightforwardly
deduced from the Einstein–Hilbert action (5.87) as
V (ϕ,g, ℓP) = ℓ4P
g(ℓP)
4! ϕ
4, (5.95)
where the coupling parameter is
g(ℓP) = 3 ·3!m
2c3
ℏ
ℓP. (5.96)
Taking into account the scaling
ϕ → ϕλ =
ϕ
λ , (5.97)
for λ = ℓP one receives the property
V (ϕ,g(λ ),λ ) = ˆV (ϕλ ,g(λ )) , (5.98)
where the scaled potential is
ˆV (ϕλ ,g(λ )) =
g(λ )
4! ϕ
4. (5.99)
In general situation one can compute the Callan–Symanzik beta func-
tion by application of the Callan–Symanzik function ψ(g)
d lng
d lnλ = ψ(g) =
β (g)
g
. (5.100)
It is easy to see that in our case lng = lnλ + lnC, where C is certain
constant, and by this reason
ψ(g) = 1. (5.101)
In this manner one can establish the Callan–Symanzik beta function
of the Higgs–Hubble inflaton as
β (g) = g. (5.102)
It is manifestly seen that this beta function coincides with the beta
function (5.94) obtained from the asymptotics g → ∞ of quantum elec-
trodynamics, i.e. corresponds with the dimension 1. The problem is
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to construct the appropriate renormalization group equation. Its con-
struction can be performed by deformation of the usual renormaliza-
tion group equation(
λ ∂∂λ −β (g)
∂
∂g +µ
)
V (ϕ,g,λ ) = 0, (5.103)
where µ is some deformation parameter which can be established by
straightforward computation. Calculating the derivatives
∂
∂λ V (ϕ,g,λ ) =
4
λ V (ϕ,g,λ ), (5.104)
∂
∂gV (ϕ,g,λ ) =
1
g
V (ϕ,g,λ ), (5.105)
and taking into account the Callan–Symanzik beta function of the Higgs–
Hubble inflaton (5.102) established above, one obtains the following
value of the deformation parameter
µ = 3. (5.106)
Therefore, the renormalization group equation of the Higgs–Hubble
inflaton has the form(
λ ∂∂λ −β (g)
∂
∂g +3
)
V (ϕ,g,λ ) = 0. (5.107)
E The Phononic Hubble Inflaton
Let us see in some detail what happens in the Hubble Multiverse and
Higgs–Hubble Multiverse, i.e. the Multiverse generated by the Hub-
ble inflaton and the Higgs–Hubble inflaton, respectively. Applying the
explicit form of the inflaton (5.47) to the inflaton energy (5.46) one can
straightforwardly express the inflaton energy in terms of the cosmic
scale factor parameter. The result is as follows
EH ≡ Eeff =
√
2E2P
[
ℓ2Pk2−
(
2+
27
64pi2
p(p−1)
a2
)
t2P
η2
]
. (5.108)
First let us analyse this formula from the point of view of Special Rel-
ativity, i.e. the Einstein energy-momentum relation
E =
√
p2c2 +m2c4, (5.109)
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and the wave-particle duality, i.e. the Planck–Einstein relations
E = ℏω, (5.110)
p = ℏk. (5.111)
It can be seen by direct computation from such a point of view the
equation (5.108) describes the particle-universe possessing the follow-
ing values of momentum and mass
p =
√
2ℏk, (5.112)
m2 = −2M2P
(
2+
27
64pi2
p(p−1)
a2
)
t2P
η2 (5.113)
Because of the squared mass is manifestly negative, one has to deal
with tachyon equipped with the mass
mt = im. (5.114)
Equivalently, the equation (5.113) can be understood as the expression
for the cosmic scale factor parameter via the mass of a particle, i.e.
a2(η) = 27
128pi2
p(p−1)(
mtc
2
2ℏ
η
)2
−1
. (5.115)
In such a context the Hubble inflaton becomes bosonic equipped with
negative squared mass. Applying the simple identification EH = ℏωH
ωH =
√
2ω2P
[
ℓ2Pk2−
(
2+ 2764pi2
p(p−1)
a2
)
t2P
η2
]
, (5.116)
one can derive straightforwardly the group velocity vg =
dωH
dk of the
particle-universe
vg =
c√
1+
(
mc
p
)2 = c√
1− 1
(kℓPa)2
(
2a2 +
27
64pi2 p(p−1)
)
t2P
η2
, (5.117)
and similarly the phase velocity vph =
ωH
k can be obtained
vph = c
√
1+
(
mc
p
)2
= c
√
1− 1
(kℓPa)2
(
2a2 +
27
64pi2 p(p−1)
)
t2P
η2 . (5.118)
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On the other hand, however, the inflaton energy (5.108) can be ana-
lyzed by the point of view of phonons, i.e. quanta of sound in solids. In
this context application of the dispersion relation for phonons
ωk =
√
2ω2(k)(1− cos(kℓPa)), (5.119)
leads to the identification
ω = ωPkℓP, (5.120)
and the cosmic scale factor parameter a becomes the lattice spacing.
Then the Hubble inflaton becomes phononic, and straightforward com-
parison of the relations (5.108) and (5.119) leads to the following non-
algebraic equation
(kℓPa)2 cos(kℓPa) =
(
2a2 + 2764pi2 p(p−1)
)
t2P
η2 , (5.121)
where for known value of η the unknown is the lattice spacing a. So-
lutions of the equation (5.121) can be found by the only numerical way.
Let us apply the principles of quantum solid state physics (For basics,
advances, and applications see e.g. the Ref. [171]).
According to the quantization rule for phonons, which we shall call
the phononic quantization, the wave vector and the lattice spacing are
nontrivially jointed by the relation
kℓPa =
n
N
pi , (5.122)
where N is a number of identical atoms, n = 0,±1, . . . ,±N, i.e. the prod-
uct kℓPa takes integer values in the range
[
−pi
N
,
pi
N
]
. These integers,
however, can not be chosen arbitrary, because of they must solve the
non algebraic equation (5.121). Possibly there is no any integer so-
lution of this equation. In such a situation one must reinterpret the
equation (5.121) as the equation for the conformal time η while the
product kℓPa is determined via the phononic quantization (5.122).
Similarly as in the case of the particle-universe, one can derive
straightforwardly the group velocity vg =
dωk
dk and the phase velocity
vph =
ωk
k of the phonon-universe
vg = vph
(
2+ kℓPa
√
1+ cos(kℓPa)
)
, (5.123)
vph = c
√
1− cos(kℓPa), (5.124)
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where
cos(kℓPa) =
1
k2ℓ2P
(
2+ 2764pi2
p(p−1)
a2
)
t2P
η2 . (5.125)
Applying the constraint (5.121) within the formulas (5.123) and (5.124)
one receives
vph = c
√
1− 1
(kℓPa)2
(
2a2 +
27
64pi2 p(p−1)
)
t2P
η2 , (5.126)
vg = vph
2+
√
(kℓPa)2 +
(
2a2 +
27
64pi2 p(p−1)
)
t2P
η2
 . (5.127)
Using the phononic quantization (5.122) result in the quantization of
the velocities
vph = c
√
1−
(
N
pin
)2(
2a2 +
27
64pi2 p(p−1)
)
t2P
η2 , (5.128)
vg = vph
2+√(pi n
N
)2
+
(
2a2 +
27
64pi2 p(p−1)
)
t2P
η2
 . (5.129)
The phase velocity, however, is real if and only if
kℓPa >
√
2a2 +
27
64pi2 p(p−1)
tP
η , (5.130)
and therefore the quantization is not arbitrary, but restricted by the
inequality
n >
N
pi
√
2a2 + 2764pi2 p(p−1)
tP
η . (5.131)
It can be seen straightforwardly that also the following restriction holds
n >
N√
2pi
vg−2vph
vph
. (5.132)
In the limit situation kℓPa =
√
2a2 + 2764pi2 p(p−1)
tP
η both the group ve-
locity and the phase velocity vanish identically, and by the constraint
(5.121) such a situation corresponds to the equation
cos
[√
2a2 + 2764pi2 p(p−1)
tP
η
]
= 1, (5.133)
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or in other words with the following quantization of the cosmic scale
factor parameter
an =
√
1
2
(2pinωPη)2− 27128pi2 p(p−1), (5.134)
where n ∈ Z. Interestingly, an ≡ 0, i.e. the Multiverse evolution starts,
if and only if the conformal time is quantized as follows
ηn =
3tP
8pi2
√
3p(p−1)
2n
. (5.135)
This situation means that such a Multiverse is cyclic, i.e. its evolution
begins few times.
It can be seen straightforwardly, however, that the phase velocities
of the particle and the phonon are identical, while the group veloci-
ties are blatantly different. For full the bosonic-phononic duality of the
Hubble inflaton, the most natural way is to put ad hoc the equality be-
tween the group velocities of the bosonic universe and the phononic
universe. We shall call bonons the Hubble inflatons satisfying the
bononic duality. This type of duality is obviously nontrivial, because
of in fact establishes the duality between sound (phonons) and matter
(bosons). In this manner bonons are the Hubble inflatons following
from the matter-sound duality.
It is easy to see that such a duality condition can be presented as
the non-algebraic equation
(kℓPa)2 cos3(kℓPa)− (kℓPa)2 cos2(kℓPa)− (kℓPa)2 cos(kℓPa)−
2cos(kℓPa)+(kℓPa)2 +1 = 0, (5.136)
which with using of the constraint (5.121) can be presented as the al-
gebraic equation of degree 3
x3 +(1− f )x2− f ( f +2)x+ f 3 = 0, (5.137)
where we have introduced the notation
x = (kℓPa)2 > 0, (5.138)
f =
(
2a2 +
27
64pi2 p(p−1)
)
t2P
η2 . (5.139)
If one wishes to use the phononic quantization (5.122) then the equa-
tion (5.137) can be used to determination of the quantization of the
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cosmic scale factor parameter. This quantization can be obtained as
the solution of the equation
f 3n − xn f 2n − xn(xn +2) fn + x2n + x3n = 0, (5.140)
where
xn =
(
pi
n
N
)2
> 0, (5.141)
fn =
(
2a2n +
27
64pi2 p(p−1)
)
t2P
η2 . (5.142)
The equation (5.140) does not possess real roots. It means the bononic
duality has non physical nature..
Let us consider, however, seriously the phononic Hubble inflaton.
Interestingly, after application of the phonon quantization, the inflaton
energy (5.108) in general is nontrivially quantized
E(n)H =
√
2
(
pi
n
N
)2 [
1− cos
(
pi
n
N
)]EP
a
, (5.143)
where EP is the Planck energy. Interestingly, in the most general situa-
tion this inflaton energy is even function with respect to n, and behaves
as EH ∼ 1
a
. Therefore the total energy of the Hubble Multiverse
ETOTH (a) =
∫ a
aI
da′E(n)H (a
′) =
√
2
(
pi
n
N
)2 [
1− cos
(
pi
n
N
)]
EP ln
a
aI
, (5.144)
has divergent behavior in the limit a→ ∞
lim
a→∞ E
TOT
H (a) = ∞. (5.145)
Another interesting quantity is the inflaton energy summarized with
respect to the number excitations n. The general formula can be de-
duced as follows
〈EH〉N = 2
N
∑
n=0
E(n)H , (5.146)
where the multiplier 2 follows from inclusion of the states with nega-
tive n. In this manner one can establish the mean inflaton energy in
the Multiverse. The result van be presented in the form
〈EH〉N (a) = ΛN
EP
a
, (5.147)
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where ΛN is given by the formula
ΛN = 2
N
∑
n=0
√
2
(
pi
n
N
)2 [
1− cos
(
pi
n
N
)]
. (5.148)
For consistency one can also consider the mean inflaton energy aver-
aged over values of the cosmic scale factor parameter a
〈EH〉N =
1
a−aI
∫ a
aI
da′ 〈EH〉N (a′) = EPΛN
ln a
aI
a−aI , (5.149)
which gives the physical interpretation of the constant ΛN
ΛN = lim
a→aI
〈EH〉N
EP
. (5.150)
Interestingly, when the Multiverse becomes infinite, i.e. a → ∞, then
the mean inflaton energy of the Hubble inflaton averaged over a (5.149)
tends to zero.
F The Inflaton Constant
The question is, however, the convergence of quantity ΛN for the huge
N limit, Λ∞, i.e. when the Multiverse is full of the inflatons, for which
〈EH〉∞ = Λ∞
EP
a
, (5.151)
where formally
Λ∞ = lim
N→∞
ΛN. (5.152)
In the other words, the problem is the value of Λ∞ and whether Λ∞ is an
universal constant. One can identify the identical atoms with spatial
dimensions N ≡ D, and treat the Multiverse model presented above as
the multidimensional Universe. Another interpretation is that N is
a number of ”atoms of space”, and then the limit N → ∞ defines the
classical space, i.e. the space which is a solid-medium of the atoms -
the phononic Hubble inf latons. The most stable mean inflaton energy
is obtained for infinite number of the identical atoms N = ∞, i.e. when
the solid-medium is the Æther model . Let us call ΛN the inf laton
N-atomic constant, and Λ∞ the inf laton constant.
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The inflaton constant is useful. One can consider the frequency ωI
ωI = Λ∞ωP, (5.153)
where ωP = EP/ℏ is the Planck frequency, which can be interpreted as
the Zero-Point Frequency field. This leads to the characteristic time of
the inflation
tI =
2pi
ωI
=
2pi
Λ∞
tP, (5.154)
where tP is the Planck time. If one defines the cosmological potential
energy VC(xC) = 〈EH〉∞, where xC = ℓPa is the cosmological coordinate
then one can determine the force
FH =−dVC(xC)dxC =−
Λ∞ℏc
x2C
=−Λ∞
4pi
8
κ
(
pCc
EP
)2
=−GΛ∞M
2
P
x2C
, (5.155)
where pC = h/xC is De Broglie cosmological momentum and κ = 8piℓP/EP =
8piG/c4 is the Einstein constant. This force defines the Newton law of
universal gravitation for Λ∞M2P = m1m2, where m1,2 are masses of two
interacting bodies.
Let us try to determine the value of the inflaton constant
ΛN = 2
N
∑
n=0
√
2
(
pi
n
N
)2 [
1− cos
(
pi
n
N
)]
. (5.156)
One can change this sum by introduction of the index k = n
N
= {0,1}.
Then
ΛN = 2
1
∑
k=0
√
2(pik)2 [1− cos(pik)], (5.157)
what is easy to establish straightforwardly
ΛN = 4pi , (5.158)
and is independent on N. In this manner the N-atomic inflaton con-
stant is the same as the inflaton constant. This result allows to write
out the energy
〈EH〉N = 〈EH〉∞ = 4pi
EP
a
. (5.159)
By this reason one can evaluate the Zero-Point Frequency field (5.153),
the characteristic time of the inflation (5.154) and the Newton law
ωI = 4piωP ≈ 2.3308857 ·1044Hz, (5.160)
tI = tP/2≈ 2.9656213 ·10−44s, (5.161)
FH = −32pi
2
κ
(
pCc
EP
)2
=−4piGM
2
P
x2C
. (5.162)
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Chapter 6
Review of Quantum General
Relativity
In this chapter we shall present certain standard strategy having a
basic status for quantum General Relativity. Namely, these are the
3+1 Arnowitt–Deser–Misner Hamiltonian formulation of General Rel-
ativity and the Dirac method of canonical primary quantization which
leads to the Wheeler–DeWitt equation and the concept of the Wheeler
superspace.
A 3+1 Splitting of General Relativity
Let us consider a four-dimensional pseudo-Riemannian manifold (M,g)
(For differential geometric details see e.g. Refs. [144, 145, 238, 239])
equipped with the 4-volume form g = detgµν related to a metric ten-
sor gµν of signature (1,3), the Christoffel symbols Γρµν , the Riemann–
Christoffel curvature tensor Rλµαν , the Ricci curvature tensor Rµν , and
the Ricci scalar curvature (4)R
Γρµν =
1
2
gρσ
(
gµσ ,ν +gσν,µ −gµν,σ
)
, (6.1)
Rλµαν = Γλµν,α −Γλµα,ν +ΓλσαΓσµν −ΓλσνΓσµα , (6.2)
Rµν = Rλµλν = Γ
λ
µν,λ −Γλµλ ,ν +Γλσλ Γσµν −Γλσν Γσµλ , (6.3)
(4)R = gµν Rµν , (6.4)
where a holonomic basis [29] was chosen. In General Relativity (For
much more detailed books in its basics and applications see e.g. the
Refs. [29, 154, 155]) the manifold M is identified with space-time, and
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presence of Matter fields reflected by nonzero stress-energy tensor1 Tµν
is then studied. In such a situation the Einstein tensor
Gµν = Rµν − 12gµν
(4)R, (6.5)
allows to construct the Einstein field equations
Gµν +Λgµν = κℓ2PTµν , (6.6)
where κ =
8piG
c4
≈ 2.076 · 10−43 N−1 is the Einstein constant, and Λ is
the cosmological constant. The constant κℓ2P =
6VP
EP
=
6
ρPc2
up to the
constant multiplier is reciprocal of the Planck energy EP density ρP =
EP
VP
in the volume VP =
4
3
piℓ3P of the Planck sphere. This constant has
the value
κℓ2P ≈ 5.424746 ·10−129
m3
J
, (6.7)
so that its reciprocal has the value
1
κℓ2P
=
ρPc2
6 ≈ 1.843404 ·10
128 J
m3
. (6.8)
To construct the Hamilton formulation of General Relativity it is
necessary to foliate a space-time manifold M with a family of space-like
hypersurfaces, called also slices. It is possible when M is globally hy-
perbolic, i.e. pseudo-Riemannian, manifold what is the usual situation
in General Relativity. Let t(xµ) be a scalar field, an arbitrary single-
valued function of coordinates xµ , such that the foliation t = constans
corresponds with a family of nonintersecting space-like hypersurfaces
Σ(t). Let us denote by yi the coordinates on all hypersurfaces Σ(t). Let
us choose a concrete hypersurface Σ defined by a parametric equations
xµ = xµ(yi), where i = 1, . . . ,3 indexes coordinates intrinsic to Σ. Equiv-
alently, hypersurface Σ can be selected by any restriction in the form
f (xµ) = 0. Then ∂µ f (xµ) is a normal to Σ which if is not null allows to
define the unit normal vector field to Σ as nµnµ =−1. Then the normal
vector field is given by the formula
nµ =− ∂µ f√|∂µ f ∂ µ f | , nµ∂µ f > 0. (6.9)
1Some authors call Tµν the energy-momentum tensor.
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In other words Σ(t) are such that the unit normal to the hypersurfaces
can be chosen to be future-directed time-like vector field nµ ∼ ∂µ t satis-
fying the condition nµnµ =−1.
Let γ be a congruence of curves intersecting the space-like hyper-
surfaces Σ(t), which in general are not geodesics nor orthogonal to Σ(t).
Let t be a parameter on the congruence γ, and let us denote by tµ a
tangent vector to γ. Then there is satisfied the relation
tµ∂µ t = 1. (6.10)
An arbitrary fixed curve γF is a mapping between points on all hyper-
surfaces Σ(t)
γF : P ∈ Σ(t) 7→ P′ ∈ Σ(t ′) 7→ P′′ ∈ Σ(t ′′) 7→ . . .P(n) ∈ Σ(t(n)), (6.11)
where the index n is an integer, and fixing the coordinates on arbitrary
two hypersurfaces leads to constant coordinates yi for arbitrary value
of n. In this manner the coordinate system (t,yi) in M is established.
Assuming a transformation between this coordinate system and the
another system xµ : xµ = xµ(t,yi) one can determine the tangent vector
to the congruence γ
tµ = (∂txµ)yi = δ µt , in (t,yi) (6.12)
as well as the tangent vectors on hypersurfaces Σ(t)
e
µ
i = (∂yixµ)t = δ
µ
i , in (t,y
i). (6.13)
In any coordinates the relation is satisfied
Lte
µ
i = 0. (6.14)
Let us use the unit normal vector field to the hypersurfaces in the form
nµ = −N∂µ t, (6.15)
nµe
µ
i = 0, (6.16)
where N is called the lapse scalar, which is a function normalizing the
vector field nµ . In general tµ ∦ nµ , and therefore the tangent vector tµ
can be decomposed in the basis (nµ ,eµi )
tµ = Nnµ +Nieµi , (6.17)
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where Ni is a three-vector valued function called the shift vector. The
coordinate transformation xµ = xµ(t,yi) allows to write in (t,yi)
dxµ = tµdt + eµi dy
i = (Nnµ +Nieµi )dt + e
µ
i dy
i
= (Ndt)nµ +(dyi +Nidt)eµi , (6.18)
and hence one can establish the evaluation of the space-time interval
ds2 = gµν dxµdxν = dxµ dxµ
= [(Ndt)nµ +(dyi +Nidt)eµi ][(Ndt)nµ +(dy
j +N jdt)eµ j]
= (nµnµ)N2dt2+(dyi +Nidt)(dy j +N jdt)eµi eµ j
= −N2dt2+hi j(dyi +Nidt)(dy j +N jdt)
= −(N2−NiNi)dt2 +Nidxidt +N jdx jdt +hi jdxidx j, (6.19)
where hi j is an induced metric on Σ(t)
hi j = gµνeµi e
ν
j , (6.20)
which actually expresses the Pythagoras theorem between two points
lying on two distinguishable constant time hypersurfaces, and was in-
vestigated by R. Arnowitt, S. Deser and C.W. Misner [153]. By this rea-
son, a space-time metric tensor gµν of a Lorentzian manifold satisfying
the Einstein field equations (6.6) obtains the following decomposition
onto space and time
gµν =
[ −N2 +NiNi N j
Ni hi j
]
, (6.21)
where N j = hi jNi is the contravariant shift vector, and the spatial metric
satisfies the orthogonality condition
hikhk j = δ ji . (6.22)
Completeness relations for the metric are
gµν =−nµ nν +hi jeiµe jν . (6.23)
It can be verified straightforwardly that the transformation between
the four-volume form and the three-volume form is
√−g = N
√
h, (6.24)
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while the inverted metric has the form
gµν =
 − 1N2 N
j
N2
Ni
N2
hi j− N
iN j
N2
 . (6.25)
Completeness relations for the inverse metric are
gµν =−nµ nν +hi jeµi eνj . (6.26)
The second fundamental form of a slice is called the extrinsic curvature
tensor or induced curvature and has the form
Ki j = nµ;νe
µ
i e
ν
j =−∇(in j)−n(ia j), (6.27)
where a j is called the acceleration of the unit normal vector field
a j = nin j|i, (6.28)
and its trace, called the intrinsic curvature, has a form
K = Kii = hi jKi j = n
µ
;µ . (6.29)
The hypersurface is called convex when the congruence is diverging,
i.e. K > 0, and concave when the congruence is converging, i.e. K < 0.
The tangent vector satisfies the Gauss–Weingarten equation
eαi;β e
β
j = Γ
k
i je
α
k +Ki jn
µ , (6.30)
and the Gauss–Codazzi equations [240, 241, 242] can be derived by
straightforward computation
Rµνκλ e
µ
i e
ν
j e
κ
k e
λ
l = Ri jkl −KilK jk +KikK jl, (6.31)
Rµνκλ nµeνi e
κ
j e
λ
k = Ki j|k−Kik| j, (6.32)
which via using of the decomposition of the Ricci curvature tensor and
Ricci scalar curvature
Rµν = −Rκµλν nκnλ +hi jRκµλν eκi eλj , (6.33)
R = −2hklRκµλν nκnλ eµk eνl +hklhi jRκµλν eκi eλj eµk eνl , (6.34)
can be presented in terms of the Einstein tensor (6.5)
2Gµν nµnν = (3)R+Ki jKi j +K2, (6.35)
Gµνeµj n
ν = Kij|i−K, j. (6.36)
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Another identity, called the Ricci equation
LnKi j = nµ nνeκi e
λ
j Rµνκλ −
1
N
N|i j−KikKkj , (6.37)
can be also derived by straightforward computation, which we omit
here. By using of the completeness relations (6.26) and the fact
Rκµλνnκ nµnλ nν = 0, (6.38)
one can see that the first term in (6.34) reduces to −2Rµνnµnν . By using
of the relations
Rµν nµnν = 2
(
n
µ
;[νn
ν
)
;µ]
+2nµ;[µn
ν
;ν], (6.39)
n
µ
;νn
ν
;µ = K
i jKi j, (6.40)
to the reduced first term in (6.34), and the Gauss–Codazzi equations
(6.31) to the second term in (6.34)
hklhi jRκµλν eκi eλj e
µ
k e
ν
l = h
klhi j
(
Ri jkl −KilK jk +KikK jl
)
=
= (3)R+K2−Ki jKi j, (6.41)
one can obtains the three-dimensional evaluation of the four-dimensional
Ricci scalar curvature
(4)R = (3)R+K2−Ki jKi j−2
(
n
µ
;νn
ν −nµnν;ν
)
;µ . (6.42)
We have denoted by stroke on the left of an index the intrinsic covari-
ant differentiation with respect to a coordinate labeled by this index.
Two indices before the stroke means taking two times the intrinsic co-
variant derivative with respect to each of the indices. For instance
for a vector Vi and a tensor Ti j the intrinsic covariant differentiation is
defined as
Vi| j = ∇ jVi = ∂ jVi−ΓkjiVk, (6.43)
Ti j|k = ∇kTi j = ∂kTi j−Tl jΓlik−TilΓljk, (6.44)
where Γki j are the spatial Christoffel symbols
Γki j =
1
2
hkl
(
hil, j +hl j,i−hi j,l
)
. (6.45)
The induced metric hi j and the extrinsic curvature Ki j are the dy-
namical variables which describe the geometry of a submanifold ∂M
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by the 3 + 1 decomposed Einstein field equations. The pair (hi j,Ki j)
describes the local geometry of a single space-like (constant time) hy-
persurface ∂M, and then the evolution of the global four-dimensional
geometry can be formulated in terms of the one-parameter family of
the dynamical variables (hi j(t),Ki j(t)) describing evolution of the local
three-dimensional geometry of the space-like hypersurfaces ∂Mt . For
consistency one must also specify the relation between the time evolu-
tion operator ∂t and the vector field n normal to the ∂Mt
∂t = Nn+Ni∂i, (6.46)
where N and Ni are called the lapse function and the shift vector, re-
spectively. Albeit, in general stationarity of Matter fields, i.e. Tµν ≡ 0,
results in existence of a global time-like Killing vector field Kµ for a
metric tensor gµν .
One can choose a coordinate system in such a way that the Killing
vector field equals to
∂
∂ t and the foliation t = constans is space-like. In
such a situation a metric tensor depends at most on a spatial coordi-
nates xi, and therefore the time t can be treated as a global coordinate
[243]. Let us introduce such a coordinate system chosen by this gauge
condition in such a way that an induced three-dimensional boundary
space is a constant time t hypersurface. Then the space-time bound-
ary ∂M becomes an embedded space and satisfies the Nash embedding
theorem (For detailed discussion of the theorem, its consequences and
advanced development see e.g. the Refs. [244, 245, 246, 247]).
B Geometrodynamics: Classical andQuan-
tum
Let the enveloping space-time manifold M be compact and possesses a
space-like boundary (∂M,h) equipped with the 3-volume form h = dethi j
related to the induced metric hi j, and the second fundamental form Ki j.
Let has the topology of space-time will be Σ×R where Σ is an unre-
stricted topology of the three-dimensional space. Then the Einstein
field equations (6.6) can be generated as the Euler-Lagrange equations
of motion via using of the Hilbert–Palatini action principle [146, 147]
with respect to the fundamental field which for General Relativity is a
metric tensor gµν
δS[g]
δgµν
= 0, (6.47)
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which must be complemented by the boundary condition
δgµν |∂M = 0, (6.48)
and applied to the Einstein–Hilbert action complemented by the York–
Gibbons–Hawking boundary action [223, 248], i.e. the action of a four-
geometry with fixed an induced three-geometry of a boundary
S[g] = 1
2κcℓ2P
∫
M
d4x
√−g
(
−(4)R+2Λ
)
+Sφ [g]− 1
κcℓ2P
∫
∂M
d3x
√
hK, (6.49)
where Sφ [g] is the action of Matter fields
Sφ [g] =
1
c
∫
M
d4x
√−gLφ . (6.50)
Einstein field equations (6.6) can be obtained via straightforward com-
putation of the variation δS = δSEH +δSY GH +δSφ = 0 on ∂M, where
δSG =
1
2κcℓ2P
∫
M
d4x
√−g(Gµν +Λgµν)δgµν , (6.51)
δSY GH =
1
2κcℓ2P
∫
∂M
d3y
√
|h|hµνnρδgµν,ρ , (6.52)
δSφ = − 12c
∫
M
d4x
√−gTµνδgµν , (6.53)
where by SG = SEH + SY GH we have denoted the geometric part of the
total Lagrangian (6.49). Moreover, the variational principle allows to
establish the relation between the stress-energy tensor and the La-
grangian of Matter fields
Tµν =− 2√−g
δ
δgµν
(√−gLφ) . (6.54)
When the cosmological constant vanishes identically Λ = 0, then a
global time-like Killing vector field Kµ on a space-time manifold M ex-
ists. Recall (For more advanced and abstractive approach we suggest
e.g. the books in the Ref. [249]) that such a field follows from vanishing
of the Lie derivative with respect to this field of the metric tensor gµν
LKgµν = lim
ε→0
gµν(x˜)− g˜µν(x˜)
ε
= 0, (6.55)
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where g˜µν(x˜) is themetric tensor gµν(x) transformed under the infinitesimal
transformation - an isometric mapping
x˜µ = xµ + εK µ , (6.56)
which is equivalent to the Killing equation
∇(µKν)(x) = 0. (6.57)
In other words, the Killing vector fields are the infinitesimal generators
of isometries.
For positive value of the cosmological constant Λ > 0 the Killing vec-
tor field Kµ does not exist, and space-like boundary ∂M only foliates an
exterior to the horizons on geodesic lines. Therefore in such a situation
the ADM decomposition (6.21) is a gauge of the field of metric. In all
these situations, however, the total action (6.49) evaluated for the 3+1
decomposed metric tensor (6.21) takes the form of the Hamilton action
functional
S[g] =
∫
dtL, (6.58)
where L is the total Lagrangian expressed via the 3+ 1 splitting. The
most important contribution is the geometric part of the Einstein–
Hilbert Lagrangian which is
√
g
(
−(4)R+2Λ
)
= N
√
h
(
−Ki jKi j +K2− (3)R+2Λ
)
+ 2∂0
(√
hK
)
−2∂i
(√
h(KNi−hi jN| j)
)
, (6.59)
and because the last two terms are total derivatives they can be dropped
when performing a canonical formulation. The Lagrangian related to
the York–Gibbons–Hawking boundary action in itself is total deriva-
tive, and therefore this term does not play a role here. Analysis of both
the Lagrangian of Matter fields and the cosmological constant term
can be done easily, and in result one obtains the following Lagrangian
of the total theory (6.58)
L =
1
2κℓ2P
∫
∂M
d3xN
√
h
(
K2−Ki jKi j− (3)R+2Λ+2κℓ2Pρ
)
. (6.60)
The Einstein field equations can be decomposed in the 3+ 1 splitting.
In result one obtains the evolutionary equations for the induced metric
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hi j and the intrinsic curvature Ki j
∂thi j = Ni| j +N j|i−2NKi j, (6.61)
∂tKi j = −N|i j +N(Ri j +KKi j−2KikKkj )+NkKi j|k +KikNk| j +K jkNk|i−
− κℓ2PN
[
Si j− 12hi j(S−ρ)
]
, (6.62)
where the dot means differentiation with respect to the time coordi-
nate. It can be seen by straightforward computation that the deter-
minant of spatial metric h = dethi j and the extrinsic curvature K = Kii
satisfy the equations
∂t ln
√
h = −NK +Ni|i, (6.63)
∂tK = −hi jN|i j +N
(
Ki jKi j +
κℓ2P
2
(S+ρ)
)
+NiK|i. (6.64)
Here ρ, called the energy density, is double projection of the stress-
energy tensor onto the normal vector field
ρ = T (n,n) = Tµν nµnν , (6.65)
and nµ is the normal vector field following from the 3+1 splitting
nµ =
[
1
N
,−N
i
N
]
, (6.66)
nµ = [−N,0i]T , (6.67)
where 0i = [0,0,0]T is the null three-vector. The tensor Si j, called the
spatial stress, is double projection of the stress-energy tensor onto the
spatial metric, and S is its trace which we will call the spatial stress
density
Si j = T (h,h) = Tµν hµi h
ν
j , (6.68)
S = hi jSi j, (6.69)
where hµν = δ µν +nµnν . Straightforward calculation gives
S−ρ = T, (6.70)
where T = gµνTµν is the trace of the stress-energy tensor. In the light
of the Einstein field equations (6.6) one obtains
T =
G+4Λ
κℓ2P
, (6.71)
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where G is the trace of the Einstein tensor which can be computed
straightforwardly
G = gµν Gµν = gµν
(
Rµν − 12gµν
(4)R
)
= (4)R−2(4)R =−(4)R. (6.72)
In this manner one obtains the constraint between the spatial stress,
the energy density, the cosmological constant and the Ricci scalar cur-
vature of an enveloping space-time manifold
S−ρ = 4Λ
κℓ2P
−
(4)R
κℓ2P
. (6.73)
It can be seen by straightforward computation that the total La-
grangian (6.60) leads to the Euler–Lagrange equations of motion. The
first equation is
2cκh−1
(
hikh jl− 12hi jhkl
) δS
δhi j
δS
δhkl
− ℓ
2
P
2cκ
(
(3)R−2Λ−2κℓ2Pρ
)
= 0, (6.74)
while the second one has the form
c
ℓ2P
pi i j| j + J
i = 0, (6.75)
where pi i j is the momentum conjugated to the induced metric
pi i j =
1
ℓP
δS[g]
δhi j
=
1
ℓP
δL
δ
(
∂thi j
) =− ℓP
2cκ
√
h
(
Ki j−hi jK) , (6.76)
and Ji, called the momentum density, is the stress-energy tensor pro-
jected onto the normal vector field and the spatial metric
Ji = T (n,h) = Tµν nµhνi. (6.77)
The resulting dynamical equation (6.74) is the Hamilton–Jacobi equa-
tion (For details of classical mechanics see e.g. the Ref. [250]) to the
case of General Relativity. Originally, the equation (6.74) divided by√
h with Λ = 0 and ρ = 0 was derived by A. Peres [251], and by this
reason we shall call it the Peres equation. Interestingly, Wheeler [157]
called the Hamilton–Jacobi equation of General Relativity (6.74) the
Einstein–Hamilton–Jacobi equation. The Peres equation defines the
classical geometrodynamics.
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The total Lagrangian (6.60) can be analyzed by the Hamiltonian
approach. Let us determine the canonical momenta
piφ =
β
ℓP
δL
δ (∂tφ) , (6.78)
pi =
1
ℓP
δL
δ (∂tN)
= 0, (6.79)
pi i =
1
ℓP
δL
δ (∂tNi)
= 0, (6.80)
where β is a constant of dimension of a Matter field [φ ] constructed
from the Planck units, conjugated to Matter fields, lapse function, shift
vector, respectively. Then the Legendre transformation [250] allows to
rewrite the total Lagrangian in the form
L =
∫
∂M
d3x
[
1
2κℓP
(
piφ ∂tφ +pi∂tN +pi i∂tNi +pi i j∂thi j
)−NH−NiH i] , (6.81)
where the quantities H and H i are defined as
H =
√
h
2κℓ2P
(
K2−Ki jKi j− (3)R+2Λ+2κℓ2Pρ
)
, (6.82)
H i = −2 c
ℓ2P
pi i j| j−2Ji =−2
c
ℓ2P
∂ jpi i j− c
ℓ2P
hil
(
2h jl,k−h jk,l
)
pi jk−2Ji, (6.83)
where (3)R = hi jRi j is the Ricci scalar curvature of a three-dimensional
embedded space. Application of the time-preservation [152] to the pri-
mary constraints
pi ≈ 0, (6.84)
pi i ≈ 0, (6.85)
leads to the secondary constraints
H ≈ 0, (6.86)
H i ≈ 0, (6.87)
called the Hamiltonian (scalar) constraint which yields the dynamics,
and the diffeomorphism (vector) constraint which merely reflects the
spatial diffeoinvariance. B.S. DeWitt [158] showed that the quantities
H i are generators of the spatial diffeomorphisms x˜i = xi +ξ i
i
ℓP
ℏ
[
hi j,
∫
∂M
Haξ ad3x
]
= cℓP
(
−hi j,kξ k−hk jξ k,i−hikξ k, j
)
, (6.88)
i
ℓP
ℏ
[
pi i j,
∫
∂M
Haξ ad3x
]
= cℓP
[
−
(
pi i jξ k
)
,k
+pik jξ i,k +pi ikξ j,k
]
,(6.89)
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where we have denoted the intrinsic covariant components Hi = hi jH j.
Application of the structure constants of the diffeomorphism group,
which can be presented in the most convenient compact form
cai j = δ ai δ bj δ
(3)
,b (x,z)δ (3)(y,z)− (x→ y). (6.90)
Applying the relations (6.88) and (6.89) one can derive the first-class
constraints algebra
i
ℓP
ℏ
[
Hi(x),H j(y)
]
=
c
ℓ5P
∫
∂M
Hacai jd3z, (6.91)
i
ℓP
ℏ
[H(x),Hi(y)] =
c
ℓ5P
Hδ (3),i (x,y), (6.92)
while involving of the elementary relation
δ
(√
h(3)R
)
=
√
hhi jhkl
(
δhik, jl −δhi j,kl
)−√h[Ri j− (3)R
2
hi j
]
δhi j, (6.93)
allows to establish the third bracket
i
ℓP
ℏ
[∫
∂M
Hξ1d3x,
∫
∂M
Hξ2d3x
]
= cℓP
∫
∂M
Ha (ξ1,aξ2−ξ1ξ2,a)d3x. (6.94)
The constraints algebra (6.91)-(6.94) was derived first by B.S. DeWitt,
and by this reason we shall call it the DeWitt algebra.
The method of canonical primary quantization appropriate for con-
strained systems was investigated by Dirac [152] and developed for
needs of quantum geometrodynamics by L.D. Faddeev [252] (For gen-
eral analysis and discussion see also the Refs. [189, 242]). In the light
of the general method applied to the present situation the canonical
commutation relations are
i
ℓP
ℏ
[
pi i j(x),hkl(y)
]
=
1
2
(
δ ikδ
j
l +δ il δ
j
k
)
δ (3)(x,y), (6.95)
i
ℓP
ℏ
[
pi i(x),N j(y)
]
= δ ijδ (3)(x,y), (6.96)
i
ℓP
ℏ
[pi(x),N(y)] = δ (3)(x,y). (6.97)
The solutions or rather representations of the momenta operators sat-
isfying the commutators (6.95)-(6.97) is the question of choice. In quan-
tum geometrodynamics the Wheeler metric representation is usually
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taken into account. In such a representation the momenta operators
are analogous to the momentum operator in quantum mechanics
pi = −i ℏ
ℓP
δ
δN , (6.98)
pi i = −i ℏ
ℓP
δ
δNi
, (6.99)
pi i j = −i ℏ
ℓP
δ
δhi j
, (6.100)
and applied to the Hamiltonian constraint (6.82) yields the Wheeler–
DeWitt equation [158, 157]{
2cκ
ℏ2
ℓ2P
Gi jkl
δ 2
δhi jδhkl
+
ℓ2P
2cκ
√
h
(
(3)R−2Λ−2κρ
)}
Ψ[hi j,φ ] = 0, (6.101)
where Gi jkl is the DeWitt supermetric on the configurational space of
General Relativity called the Wheeler superspace S(∂M) (For more de-
tailed analysis and discussion see e.g. Refs. [157, 158, 253, 254, 255,
256])
Gi jkl =
1
2
√
h
(
hikh jl +hilh jk−hi jhkl
)
. (6.102)
Other first-class constraints satisfy the canonical commutation rela-
tions [
pi(x),pi i(y)
]
= 0, (6.103)[
pi(x),H i(y)
]
= 0, (6.104)[
pi i(x),H j(y)
]
= 0, (6.105)[
pi i(x),H(y)
]
= 0, (6.106)
and after the canonical primary quantization are the supplementary
conditions on a wave functional Ψ[hi j,φ ]. The primary constraints lead
to the equations
− i ℏ
ℓP
δΨ[hi j,φ ]
δN = 0, (6.107)
−i ℏ
ℓP
δΨ[hi j,φ ]
δNi
= 0. (6.108)
The diffeomorphism constraint also leads to such a condition
i
EP
ℓ2P
(δΨ[hi j,φ ]
δhi j
)
| j
= JiΨ[hi j,φ ], (6.109)
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which can be rewritten in explicit form[
i
EP
ℓ2P
∂
∂x j
δ
δhi j
+ i
EP
ℓ2P
hil
(
h jl,k− 12h jk,l
) δ
δh jk
− Ji
]
Ψ[hi j,φ ] = 0. (6.110)
The diffeomorphism constraint can be simply reduced
−2 c
ℓ2P
∂ jpi i j− c
ℓ2P
hil
(
2h jl,k−h jk,l
)
pi jk−2Ji =
−2 c
ℓ2P
∂ jpi i j− c
ℓ2P
hil
(
2h jl,k−h jk,l
)
h ji h
k
jpi
i j−2Ji =
−2 c
ℓ2P
[
∂ j +hilh ji hkj
(
h jl,k− 12h jk,l
)]
pi i j−2Ji =
−2 c
ℓ2P
[
∂ j +hlk
(
h jl,k− 12h jk,l
)]
pi i j−2Ji. (6.111)
Application of the relations
hlkh jl,k =
(
hlkh jl
)
,k
−hlk,kh jl = ∂kδ kj −hlk,kh jl =−hlk,kh jl (6.112)
hlkh jk,l =
(
hlkh jk
)
,l
−hlk,l h jk = ∂lδ lj −hlk,l h jk =−hlk,l h jk, (6.113)
and manipulations in the indices
−hlk,l h jk =−hkl,l h jk =−hlk,kh jl, (6.114)
allows to rewrite the diffeomorphism constraint in the form
H i =−2 c
ℓ2P
(
∂ j− 12h jlh
lk
,k
)
pi i j−2 ℓ
2
P
cκ
Ji ≈ 0, (6.115)
which via using of h jlhlk,k = ∂kδ kj −h jl,khkl =−h jl,khkl becomes
H i =−2 c
ℓ2P
(
∂ j +
1
2
h jl,khkl
)
pi i j−2Ji ≈ 0. (6.116)
By this reason the canonical primary quantization of the diffeomor-
phism constraint leads to the following equation[
i
EP
ℓ3P
(
∂ j +
1
2
h jl,khkl
) δ
δhi j
− Ji
]
Ψ[hi j,φ ] = 0. (6.117)
The DeWitt supermetric (6.102) and the analogous metric following
from the Peres equation (6.74) by multiplication of both the sides by
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2
√
h are not the same despite the same procedure is applied. Factually,
the relation between both the metrics follows from the change
hikh jl ←→
hikh jl +hilh jk
2
= hi(kh jl), (6.118)
what means that DeWitt applied symmetrization hi(kh jl) instead of hikh jl,
and by this reason included to the quantum geometrodynamics one
more stratum than Peres in derivation of the classical geometrodynam-
ics. The equation (6.118) is in itself non trivial, because it generates
hikh jl = hilh jk, (6.119)
what after multiplication of both sides by hikh jl leads to
D2 = hkl hlk = hkk = D, (6.120)
what is true if and only if the dimensionality of embedded space is D= 1
or D = 0. Naturally, it is not true in general. However, in the case when
one uses the DeWitt method then one obtains the Peres equation with
the DeWitt supermetric, i.e.
2cκGi jkl
δS
δhi j
δS
δhkl
+
ℓ2P
2cκ
√
h
(
(3)R−2Λ−2κρ
)
= 0, (6.121)
and canonical primary quantization of such a classical geometrody-
namics leads to the Wheeler–DeWitt equation. The classical geometro-
dynamics is argued by the fact that the only such a procedure estab-
lishes straightforward equivalence between quantization of the Hamil-
tonian constraint and quantization of the Euler–Lagrange equations
of motion for geometrodynamics of an embedded space of arbitrary di-
mensionality D, including the situation D = 3 which we are studying
in this book. Factually, Wheeler [157] did not argued using of the
symmetrization hi(kh jl) and in this way he rather studied the quan-
tum Peres equation than the Wheeler–DeWitt equation. DeWitt [158]
established the supermetric (6.102) and derived the Wheeler–DeWitt
equation. The difference is crucial because in modern quantum ge-
ometrodynamics the Wheeler superspace is defined by the DeWitt su-
permetric which possesses non trivial properties. The diffeomorphism
constraint (6.87) with (6.83) and the equation of motion (6.75) differs
only by the constant factor −2, and by this reason lead to the same
quantum and classical conditions independently on the DeWitt super-
metric. This is because of this condition merely reflects diffeoinvari-
ance, while the Wheeler–DeWitt equation or the Peres equation define
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quantum and classical dynamics, respectively. In other words, in quan-
tum geometrodynamics studying diffeomorphism constraint is worth-
less from the dynamical point of view.
DeWitt [158] argued that application of the Wheeler metric repre-
sentation for closed finite worlds results in the feature: the wave func-
tional Ψ[hi j,φ ] depends only on components of three-metric, i.e. is Ψ[hi j].
In such a situation the equations (6.110) express the necessary and
sufficient conditions for diffeoinvariance of the wave functional Ψ[hi j].
For finite worlds it means that the wave functional depends only on
the geometry of an embedded space. He proposed to construct the re-
lated structure of Ψ[hi j] via the hypersurface integrals which can be
constructed out of products of the Riemann-Christoffel tensor and its
covariant derivatives, with the topology of three-space itself being sep-
arately specified. DeWitt discussed differences between infinite and
finite worlds. He proposed that in the finite case one can replace the
wave functional Ψ[hi j] by Ψ[(3)G], where (3)G is the three-geometry. For
description of the quantum gravity he introducedM - the set of all pos-
sible three-geometries which a finite world may possess, called today
midisuperspace, and asked for topological issues related to M.
However, such topological arguments are rather misleading in the
light of the fact that the Wheeler–DeWitt equation has never been
solved in general. The only known solution is the Hartle–Hawking
wave function [224], called the wave function of the Universe, which is
expressed via the Feynman path integral technique
Ψ[hi j] = N
∫
C
δg(x)exp(iSE [g]), (6.122)
Ψ[hi j,φ ] = N
∫
C
δgδφ exp(iS[g,φ ]), (6.123)
where N is normalization factor, and SE [g] and S[g,ψ] are the geometric
part of the total action and the total action, respectively. The functional
integral is over all four-geometries with a space-like boundary on which
the induced metric is hi j. Albeit, the path integrals (6.122) and (6.123)
are the only a kind tautology following from the fact that the Wheeler-
DeWitt equation can be treated as the non relativistic quantum me-
chanics, i.e. the Schrödinger equation. Such a strategy, however, has
never been lead to a general evaluation of the Hartle–Hawking wave
function. In other words, the Feynman path integrals of quantum ge-
ometrodynamics (6.122)-(6.123) can be established straightforwardly
and easy in very few particular cases while its computation has never
been performed for a general case. Such a situation is the legacy of
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the fact that in general the integration strategy based on functional in-
tegration carries a difficult computational level, and above all in gen-
eral functional integration is not well-defined mathematical procedure.
Such a wave functionals lead to the Wheeler–DeWitt equation, and by
this reason are its solutions. However, they define the only class of
solutions of the Wheeler–DeWitt equation.
C The Wheeler Superspace
The mathematical structure of geometrodynamics is determined by the
Wheeler superspace, i.e. the configurational space of General Relativ-
ity, which is a space of all equivalence class of metric fields of Gen-
eral Relativity related by action of the diffeomorphism group of a com-
pact, connected, orientable, Hausdorff,C∞ three-dimensional space-like
manifold without boundary ∂M. Superspace is the factor space
S(∂M) = Riem(∂M)
Di f f (∂M) , (6.124)
where Riem(∂M) is a space of all C∞ Riemannian metrics on the bound-
ary ∂M, while Di f f (∂M) is the group of all C∞ diffeomorphisms of ∂M
that preserve orientation. Superspace as a space of orbits of the dif-
feomorphism group is in itself a connected, second-countable, metrize-
able space. From a topological point of view Riem(∂M) is an open posi-
tive convex cone in the infinite dimensional vector space of all smooth
C∞ symmetric second-rank tensor fields over ∂M having the point-set
topology, i.e.
∀λ ∈ R+∩∀hi j ∈ Riem(∂M) : λhi j ∈ Riem(∂M). (6.125)
This vector space is a locally convex topological vector space possess-
ing a translation-invariant metric ¯d which induces its topology and
defines completeness of the space, i.e. is a Fréchet space. The met-
ric can be chosen in such a way that Di f f (∂M) preserves distances, and
Riem(∂M) inherits the metric and by this reason is metrizable topolog-
ical space that is also paracompact and second countable. Factoring
out Di f f (∂M) transits the topological information concerning ∂M to the
quotient space S(∂M). There are two problems. The first is the case of
closed ∂M equipped with metrics with non-trivial isometry group, for
which S(∂M) is not manifold. As showed Fischer [254] in such a situ-
ation Di f f (∂M) does not act freely so S(∂M) is stratified manifold with
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nested sets of strata ordered according to the dimension of the isome-
try groups. However, then exists a way to resolving the singularities
[257] which involves the frame bundle F(∂M) over ∂M (For details of
the theory of bundles see e.g. the Ref. [258]) such that the quotient
space
Riem(∂M)×F(∂M)
Di f f (∂M) , (6.126)
is the refinement of superspace. The action of the diffeomorphism
group Di f f (∂M) is now free because non-trivial isometries fixing a frame
are removed. If φ is such an isometry, one can apply the exponen-
tial map and the relation valid for any isometry φ ◦ exp = exp◦φ⋆ to
show that the subset of points in ∂M fixed by φ is open. Since this
set is also closed and ∂M is connected, φ must be the identity. The
definition (6.124) can be more refined if one restricts the group of dif-
feomorphisms to the proper subgroup of those diffeomorphisms that fix
a preferred point, called ∞ ∈ ∂M and the tangent space at this point
Di f fF(∂M) =
{φ ∈ Di f f (∂M)|φ(∞) = ∞,φ⋆(∞) = id|T∞∂M} . (6.127)
Then the quotient Riem(∂M)×F(∂M)/Di f f (∂M) is isomorphic to
SF(∂M) =
Riem(∂M)
Di f fF(∂M) , (6.128)
but a preferred point ∞ must be chosen arbitrary. SF(∂M) is called
the extended superspace. The problematic situation is also asymptotic
flatness. If one treats ∂M as one-point compactification of a manifold
with one end then diffeomorphisms have to respect the asymptotic ge-
ometry and by this reason extended superspace is right. The extended
superspace would have been unnecessary in the closed case if one re-
stricted attention to those manifolds ∂M which do not allow for metrics
with continuous symmetries, i.e. which degree of symmetry is zero.
Recall that the degree of symmetry of a manifold ∂M is defined as
deg(∂M) = sup
hi j∈Riem(∂M)
dimJ(∂M,hi j), (6.129)
where J(∂M,hi j) is the isometry group of (∂M,hi j)
J(∂M,hi j) =
{φ ∈ Di f f (∂M)|φ⋆hi j = hi j} , (6.130)
and when the dimension of a manifold is D = dim∂M then
dimJ(∂M,hi j)6
D(D+1)
2
. (6.131)
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J(∂M,hi j) is compact if ∂M is compact. If ∂M allows for an effective
action of a compact group G then it clearly allows for a metric hi j on
which G acts as isometries just average any Riemannian metric over G.
For compact ∂M the degree of symmetry is zero if and only if ∂M cannot
support an action of the circle group SO(2). A list of three-manifolds
with deg > 0 was done by A.E. Fischer [259], and with deg = 0 by A.E.
Fischer and V.E. Moncrief [257]. Because of the projection
Riem(∂M)→ SF(∂M) (6.132)
is continuous, and Di f fF(∂M) acts continuously on Riem(∂M), the topol-
ogy of extended superspace is quotient and open. For arbitrary two
geometries x,y ∈ SF(∂M) a metric on SF(∂M)
d(x,y) = sup
φx,φy∈Di f fF(∂M)
¯d(φ⋆x x,φ⋆y y), (6.133)
where ¯d is mentioned above a translation-invariant metric on Riem(∂M),
turns SF(∂M) into a connected, metrizable and second countable topo-
logical space. Hence Riem(∂M) and SF(∂M) are perfectly decent con-
nected topological spaces satisfying the axioms of strongest separabil-
ity and countability. The basic geometric idea is to regard Riem(∂M)
as principal fibre bundle with structure group Di f fF(∂M) and the ex-
tended superspace SF(∂M)
Di f fF(∂M) i−−−→ Riem(∂M) p−−−→ SF(∂M)
where the i, p are the inclusion and projection maps, respectively. This
is made possible by the so-called slice theorems and the fact that the
group acts freely and properly. This bundle structure has two far-
reaching consequences regarding the geometry and topology of SF(∂M).
The topologically trivial space Riem(∂M) can be visualized as the box
fibred by the action of the diffeomorphism group Di f fF(∂M) ∈Di f f (∂M)
generated by the diffeomorphism constraint, where orbits of the diffeo-
morphism group Di f f (∂M) are represented by straight-lines in the box.
The quotient space S(∂M) obtains non-trivial topology from Di f f (∂M)
with an orbit represented by one point only. The subgroup Di f fF(∂M)
acts as isometries on the DeWitt supermetric on Riem(∂M). S(∂M) is the
set of geometries of an embedding ∂M, which are equivalence classes of
isometric Riemannian metrics. By the Metrization Theorem for Su-
perspace, S(∂M)is a connected, second-countable, metrizeable space.
In other words a countable basis of open sets exists for its topology,
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and there also exists a metric on S(∂M) inducting such a topology.
The partially-ordered set of conjugacy classes of compact subgroups of
Di f f (∂M) indexes a partition of S(∂M), i.e. is a set of nonempty sub-
spaces {Σα} such that
S(∂M) =
⋃
α
Σα , (6.134)
Σα ∩Σβ 6= /0 ⇒ α = β . (6.135)
A partition is a manifold partition if each Σα is a manifold. All ge-
ometries with the same kind of symmetry have homeomorphic neigh-
bourhoods, and therefore create a manifold in the Wheeler superspace
S(∂M). The neighbourhoods of all symmetric geometries are not home-
omorphic to the neighbourhoods of all nonsymmetric geometries, and
therefore S(∂M) is not a manifold. According to the Decomposition
Theorem of Superspace, S(∂M) can be decomposed by its subspaces
SG(∂M) on a countable, partially-ordered, C∞-Fréchet manifold parti-
tion. By Stratification Theorem for Superspace, SG(∂M) is an inverted
stratification indexed by the type of symmetry, i.e. geometries with
a given symmetry are completely contained within the boundary of
less symmetric geometries. There is a theorem due to D. Giulini which
states that in a neighbourhood of the round three-sphere in S(∂M) the
DeWitt supermetric is an infinite-dimensional Lorentzian metric, i.e.
is of signature (−1,∞). However, at each point of space ∂M the DeWitt
supermetric defines a Lorentzian metric on the 1+5 dimensional space
of symmetric second-rank tensors at that point, which can be identified
with the homogeneous quotient space
GL(3,R)
SO(3)
∼= SL(3,R)SO(3)×R+ . (6.136)
As showed Giulini and Kiefer [260] the Lorentzian signature of the De-
Witt supermetric has nothing to do with the Lorentzian signature of
the space-time metric, i.e. it persists in Euclidean gravity. But it is
related to the attractivity of gravity. Any two points of the Wheeler
superspace which differ by an action of the diffeomorphism constraint
are gauge equivalent and hence physically indistinguishable. However,
the question of whether and when the diffeomorphism constraint actu-
ally generates all diffeomorphisms of ∂M is unsolved. In fact, General
Relativity is a dynamical system on the cotangent bundle, i.e. phase
space, built over S(∂M). The topology of superspace is inherited from
the topology of ∂M. The Hamiltonian evolution is varying embedding of
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space ∂M into space-time M. Hence the images of an embedded space
have the same topological type, what reflects the fact that the classical
geometrodynamics transitions of topology are impossible. This is not
implied by the Einstein field equations, but is a consequence of the re-
striction to space-times admitting a global space-like foliation. There is
a number of solutions to the Einstein field equations which do not sat-
isfy such a requirement, i.e. such space-times cannot be constructed by
integrating the Gauss–Codazzi equations with some reasonable initial
data. From the Hartle–Hawking wave function point of view topology
changing classical solutions should not be removed as possible contrib-
utors in the Feynman path integral. In the evolutionary formulation of
the Einstein field equations, there is no space-time to start with. Only
solutions of the dynamical equations construct the space-time. Then
one can interpret the time dependence of the induced metric as being
brought about by ‘wafting’ three-space through space-time via an em-
bedding. Initially there is only a space-like submanifold of unrestricted
topology.
The deformations of the space-like hypersurfaces, i.e. infinitesimal
changes of embeddings E : ∂M 7→M, possess nontrivial kinematics. The
generators of normal and tangential deformations are
NN =
∫
∂M
d3xN(x)nµ [y(x)] δδyµ(x) , (6.137)
TNi =
∫
∂M
d3xNi(x)yµ,i (x)
δ
δyµ(x) , (6.138)
where yµ,i = ∂iyµ , and yµ and xi are local coordinates on M and ∂M, re-
spectively. The generators (6.137) and (6.138) can be understood as
tangent vectors to the space of embeddings of ∂M into M. An embed-
ding is locally given by four functions yµ(x), such that the 3×4 matrix
yµ,i has its maximum rank 3. We have denoted by n
µ the components of
the normal to the image E (∂M) ∈M, which are functionals of yµ(x), i.e.
nµ = nµ [y(x)]. The generators (6.137) and (6.138) satisfy the following
commutation relations[
TNi ,TN′i
]
= −T[Ni,N′ i], (6.139)
[TNi ,NN] = −NNi(N), (6.140)
[NN,NN′] = −TN∇hN′−N′∇hN , (6.141)
where ∇hN =
(
hab∂bN
)
∂a, and the Lie brackets (6.140) and (6.141) were
obtained via taking variations of the basic identities gµν nµnν =−1 and
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gµν y
µ
,i n
ν = 0. The space-time vector field
V = Nnµ ∂µ +Ni∂i, (6.142)
induces the foliation-dependent decomposition of the tangent vector
T(V ) at Y ∈ Emb(∂M,M)
T(V ) =
∫
∂M
d3xV µ(y(x)) δδyµ(x) , (6.143)
obeying the Lie algebra[
T(V ),T
(
V ′
)]
= T
([
V,V ′
])
, (6.144)
which means that V 7→ T(V ) is a Lie homomorphism from the tangent-
vector fields on M to the tangent-vector fields on Emb(∂M,M). In this
sense, the Lie algebra of the four-dimensional diffeomorphism group
is implemented on phase space of arbitrary generally covariant theory
which phase space includes the embedding variables, i.e. is so-called
parametrized theory. Decomposing the vector (6.143) into normal and
tangential components with respect to the leaves of the embedding at
which the tangent-vector field to Emb(∂M,M) is evaluated, yields an
embedding-dependent parametrization of T(V ) via (N,Ni)
T(N,Ni) =
∫
∂M
d3x
[
Nnµ [y(x)]+Ni(x)yµ,i (x)
] δ
δyµ(x) . (6.145)
Computing the functional derivatives of n with respect to y one can
establish the commutator of deformation generators[
T
(
N,Ni
)
,T
(
N′,N′i
)]
=−T
(
N′′,N′′i
)
, (6.146)
where
N′′ = Ni(N)−N′i(N′), (6.147)
N′′i = [Ni,N′i]+N∇hN′−N′∇hN. (6.148)
The situation can be easy visualized. Composition of two an infinitesimal
hypersurface deformations with parameters (N,Ni) and (N′,N′i) that
maps ∂M 7→ ∂M1 and ∂M1 7→ ∂M12 respectively, differs by the hypersur-
face deformation with parameters (N′′,N′′i) given by the composition
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that maps with the same parameters but in the opposite order.
∂M1 ∂M ∂M2
∂M12 ∂M21
(N′,N′i)
(N′,N′i)
(N,Ni)
(N′′,N′′i)
(N,Ni)
(6.149)
Hamiltonian General Relativity is a particular Lie-anti representa-
tion of the algebra (6.139)-(6.140) as a Hamilton system on the phase
space of physical fields. When the latter merely depends on the induced
metric hi j on ∂M, then the unconstrained phase space is the cotangent
bundle T ⋆Riem(∂M) over Riem(∂M), parameterized by the pair (hi j,pii j).
In this simplest situation one can search for
(N,Ni) 7→ (H (N,Ni) : T ⋆Riem(∂M)→ R) (6.150)
where H is a distribution,the test functions are N and Ni, with values
in real-valued functions on T ⋆Riem(∂M)
H (N,Ni)[hi j,pii j] =
∫
∂M
d3x
(
N(x)H(x)+Ni(x)H i(x)
)
. (6.151)
The fundamental condition is that the Poisson brackets between two
values of H (N,Ni) is{
H
(
N,Ni
)
,H
(
N′,N′i
)}
= H
(
N′′,N′′i
)
(6.152)
The essential question is recovering the action of the Lie algebra of
four-dimensional diffeomorphism on the extended phase space includ-
ing embedding variables.
The Hamiltonian ani-Lie representation of the algebra (6.139)-(6.140)
can be constructed via the identification
NN 7→H (N) =
∫
∂M
d3xN(x)H(x), (6.153)
TNi 7→D(Ni) =
∫
∂M
d3xNi(x)H i(x), (6.154)
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and the resulting algebra is the Lie algebra of the diffeomorphism
group Di f f (∂M){
D
(
Ni
)
,D
(
N′i
)}
= D
([
Ni,N′i
])
, (6.155){
D
(
Ni
)
,H (N)
}
= H
(
Ni (N)
)
, (6.156){
H (N) ,H
(
N′
)}
= D
(
N∇hN′−N′∇hN
)
, (6.157)
which means that geometrodynamics does not define the extraordinary
situation. Any four dimensional Di f f (∂M)-invariant theory will gives
rise to this same algebra. The Lie algebra of Di f f (∂M), namely, is uni-
versally satisfied for a theory considered in an arbitrary space+time de-
composition, which is formed by hypersurface foliations and is space-
time covariant. The universality of the diffeomorphism Lie algebra
suggests searching for its another, possibly more general, representa-
tions on a given phase space. The theorem due to K. Kucharˇ, C. Teit-
elboim, and S.A. Hojman [261], which states that for the the unique
two-parameter family, given by κ and Λ, of realizations for the algebra
(6.153)-(6.154) equipped with the constraints H and H i, in which the
conjugated momentum can be expressed via the extrinsic curvature
and the kinetic term is multiplied by an overall nµnµ , is the most gen-
eral Hamiltonian representation of the universal diffeomorphism Lie
algebra (6.155)-(6.157) on T ∗Riem(∂M), i.e. the space tangent to all C∞
Riemannian metrics on the boundary ∂M, up to the residual canonical
transformations having the following form
pi i j 7→ pi i j + δF [hi j]δhi j , (6.158)
where F is some function invariant with respect to action of the diffeo-
morphism group Di f f (∂M) determined on the space Riem(∂M).
Superspace possesses analogous ambiguity to the Aharonov–Bohm
effect [262] following from the lack of simple connectedness of topology.
This depends on the topology of ∂M, i.e. contractibility of Riem(∂M)
results in the relation for n-th homotopy group
pin
(
Riem(∂M)
Di f fF(∂M)
)
∼= pin−1 (Di f fF(∂M)) , (6.159)
where n > 1. For n = 1 one obtains the fundamental group of the ex-
tended superspace
pi1 (SF(∂M))∼= pi0 (Di f fF(∂M)) = Di f fF(∂M)Di f f 0F(∂M)
= MCGF(∂M), (6.160)
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where Di f f 0F(∂M) is the identity component of Di f fF(∂M), and MCGF(∂M)
denotes abbreviation of the name mapping-class group for frame fixing
diffeomorphisms [256]. Uniqueness of representations of the Poisson
brackets (6.152) has much more serious ambiguity. It is namely labeled
by an additional C-valued parameter, called the Barbero–Immirzi pa-
rameter, obtained due to connection variables (See the Ref. [263] and
the books [118, 216]). In such a situation the Poisson brackets (6.152)
can not represented via a semi-direct product of it with the Lie algebra
of SU(2) gauge transformations, and by taking the quotient with re-
spect to this algebra the Poisson brackets (6.152) are represented non
locally. The Poisson brackets (6.152) do not seem to apply in case of
connection variables, because of the connection variable does not ad-
mit an interpretation as a space-time gauge field restricted to space-
like hypersurfaces and the dynamics generated by the constraints does
not admit the interpretation of being induced by appropriately moving
a hypersurface through a space-time with fixed geometric structures
on it. The homotopy groups of the extended superspace, given by the
formula (6.159), encode much of its global topology. They were inves-
tigated by D. Giulini [256] and D. Witt [264], and its quantum gravity
context was investigated in the contributions due to J. Friedman and R.
Sorkin [265], C.J. Isham [266], and R. Sorkin [267]. Topological invari-
ant of SF(∂M) are also topological invariants of ∂M, while homotopy
invariants of ∂M in general are not homotopy invariants of SF(∂M).
Such a situation means that one can distinguish homotopy equivalent
but non homeomorphic three-manifolds by looking at homotopy invari-
ants of their associated superspaces. When ∂M is connected closed ori-
entable three-manifold then the homology and cohomology groups are
determined by the fundamental group. Namely, the first four (zeroth to
third, the only non-trivial ones) homology and cohomology groups are
H⋆ = (Z,Api1,FApi1,Z), (6.161)
H⋆ = (Z,FApi1,Api1,Z), (6.162)
where A and F are the operation of abelianisation of a group and the
operation of taking the free part of a finitely generated abelian group,
respectively. Particularly interesting is the fundamental group of the
extended superspace. The analogy with quantum mechanics already
suggests that its classes of inequivalent irreducible unitary representa-
tions correspond to a superselection structure which here might serve
as fingerprint of the topology of ∂M in the quantum theory. The sectors
might, for instance, correspond to various statistics that preserve or
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violate a naively expected spin-statistics correlation (See e.g. papers in
the Ref. [268]).
General three-manifolds can be understood by surgery (For theory
see e.g. books in the Ref. [269], for excellent constructive application
see e.g. the paper due to G. Perelman [270]). Particularly cutting along
certain embedded two manifolds, such that the remaining pieces are
simpler, is often applied technique. As the crucial and essential exam-
ple, let us consider those simplifications that are achieved by cutting
along embedded two-spheres. An essential two-sphere is one which
does not bound a three-ball and a splitting two-sphere is one which
complement has two connected components. Let us consider a closed
three-manifold ∂M, which is cutting along an essential splitting two-
sphere, capping off the two-sphere boundary of each remaining compo-
nent by a three-disk, and this process is repeating for each of the re-
maining closed three-manifolds. This process stops after a finite num-
ber of steps where the resulting components are uniquely determined
up to diffeomorphisms, orientation preserving if oriented manifolds are
considered, and permutation [271]. The process stops at that stage at
which none of the remaining components, Π1, . . . ,Πn, allows for essen-
tial splitting two-spheres, i.e. at which each Πi is a prime manifold, i.e.
such a manifold for which each embedded two-sphere either bounds a
three-disc or does not split; it is called irreducible if each embedded
two-sphere bounds a three-disc. In the latter case the second homo-
topy group, pi2, must be trivial, since, if it were not, the so-called sphere
theorem. The theorem states that if for connected three-manifold ∂M
pi2M = 0 then there is either an embedded S2 in M representing a non-
trivial element in pi2M, or an embedded two-sided RP2 in ∂M such that
the composition of the cover S2 → RP2 with the inclusion RP2 →֒ ∂M
represents a nontrivial element of pi2M. This theorem ensures the ex-
istence of a non-trivial element of pi2 which could be represented by
an embedded two-sphere. Conversely, it follows from the validity of
the Poincaré conjecture that a trivial pi2 implies irreducibility. Hence
irreducibility is equivalent to a trivial pi2. There is precisely one non-
irreducible prime three-manifold, and that is the handle S1×S2. Hence
a three-manifold is prime if and only if it is either a handle or if its pi2
is trivial. For a general three-manifold ∂M given as connected sum of
primes Π1, . . . ,Πn, there is a general method to establish MCGF(∂M) in
terms of MCGF(Πi). The strategy is to look at the effect of elements in
MCGF(∂M) on the fundamental group of ∂M. As ∂M is the connected
sum of primes, and as connected sums in D dimensions are taken along
D− 1 spheres which are simply-connected for D > 3, the fundamental
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group of a connected sum is the free product of the fundamental groups
of the primes for D > 3. The group MCGF(∂M) now naturally acts as au-
tomorphisms of pi(∂M) by simply taking the image of a based loop that
represents an element in pi(∂M) by a based (same basepoint) diffeomor-
phism that represents the class in MCGF(∂M). Hence there is a natu-
ral map of MCGF(∂M) into group of automorphisms of the fundamental
group of the D-dimensional manifold ∂M
dF : MCGF(∂M)→ Aut(pi1(∂M)) . (6.163)
The known finite presentations of automorphism groups, i.e. its char-
acterization in terms of a finite number of generators and finite number
of relations, of free products in terms of presentations of the automor-
phisms of the individual factors and additional generators, basically
exchanging isomorphic factors and conjugating whole factors by indi-
vidual elements of others, can now be used to establish finite presen-
tations of MCGF(∂M), provided finite presentations for all prime fac-
tors are known. This presentation of the automorphism group of free
products is due to D.I. Fouxe–Rabinovitch [272], and its modern forms
with corrections were performed by D. McCullough and A. Miller [273]
and N.D. Gilbert [274]. This situation would be more complicated if
Di f f (∂M) rather than Di f fF(∂M), at least the diffeomorphisms fixing
a preferred point, had been considered. Only for Di f fF(∂M), or the
slightly larger group of diffeomorphisms fixing the point, is it gener-
ally true that the mapping-class group of a prime factor injects into
the mapping-class group of the connected sum in which it appears. For
more on this, compare the discussion by D. Giulini [275]. Clearly, one
also needs to know which elements are in the kernel of the map (6.163).
The cotangent bundle over superspace is not the fully reduced phase
space for matter-free General Relativity. It only takes account of the
vector constraints and leaves the scalar constraint unreduced. How-
ever, under certain conditions, the scalar constraints can be solved by
the ”conformal method” which leaves only the conformal equivalence
class of three-dimensional geometries as physical configurations. In
those cases the fully reduced phase space is the cotangent bundle over
conformal superspace, which is given by replacing Di f f (∂M) by the
semi-direct product
Di f fC(∂M) =C(∂M)⋊Di f f (∂M), (6.164)
where C(∂M) is the abelian group of conformal re-scalings that acts on
Riem(∂M) via pointwise multiplication ( f ,hi j) 7→ f hi j, where f : ∂M →
201
ŁUKASZ ANDRZEJ GLINKA: ÆTHEREAL MULTIVERSE
R+. The right action of ( f ,φ) ∈ Di f fC(∂M) on hi j ∈ Riem(∂M) is then
given by R( f ,φ)(hi j) = f φ⋆hi j, so that, using R( f ,φ)R( f ′,φ ′) = R( f ,φ)( f ′,φ ′), the
semi-direct product structure is ( f ,φ)( f ′,φ ′) = ( f ′( f ◦ φ),φ ◦ φ ′). Be-
cause of ( f f ′)◦φ =( f ◦φ)( f ′◦φ) Di f f (∂M) indeed acts as automorphisms
of C(∂M). Conformal superspace and extended conformal superspace
would then be defined as
CS(∂M) = Riem(∂M)
Di f fC(∂M) , (6.165)
CSF(∂M) =
Riem(∂M)
Di f fCF (∂M)
, (6.166)
where
Di f fCF (∂M) =C(∂M)⋊Di f fF(∂M). (6.167)
Since C(∂M) is contractible, the topologies of Di f fC(∂M) and Di f fCF (∂M)
are those of Di f f (∂M) and Di f fF(∂M) which also transcend to the quo-
tient spaces whenever the groups act freely. In the first case this is
essentially achieved by restricting to manifolds of vanishing degree of
symmetry, whereas in the second case this follows almost as before,
with the sole exception being (S3,hi j) with hi j conformal to the round
metric. Let
CJ(∂M,hi j =
{φ ∈ Di f f (∂M)|φ⋆hi j = f hi j, f : ∂M → R+} (6.168)
be the group of conformal isometries. For compact ∂M it is known to
be compact except if and only if ∂M = S3 and hi j conformal to the round
metric [276]. Hence, for ∂M 6= S3, we can average h over the compact
groupCJ(∂M,hi j) and obtain a new Riemannian metric h′i j in the confor-
mal equivalence class of hi j for which CJ(∂M,hi j) acts as proper isome-
tries. Therefore it cannot contain non-trivial elements fixing a frame.
Hence in contrast, the geometry for conformal superspace differs in-
sofar from that discussed above as the conformal modes that formed
the negative directions of the DeWitt supermetric. The horizontal sub-
spaces, orthogonal to the orbits of Di f fCF (∂M), are now given by the
transverse and traceless symmetric two-tensors. In that sense the ge-
ometry of conformal superspace, if defined as before by some ultralocal
bilinear form on Riem(∂M), is manifestly positive due to the absence of
trace terms and hence less pathological than the superspace metric dis-
cussed above. It might seem that its physical significance is less clear,
as there is now no constraint left that may be said to induce this partic-
ular geometry. Whether it is a realistic hope to understand superspace
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and conformal superspace, its cotangent bundle being the space of so-
lutions to the Einstein field equations, well enough to actually gain a
sufficiently complete understanding of its automorphism group is hard
to say. An interesting strategy lies in the attempt to understand the
solution space directly in a group-, or Lie algebra-, theoretic fashion in
terms of a quotient G∞/H∞, where G∞ is an infinite dimensional group
(Lie algebra) that (locally) acts transitively on the space of solutions
and H∞ is a suitable subgroup (algebra), usually the fixed-point set
of an involutive automorphism of G. The basis for the hope that this
might work in general is the fact that it works for the subset of station-
ary and axially symmetric solutions of the Einstein field equations for
which G∞ is the Geroch group [277].
One can distinguish homotopy equivalent but non homeomorphic
three-dimensional ∂M by looking at homotopy invariants of their as-
sociated SF(∂M). Good example are certain types of lens spaces L(p,q)
(For detailed discussion see e.g. the Ref. [278]), which are prime man-
ifolds. Lens spaces were introduced by H. Tietze [279] as the simplest
possible examples of 3-manifolds obtained by identifying faces of a poly-
hedron. They were both first known three-manifolds not determined
only by homology and fundamental group, as well as the most sim-
ple closed manifolds for which the homotopy type does not determine
the homeomorphism type. J.W. Alexander [280] proved that L(5;1) and
L(5;2) are not homeomorphic despite their fundamental groups are iso-
morphic and their homology are identical, in spite that their homotopy
type is not the same. Homotopy type of lens spaces is the same, and
therefore another lens spaces have isomorphic fundamental groups and
homology. However, in general homeomorphism type is not the same
for lens spaces, and by this reason lens spaces can are the birth of ge-
ometric topology of manifolds as distinct from algebraic topology. In
dimension 3 are defined as the quotient space of a 3-sphere S3
S3 =
{
(z1,z2) ∈ C×C||z1|2 + |z2|2 = 1
}
, (6.169)
presented as the union of two solid tori
A+ =
{
|z|= 1−|w|2, |w|6
√
2
2
}
, (6.170)
A− =
{
|z|6
√
2
2
, |w|= 1−|z|2
}
, (6.171)
whose common boundary torus is given as the zero level of the function
f (z,w) = |z|2−|w|2. These solid tori are invariant under isometric free
203
ŁUKASZ ANDRZEJ GLINKA: ÆTHEREAL MULTIVERSE
action of the cyclic group Zp of order p
Zp =
{
1,ε,ε2, . . . ,ε p−1
}
, (6.172)
where ε is a primitive p-th root of unity
ε = exp 2pii
p
. (6.173)
In other words the 3-dimensional lens space is the orbit space
L(p,q) =
S3
Zp
, (6.174)
where (p,q) is the pair of relatively prime (coprime) integers with p > 1.
Moreover, after taking the quotient of the sphere, these solid tori are
again transformed into solid tori into which the lens space L(p,q) splits.
The function f (z,w) defined initially on the sphere generates a smooth
function on L(p,q). The levels of this function define some foliation
on the lens space. The three-manifold L(p,q) can be visualized easy.
Namely, the equator of a 3-ball, i.e. solid ball in R3, is divided into
p equal segments, so that the upper and lower hemispheres become
p-sided polygons. These hemispherical faces are then identified by a
rotation through 2pi
q
p
about the vertical symmetry axis, where 06 q < p
and (p,q) = 1. If a corner is introduced along the equator of the 3-ball it
assumes the lens-shaped appearance that gave these manifolds their
name, the term lens space being introduced by Seifert and Threlfall
[281]. Tietze noted that L(p,q) may also be described as the manifold
with a genus 1 Heegaard diagram consisting of a curve on the boundary
of a solid torus which winds around p times latitudinally and q times
meridionally.
The action of Zp on S3 is
z′1 = εz1, (6.175)
z′2 = ε
qz2. (6.176)
In this way each set of p equidistant points on the equator is identified
to a single point. The fundamental group of L(p,q) is independent on q
pi1 (L(p,q)) = Zp, (6.177)
and the higher homotopy groups are those of its universal covering
space is L(1,0) = S3 with p sheets, i.e. p-fold 3-sphere. Therefore, also
the standard invariants (6.161) and (6.162) taken for L(p,q) are sensi-
tive only to p. Two lens spaces L(p,q) and L(p,q′) are
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1. homotopy equivalent if and only if qq′ = ±n2 mod p where n ∈ Z
[282]
2. homeomorphic if and only if q′ =±q±1 mod p [283]
3. orientation-preserving homeomorphic if and only if q′= q±1 mod p
[283].
The torsion linking form is the invariant allowing to perform the ho-
motopy classification of three-dimensional lens spaces, and the Reide-
meister torsion [283] allows tomake the homeomorphism classification.
This invariant was formalized and generalized to higher dimensions
by Reidemeister’s student Franz [284]. The latter was performed by
K. Reidemeister as a classification up to piecewise linear homeomor-
phism (For PL topology see e.g. the Ref. [285]), and E.J. Brody [286]
showed that the Reidemeister construction is also a homeomorphism
classification. Lens spaces are determined by simple homotopy type,
and there are no normal invariants, like e.g. characteristic classes, or
surgery obstruction. J.H. Przytycki and A. Yasuhara [287] formulated
the knot-theoretic classification: for a closed curve C in the universal
cover of the lens space which lifts to a knot having a trivial Alexander
polynomial, computation of the torsion linking form on the pair (C,C)
gives the homeomorphism classification. P. Salvatore and R. Longoni
[288] gave another showed that homotopy equivalent but not homeo-
morphic lens spaces may have configuration spaces with different ho-
motopy types, which can be detected by different Massey products.
The lens spaces were also natural subjects for investigations of a
more algebraic topological nature. In this vein, Rueff [289] showed
that there exists a degree 1 map L(p,q)→ L(p,q′) if and only if qq′ ≡
r2( mod p), for some r. Lens space in the dimension 3 is the Seifert
fiber space [290], i.e. a S1-bundle (circle bundle) over a 2-dimensional
orbifold. In the dimension three the equivalence of the combinatorial
and topological classifications, called Hauptvermutung and proved by
E.E. Moise [291], is validate (For detailed discussion see e.g. the Ref.
[292]). For given p, we aim to attach a homotopy invariant to L(p,q)
that depends on q. For this, one needs the Bockstein homomorphism.
The short exact sequence of coefficient groups
0 Z Z Zp 0
p
(6.178)
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induces the long exact sequence
. . . Hn(X ;Z) Hn(X ;Z) Hn(X ;Zp) Hn+1(X ;Z) . . .
p ρ β0
(6.179)
Let
β = ρ ◦β0 : Hn(X ;Zp)→Hn+1(X ;Zp). (6.180)
This, and β 0 itself, is called the Bockstein homomorphism. It is natural
in a space X , and it is called a cohomology operation. The Hurewicz
theorem, the Universal Coefficient Theorem, and the Poincaré duality
allow to compute the cohomologies (L = L(p,q))
H1(L;Z) ≈ Zp , H1(L;Z)≈ 0 , H1(L;Zp)≈ H1(L;Zp)≈ Zp, (6.181)
H2(L;Z) ≈ 0 , H2(L;Z) ≈ Zp , H2(L;Zp)≈ H2(L;Zp)≈ Zp, (6.182)
H3(L;Z)≈ Z , H3(L;Z) ≈ Z , H3(L;Zp)≈ H3(L;Zp)≈ Zp. (6.183)
and the exact sequence
H1(L;Z) H1(L;Zp) H2(L;Z) H2(L;Z) H2(L;Zp)
β0 0 ρ
(6.184)
shows that β0 and ρ are isomorphisms, and therefore
β : H1(L;Zp)→H2(L;Z), (6.185)
is an isomorphism.
D The Problems of Geometrodynamics
The key problem of quantum geometrodynamics are observables. The
important notion is the space of solutions of all constraints F0 which
is a subspace of a functional space F of quantum states represented in
the Schrödinger picture by wave functionals of the three-metric Ψ[hi j].
Physical states must belong to F0 in order to be invariant under the
symmetries encoded in constraints. The Dirac observables must com-
mute with all the first-class constraints generating gauge transforma-
tions, [O,H]Ψ= 0, so the action of an observable on a physical state does
not project the state out of the space of physical states F0. An inner
product must be defined on F0 in order to obtain an Hilbert space of
physical normalized state vectors.
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Kucharˇ [293] considered the problem of observables, and reached
the conclusion that the observables are defined by non vanishing Pois-
son brackets with all of the constraints, but claimed that rightness of
such a treatment is justified for the diffeomorphism constraint, while
is manifestly wrong for the Hamiltonian constraint because of H gener-
ates the dynamics between the hypersurfaces. Both a hypersurface as
well as its points in itself are not directly observable. Albeit, the val-
ues of the canonical pair (qi j,pi i j) are evidently distinguishable on an
initial hypersurface and on an evolved hypersurface, and moreover the
effects of the evolution are not possible to observe when there is a lack
of difference between these values. For consistency Kucharˇ introduced
two types of variable, i.e. observables and perennials. In his approach
observables are the diffeoinvariant dynamical variables which do not
commute with the Hamiltonian constraint, meanwhile perennials are
the observables commuting with the Hamiltonian constraint and can
not be observed because of the Hamiltonian constraint should not be
seen as a generator of the gauge transformations. By this reason the
observables do not act on the space of physical solutions F0.
In spite of a number of details, in general the strategy proposed by
Kucharˇ can be summarized concisely. First of all one must find the four
kinematic variables XA : ∂M 7→ M where A = 0, . . . ,3 which represent a
space-like embedding of a space-like hypersurface ∂M into the space-
time manifold M. These scalar fields represent the space-time positions
and observables evolving along M, which are the true gravitational de-
grees of freedom, are the dynamical variables separated out from these
fields on the level of phase space. The second point is to interpret the
constraints as conditions and identify the momenta PA conjugated to XA,
which determine the evolution of the degrees of freedom between hy-
persurfaces, with the energy-momenta of the degrees of freedom. Such
a procedure involves solving the constraints on the classical level, ne-
cessity of the internal time, and quantization formulated in terms of
the Tomonaga–Schwinger equation [294, 295]
i
δΨ[φ r(x)]
δXA(x) = hA
(
x;XB,φ r, ps)Ψ[φ r(x)], (6.186)
where r,s = 1,2 and the variables XA are treated as classical, like time
in quantum mechanics. There arise problems which include multiple-
choice, no global time, problem in definition of the Hamiltonian hA and
many others. Brown and Kucharˇ [296] introduced matter variables,
which label space-time points and are coupled to space-time geometry,
instead of functionals of the gravitational variables. They proposed
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to take into account a dust field filling all space and playing a role of
time, what includes an internal time variable against which systems
can evolve, and which can play a role of the fixed background for the
construction of quantum gravity. In the Brown–Kucharˇ formalism the
Schrödinger equation can be written out and the emerging Hamilto-
nian does not depend on the dust variables.
Another version of the solution of the problem of time, called uni-
modular gravity was proposed by W.A. Unruh [297], who modified Gen-
eral Relativity such that the cosmological constant is a dynamical vari-
able for which the conjugate is taken to be the cosmological time. The
result is that the Hamiltonian constraint is augmented by a cosmo-
logical constant term giving the modified Hamiltonian constraint Λ+√
hH = 0. The presence of this extra term and the cosmological time τ
unfreezes the dynamics and leas to the τ-dependent Schrödinger equa-
tion.
Also DeWitt [158] tried to solve the problem of time in frames of
quantum geometrodynamics. It is the problem of extracting a notion of
time from timeless dynamics described by the Wheeler–DeWitt equa-
tion. A consequence of the timeless nature of this equation is the prob-
lematic implementation of an inner product for state vectors. In anal-
ogy to the inner product obtained from the Klein–Gordon equation, De-
Witt proposed to definition the inner product of two solutions of the
Wheeler–DeWitt equation
(Ψa,Ψb) = Z
∫
Ψ∗a[(3)G]∏
x
(
dΣi jGi jkl
−→δ
iδhkl
−
←−δ
iδhkl
Gi jkldΣi j
)
Ψb[(3)G],
(6.187)
where the product is taken over all the points of a three-dimensional
embedded space ∂M, the integration is over a 5×∞3-dimensional sur-
face in S(∂M), dΣi j(x) is the surface element of the topological product
of a set of 5-dimensional hypersurfaces Σ(x) one chosen at each point of
∂M, and Z is normalization constant. The Klein–Gordon inner product
(6.187) is invariant under the deformation of the 5×∞3 surface, but is
not positively defined and vanishes for real solutions of the Wheeler–
DeWitt equation. Moreover, by such a treatment, all problems related
to the Klein–Gordon equation, like e.g. no separation into positive and
negative frequencies and the negative probability, are available in gen-
eral for the Wheeler-DeWitt equation.
There are also another problems within quantum geometrodynam-
ics following from the Wheeler–DeWitt equation. First of all, this is the
initial data problem. Namely, by quantum geometrodynamics the clas-
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sical space-time is the history of space geometry governed by the deter-
ministic evolution. There arises uncertainty relation between intrinsic
and extrinsic geometry due to the Lie bracket of an induced metric and
its conjugated momentum. By this reason interpretation of the proper-
ties of quantum space-time is unclear. The second important problem
is that for consistency the standardly applied quantization of the con-
straints needs a choice of a regularization method. However, factor
orderings lead to non-unique result and quantum anomalies, i.e. the
most terrible ambiguities. The problem of indefiniteness of measure in
the Wheeler superspace follows from the definition of the inner prod-
uct. The canonical variables are present in the non polynomial way in
the Wheeler–DeWitt equation, what in itself gives rise to problematic
analysis. As we have mentioned earlier, the Wheeler–DeWitt equation
has not been solved in general, the only simplest Feynman’s path in-
tegral solutions are discussed and the general integrability problem
seems to be omitted. Another question is the interpretation of both
the wave functionals solving the Wheeler–DeWitt equation as well as
their normalization and superpositions. Factually, no Dirac observable
of the quantum geometrodynamics is known. Factually, both classical
and quantum geometrodynamics are time-independent evolutions, but
both the problem of time and therefore also the quantum evolution are
still unsolved.
The model of Quantum Cosmology presented in the previous chap-
ter possesses the hidden structure of theWheeler superspace. In such a
situation the configurational space is the stratum of superspace called
minisuperspace. We shall continue studying of the 3+ 1 decomposed
metric fields, that are all isotropic solutions of the Einstein field equa-
tions, and in itself create another stratum of superspace called midis-
uperspace. The midisuperspace models are not the most popular in the
modern theoretical gravitational physics, and in general quantum ge-
ometrodynamics by its functional nature has a status of rather not a
very well-defined mathematical theory than a theory of quantum grav-
ity possessing physical significance. By this reason we shall present
the new constructive analysis of such theories based on well estab-
lished methods of quantum field theory, which leads to plausible sound-
ing phenomenology. The plausibility is not a coincidence, but is the
consequence of application of the models of quantum field theory hav-
ing established meaning for physics. It must be emphasized that such
a strategy is fully justified for one-dimensional quantum gravities. Al-
beit, its both applicability to and usefulness for another possible sit-
uations are the good question. One can suppose ad hoc that the one-
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dimensionality of quantum gravity is its universal physical feature,
and other situations are non physical. However, such a reasoning in
itself is the attempt to preserve ad hoc applicability of quantum field
theory for theory of quantum gravity, while recently the legitimateness
of quantum field theoretic methods applied to rather non usual situa-
tions in itself is a moot point. On the other hand, everything what is
widely applied and developed in theoretical physics is primarily rooted
in methodology of quantum field theory. The best example is string
theory which is a quantum field theory. By this reason, the necessity
of doing the construction of the adequate quantum field theoretic for-
malism of quantum gravity, i.e. quantum theory of gravitational field
or quantum field theory of gravity, is logically argued. The logical ar-
guments, however, must not be satisfied by Nature, and by this reason
the results received via the adequate formalism must be empirically
verified. Otherwise, the physical meaning of the theory will be unclear.
Factually the quantum geometrodynamics based on the Wheeler–
DeWitt equation is the first constructive attempt to formulation of quan-
tum General Relativity. Actually, however, QGD has became the most
influential motivation for development of both other theories of quan-
tum gravity based on QGD as well as building of completely differ-
ent formulations. In the further part of this part we are going to
present the model of quantum gravity strictly based on the Wheeler-
DeWitt equation (6.101) presented above. Basics and applications of
the ADM Hamiltonian approach to General Relativity, the classical
and the quantum geometrodynamics, and the Wheeler–DeWitt equa-
tion have been studied intensively in the scientific and research liter-
ature since more than 50 years (See e.g. the Refs. [298]-[568]). In the
lack of other constructive competitors the theory still is the theory of
quantum gravitational fields, and factually the only one having real
chances for predictions of constructive phenomenology.
E Other Approaches
Another point of view on quantum gravity follows from application
of the Ashtekar Hamiltonian formulation of General Relativity [569],
which applies the Einstein–Cartan theory with a complex connection.
Rovelli and Smolin [570] used Ashtekar’s new variables to investiga-
tion of the loop representation of quantum General Relativity. This
direction was developed by Ashtekar, Rovelli, Smolin, Jacobson, and
Lewandowski [571] and in the quantum cosmological context by Bo-
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jowald [572]. The resulting theories are called loop quantum grav-
ity/cosmology and take into account the fundamental role of diffeomor-
phisms, including the diffeomorphism constraint which does not play
a crucial role for dynamics in the quantum geometrodynamics formu-
lated in terms of the Wheeler–DeWitt equation. In loop quantum grav-
ity important role plays the Ashtekar–Lewandowski group. Recently,
this research direction has been received the well-established research
status and is still under intensive development (See, e.g. papers in the
Ref. [573]).
The Arnowitt–Deser–Misner and Ashtekar Hamiltonian formula-
tions of General Relativity present different strategies. This heritage
reflects in evident differences between quantum geometrodynamics and
loop quantum gravity/cosmology. Quantum gravity formulated by the
Wheeler–DeWitt equation is treated as established theory, while loop
quantum gravity similarly to string theory is presently intensively de-
veloped. The attempts of quantum geometrodynamics were practically
obscured by the alternative approach, while in itself Wheeler–DeWitt
equation still needs development and is a source of hidden constructive
phenomenology.
There is a number of alternative evolution schemes, called numeri-
cal relativity (For modern analysis see e.g. the Ref. [574]), which is not
taken into account in construction of quantum gravity. The privileged
strong position of the ADM and the Ashtekar formulations follows from
their straightforward roots in the Hamiltonian analysis, because of the
primary canonical quantization procedure follows from the Hamilto-
nian analysis. Usually alternative evolution schemes are strictly based
on these two canonical formulations, or are its particular cases. The
crucial issue which connects all these schemes is a formulation of the
Cauchy problem for the Einstein field equations.
The pioneering approach to the Cauchy problem for General Rel-
ativity in the case of analytic initial data was proposed by Darmois
[575] in 1927 and Lichnerowicz [576] in 1939. In 1944 Lichnerowicz
[577] proposed the first 3+1 formalism based on the conformal decom-
position of a spatial metric. In 1952 Fourès-Bruhat [578] formulated
the Cauchy problem for C5 initial data via using of the local existence
and uniqueness in harmonic coordinates, what in 1956 resulted in the
3+1 formalism in moving frame. In 1962 Arnowitt, Deser, and Misner
[153] proposed the 3+1 formalism based on the Hamiltonian analysis
of General Relativity. Soon after, in 1972, York [579] considered gravi-
tational dynamical degrees of freedom carried by the conformal spatial
metric, and in 1974 ÓMurchadha and York [580] introduced the confor-
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mal transverse-traceless (CTT) method for solving the constraint equa-
tions. In 1977 Smarr [581] considered 2D axisymmetric head-on colli-
sion of two black holes and produced the first numerical solution be-
yond spherical symmetry of the Cauchy problem for asymptotically flat
spacetimes. In 1978 Smarr and York [582] proposed radiation gauge
for numerical relativity what resulted in the elliptic-hyperbolic system
with asymptotic TT behavior. In 1983 Bardeen and Piran [583] con-
sidered 2D computations of partially constrained schemes. Nakamura
[584] in 1983, and Stark and Piran [585] in 1985 applied 2D axisym-
metric gravitational collapse to a black hole. In 1986 Ashtekar [569]
proposed new variables. In 1987 Nakamura, Oohara, and Kojima [586]
tested evolution of pure gravitational wave spacetimes in spherical co-
ordinates. In 1989 Bona and Masso [587], in 1995 Choquet-Bruhat
and York [588], in 2001 Kidder, Scheel and Teukolsky [589] considered
the first-order symmetric hyperbolic formulations of the Einstein field
equations within the 3+1 formalism. Shibata and Nakamura [590] in
1995, and Baumgarte and Shapiro [591] in 1999 investigated so called
BSSN formulation, i.e. conformal decomposition of the 3+1 equations
and promotion of some connection function as an independent vari-
able. In 1999 York [592] introduced the conformal thin-sandwich (CTS)
method for solving the constraint equations. In 2000 Shibata [593] per-
formed 3D full computation of binary neutron star merger, what was
the first full GR 3D solution of the Cauchy problem in the astrophys-
ical context. In 2000 Hayward [594] proposed a new scheme involv-
ing a dual-null decomposition of space-time and removing second-order
terms from the Einstein field equations, which would vanish in the case
of spherically symmetric space-time. In 2004 Bonazzola, Gourgoulhon,
Grandclément and Novak [595] proposed the constrained scheme based
on maximal slicing and Dirac’s gauge.
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Chapter 7
Global One-Dimensionality
Conjecture
A Introduction
This chapter is devoted to the our proposition for theory of quantum
gravity. The role of quantum gravity is a fundamental problem of mod-
ern theoretical physics. For instance, for lack of the consistent theory of
quantum gravity we are not able to understand physics of our Universe
at the Planck scale. Factually, despite a number of significant efforts
(For various approaches see e.g. Refs. [118], [138] and [172]-[220]), we
are still very far of understanding the role of quantized gravitational
fields for physical phenomena at high and ultra-high energies. In this
chapter we propose a very simple model of quantum gravity which can
be useful for clarifying its some important aspects. However, the sim-
plicity of the theory of quantum gravity presented here is far from triv-
iality and is non obvious argument. In fact, the model is proposed ad
hoc, but is strictly based on the Wheeler–DeWitt equation, and in itself
is a certain particular realization of this rather general theory. Al-
beit, the our model is significantly simpler and by this reason is able
to generate new facts and apply the straightforward analogy with the
established phenomenological models of theoretical physics.
The field-theoretic formalism, so celebrated in modern physics, yields
a plausible phenomenology for a number of experimental data coming
from a rich spectrum of observations. In this chapter such a point of
view is applied as the base for construction of a simple theory of quan-
tum gravity. We shall perform the construction via the standard strat-
egy resulting in the Wheeler–DeWitt equation with, however, modified
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treatment of Matter fields and the wave functional solving theWheeler–
DeWitt equation. The 3+1 splitting of a general relativistic metric ten-
sor and the canonical primary quantization of the appropriate Hamil-
tonian and diffeomorphism constraints are employed in the way well-
grounded in numerous approaches to quantization of gravitation. The
modification of the standard quantum geometrodynamics is based on
the global one-dimensionality conjecture, which in itself in not beyond
the quantum geometrodynamics and arises from the straightforward
and strict analogy with the generic cosmological model [221] presented
in the Chapter 4. The crucial idea of the model is the ansatz which can
be summarized by the four brief phrases
1. Investigation of the global one-dimensionality conjecture, i.e. tak-
ing into account a certain specific one-dimensional nature of Mat-
ter fields and the wave functional,
2. Reduction of quantum geometrodynamics, resulting in the one-
dimensional theory characteristic for bosonic fields,
3. Application of the Hamilton equations of motion, yielding the cor-
responding one-dimensional Dirac equation,
4. Expression of the supposition that the quantum gravity is a one-
dimensional field theory, and performing its secondary quantiza-
tion.
The Hamilton equations of motion allow to establish the appropriate
one-dimensional Dirac equation and the corresponding Clifford alge-
bra. The secondary quantization, based on the Fock space and the di-
agonalization procedure consisting of the Bogoliubov transformation
and the Heisenberg equations of motion, yields correctly defined quan-
tum field theory formulated in terms of the static Fock repère associ-
ated with initial data. We derive the 1D wave functional and discuss
the corresponding 3-dimensional manifolds. Quantum correlations of
the field are associated with physical scales. Mathematically, we em-
ploy the one-dimensional functional integrals, and therefore despite
the model of quantum gravity corresponds to the trend initiated by
S.W. Hawking and his collaborators [222]-[237] derivation of its solu-
tions is significantly simplified.
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B The Γ-Scalar-Flat Space-times
Let us consider first the relation (6.73), i.e.
S−ρ = 4Λ
κℓ2P
−
(4)R
κℓ2P
. (7.1)
In the light of the rule (6.42) one has
(4)R = (3)R+K2−Ki jKi j, (7.2)
where we have omitted the total derivative, because of its vanishing in
Hamiltonian analysis. Applying the Hamiltonian constraint
(3)R+K2−Ki jKi j−2Λ−2κℓ2Pρ ≈ 0, (7.3)
one obtains another relation between the energy density and the spa-
tial stress density
ρ = 2Λ
κℓ2P
−S, (7.4)
which can be presented as the equation for the cosmological constant
Λ = κℓ
2
P
2
(S+ρ), (7.5)
and gives the insight into the nature of the cosmological constant. In
other words, the cosmological constant is an arithmetic mean of the
spatial stress density and the energy density multiplied by the Einstein
constant κ. One can, however, also apply the difference (6.70) S−ρ = T
together with the equation (7.5) and establish
ρ = Λ
κℓ2P
− T
2
, (7.6)
S = Λ
κℓ2P
+
T
2
. (7.7)
By taking into account the fact ρ = Tµνnµnν the equation (7.6) can be
rewritten in the form
Tµν (gµν +2nµnν) =
2Λ
κℓ2P
, (7.8)
and solved immediately with respect to the stress-energy tensor
Tµν =
2Λ
κℓ2P
1
gµν +2nµnν
. (7.9)
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Let us consider the RHS of this expression. The tensor coefficient mul-
tiplied by
2Λ
κ
can be rewritten in the form
1
gµν +2nµ nν
=
(gµν +2nµnν)
(gµν +2nµnν)(gµν +2nµnν)
=
=
(gµν +2nµnν)
gµνgµν +4(nµnµ)2 +4nµnµ
=
1
4
(gµν +2nµnν), (7.10)
where we have used the identities gµνnµ nν = gµνnµnν = nµnµ , nµnµ =−1,
and gµνgµν = 4. By this reason one obtains the stress-energy tensor
Tµν =
Λ
2κℓ2P
gµν +
Λ
κℓ2P
nµnν , (7.11)
which covariant form also can be derived easy
T µν =
Λ
2κℓ2P
gµν +
Λ
κℓ2P
nµnν . (7.12)
and can be unambiguously recognized as the stress-energy tensor of
the perfect fluid (See e.g. the Ref. [596])
T µν = pgµν +
( p
c2
+µ
)
uµuν , (7.13)
for which the four-velocity uµ equals to the unit normal vector field
multiplied by the speed of light c, i.e.
uµ = cnµ , (7.14)
uµuµ = −c2, (7.15)
and the isotropic pressure p and the mass density µ are as follows
p =
Λ
2κℓ2P
, (7.16)
µ = Λ
2c2κℓ2P
. (7.17)
Now the trace of the stress-energy tensor can be established by straight-
forward easy computation
T = gµνTµν =
Λ
2κℓ2P
gµνgµν +
Λ
κℓ2P
gµνnµnν =
Λ
2κℓ2P
4+
Λ
κℓ2P
nµnµ =
=
2Λ
κℓ2P
− Λ
κℓ2P
=
Λ
κℓ2P
, (7.18)
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and consequently the energy density (7.6) and the spatial stress density
(7.7) have the values
ρ = Λ
2κℓ2P
, (7.19)
S = 3Λ
2κℓ2P
. (7.20)
The momentum density related to such a situation can be established
straightforwardly
Ji = Tµνnµhνi =
(
Λ
2κℓ2P
gµν +
Λ
κℓ2P
nµnν
)
nµhνi = Λ
2κℓ2P
nνhνi− Λ
κℓ2P
nνhνi =
= − Λ
2κℓ2P
nνhνi =− Λ2κℓ2P
nν
(
gνi +nνni
)
=− Λ
2κℓ2P
(
ni−ni)= 0. (7.21)
By this reason the classical geometrodynamics becomes
2cκGi jkl
δS[g]
δhi j
δS[g]
δhkl
+
ℓ2P
2cκ
√
h
(
(3)R−3Λ
)
= 0, (7.22)
while the Wheeler–DeWitt equation is{
2cκ
ℏ2
ℓ2P
Gi jkl
δ 2
δhi jδhkl
+
ℓ2P
2cκ
√
h
(
(3)R−3Λ
)}
Ψ[hi j,φ ] = 0, (7.23)
and the quantized diffeomorphism constraint is
i
EP
ℓ2P
(
∂ j +
1
2
h jl,khkl
) δΨ[hi j,φ ]
δhi j
= 0. (7.24)
In other words, in such a situation both the classical and quantum
geometrodynamics become purely geometrical.
Good question is what is the Lagrangian of Matter fields describing
such a situation. Rewriting the stress-energy tensor (7.11) in the form
Tµν =
1
2
(
3p+µc2
)
gµν , (7.25)
and using of the definition (6.54) of Tµν following from the Hilbert–
Palatini action principle one obtains the equation
− 2√−g
δ
δgµν
(√−gLφ)= 12 (3p+µc2)gµν , (7.26)
217
ŁUKASZ ANDRZEJ GLINKA: ÆTHEREAL MULTIVERSE
which can be presented in equivalent form
δ
(√−gLφ)=−14 (3p+µc2)√−ggµνδgµν . (7.27)
Using of the Jacobi formula for differentiating a determinant
δg = ggµνδgµν =−ggµν δgµν , (7.28)
allows to write the equation (7.27) as
Lφ δ
√−g+√−gδLφ = 12
(
3p+µc2
)
δ√−g. (7.29)
Because, however, the parameters p and µ are constant one has uniquely
Lφ =
1
2
(
3p+µc2
)
, (7.30)
δLφ = 0. (7.31)
Applying the relations (7.16) and (7.17) one receives finally
Lφ =
Λ
κℓ2P
=−ρ . (7.32)
The spatial stress density S = hi jSi j together with the formula (7.20)
can be used for derivation of the spatial stress tensor
Si j =
S
3hi j =
Λ
2κℓ2P
hi j, (7.33)
and together with the difference
S−ρ = Λ
κℓ2P
, (7.34)
allow to establish the tensor
−κℓ2P
[
Si j− 12hi j(S−ρ)
]
= 0. (7.35)
Hence in such a situation the evolutionary equations for the extrinsic
curvature tensor and the intrinsic curvature are given by
∂tKi j = −N|i j +N
(
Ri j +KKi j−2KikKkj
)
+NkKi j|k +KikNk| j +K jkN
k
|i, (7.36)
∂tK = −hi jN|i j +N
(
Ki jKi j +Λ
)
+NiK|i, (7.37)
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while the evolutionary equations for induced metrics and its determi-
nant remain unchanged, i.e.
∂thi j = Ni| j +N j|i−2NKi j, (7.38)
∂t ln
√
h = −NK +Ni|i. (7.39)
However, the spatial stress tensor (7.33) is not unique. Because of
hi jnin j = nini = 1, there are another inequivalent choices
Si j = Snin j, (7.40)
Si j =
S
4
(
hi j +nin j
)
, (7.41)
Si j =
S
2
(
hi j−nin j
)
, (7.42)
and also much more general form
Si j =
S
3α +β
(
αhi j +βnin j)= Si j(α,β ), (7.43)
where α and β are any numbers. All these forms of the spatial stress
tensor have the same value of trace, but in the basis (hi j,ni) the two-
parameter family (7.43) is the most general solution. In other words all
relations between the spatial stress density S and the energy density ρ
are validate when the spatial stress tensor has a form (7.43). It is easy
to see that the following Poisson algebra is satisfied
{
Si j(α,β ),Skl(α ′,β ′)
}
= S
αα ′χi jkl +ββ ′λi jkl +αβ ′ζi jkl +α ′βζkli j
9αα ′+ββ ′+3αβ ′+3α ′β , (7.44)
where we have introduced the tensors
χi jkl =
{
hi j,hkl
}
, (7.45)
λi jkl =
{
nin j,nknl
}
, (7.46)
ζi jkl = {hi j,nknl} . (7.47)
By the context we shall call (7.44 the stress algebra. Let us consider the
RHS of the equation (7.44). When the bracketed quantities are classical
(C), i.e. are not operators corresponding to the classical quantities, the
Poisson brackets are easy to establish. Let us denote such a classical
Poisson brackets as
σi jkl(α,β ,α ′,β ′) =
{
Si j(α,β ),Skl(α ′,β ′)
}
C , (7.48)
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or in explicit form
σi jkl(α,β ,α ′,β ′) = 2Sαα
′hi jhkl +ββ ′nin jnknl +αβ ′hi jnknl +α ′βnin jhkl
9αα ′+ββ ′+3αβ ′+3α ′β .
(7.49)
It can be seen by straightforward computation that
σ jl(α,β ,α ′,β ′) = hikσi jkl = 2Sαα
′h jl +(ββ ′+αβ ′+α ′β )n jnl
9αα ′+ββ ′+3αβ ′+3α ′β , (7.50)
σ(α,β ,α ′,β ′) = h jlσ jl = 2S 3αα
′+ββ ′+αβ ′+α ′β
9αα ′+ββ ′+3αβ ′+3α ′β . (7.51)
By this reason for generality let us consider the spatial stress tensor
(7.43). Then one has
−κℓ2P
[
Si j− 12hi j(S−ρ)
]
=
Λ
2
β
3α +β
(
hi j−3nin j
)
. (7.52)
In this manner the evolutionary equations (7.37), (7.38), and (7.39) re-
main unchanged, but the evolution of extrinsic curvature tensor is
∂tKi j = −N|i j +N
[
Ri j +KKi j−2KikKkj +
Λ
2
β
3α +β
(
hi j−3nin j
)]
+
+ NkKi j|k +KikNk| j +K jkN
k
|i (7.53)
However, in the light of the Einstein field equations one can express
the trace of stress-energy tensor via the Ricci scalar curvature and the
cosmological constant, i.e.
T =−
(4)R
κℓ2P
+
4Λ
κℓ2P
(7.54)
Applying this fact to the equation (7.18) one obtains
(4)R≡ 3Λ, (7.55)
what means that the space-time manifold is four-dimensional pseudo-
Riemannian manifold of constant Ricci scalar curvature given by the
cosmological constant up to constant multiplier equal to the dimen-
sionality of an embedded space D = 3. In the light of the relation (7.11)
the RHS of the Einstein field equations (6.6) is
κℓ2PTµν =
1
2
Λgµν +Λnµnν , (7.56)
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while the LHS of the Einstein field equations is
Rµν − 12
(4)Rgµν +Λgµν = Rµν − 12Λgµν , (7.57)
and by this reason the Einstein field equations for such a situation are
Rµν = Λ
(
gµν +nµnν
)
= Λhµν , (7.58)
where we have applied the completeness relations (6.23), in which
hµν = hi jeiµ e
j
ν . (7.59)
Let us consider the contravariant form of hµν
hµν = gµκgνλ hκλ = hi jgµκeiκ gνλ e
j
λ = h
kl(hikgµκ eiκ)(h jlgνλ e
j
λ ) = h
kleµk e
ν
l ,
(7.60)
where we have applied the notation
e
µ
k = hikg
µκeiµ . (7.61)
Applying the inverted way one obtains
hµν = gµκgνλ hκλ = gµκ gνλ hkleκk eλl = h
kl(gµκeκk )(gνλ e
λ
l ) = h
kleµkeνl, (7.62)
where we have applied the notation
eνk = gµν e
µ
k , (7.63)
following from transition between the completeness relations for metric
(6.23) and the completeness relations for inverse metric (6.26). In this
manner the equation (7.58) bacomes
Rµν =
(
Λgµκ gνλ
)
hi jeκi eλj , (7.64)
and application of the Ricci curvature tensor evaluated on the three-
boundary (6.33)
Rµν =−Rκµλν nκnλ +Rκµλν hi jeκi eλj , (7.65)
to the equation (7.64) leads to the system of equations Rκµλν n
κnλ = 0(
Rκµλν −Λgκµ gλν
)
hκλ = 0
. (7.66)
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The first equation in (7.66) expresses the property that the double pro-
jection of the Riemann–Christoffel curvature tensor onto the unit nor-
mal vector field vanishes, while the second one expresses the fact that
the projection onto the metric hκλ of the tensor
Aκµλν := Rκµλν −Λgκµ gλν , (7.67)
vanishes. In other words, in the space-time is characterized by the
Riemann–Christoffel curvature tensor
Rκµλν = Λgκµgλν +Aκµλν , (7.68)
where Aκµλν is the tensor satisfying the equations
Λnµ nν +Aκµλν nκnλ = 0, (7.69)
Aκµλν hκλ = 0, (7.70)
where the first equation follows from the first equation of the system
(7.66). The equation (7.69) projected onto nκ nλ and leads to
Aκµλν =−Λnµnν nκnλ +Γκµλν , (7.71)
where the tensor Γκµλν satisfying the equations
Γκµλν nκnλ = 0, (7.72)
Γκµλν hκλ = 0, (7.73)
and the second equation was deduced from application of the tensor
(7.71) to the equation (7.70). In this manner, by application of the com-
pleteness relations for the metric gµν , the Riemann–Christoffel curva-
ture tensor describing the considered space-time has a form
Rκµλν = Λ
(
gκµgλν −nµ nνnκnλ
)
+Γκµλν , (7.74)
with the tensor Γκµλν being a solution of the equations (7.72) and (7.73).
The problem is to solve the system (7.72)–(7.73) in general, but we shall
not perform this procedure in this book. The Riemann–Christoffel cur-
vature tensor (7.74) in general describes all four-dimensional space-
times for which the Ricci scalar curvature is (4)R = 3Λ and the Ricci
curvature tensor is Rµν = Λ(gµν +nµ nν). Interestingly, one can compute
these curvatures immediately with using of (7.74)
Rµν = gκλ Rκµλν = Λ
(
gµν +nµ nν
)
+Γµν , (7.75)
(4)R = gµν Rµν = 3Λ+ (4)Γ, (7.76)
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what gives equations for the contractions of the tensor Γκµλν
Γµν := gκλ Γκµλν = 0, (7.77)
(4)Γ := gκλ Γµν = 0. (7.78)
Moreover, double projection of the Ricci curvature tensor (7.75) onto
the unit normal vector field leads to
Rµν nµnν = Γµνnµnν , (7.79)
i.e. in this projective sense the Γµν curvature tensor carries the same
information as the Ricci curvature tensor.
Interestingly, one can computed the Weyl curvature tensor
Wµκνλ = Rµκνλ +
1
2
(
gµλ Rνκ +gκνRλ µ −gµνRλκ −gκλ Rνµ
)
+
+
1
3
(4)R
(
gµνgλκ −gµλ gνκ
)
, (7.80)
which for the considered situation takes the form
Wµκνλ = Γκµλν +Λ
(
gκµgλν +2gµ[λ gν]κ +4g[µ(λ nν)nκ]−nµnνnκ nλ
)
. (7.81)
It means that the curvature tensor Γκµλν is not the Weyl tensor. The
contractions of the Weyl curvature tensor are
Wκλ = gµνWµκνλ = Γκλ −Λ(gκλ +nκnλ ) = 2Γκλ −Rκλ , (7.82)
(4)W = gκλWκλ = 2(4)Γ− (4)R = Γ−3Λ, (7.83)
what means that in the particular case considered in this section
Γκλ =
Rκλ +Wκλ
2
, (7.84)
(4)Γ =
(4)R+ (4)W
2
. (7.85)
Let us call Γµν the Γ curvature tensor, and (4)Γ the Γ scalar curva-
ture. Then the space-times considered above is Γµν -flat manifold of zero
Γ scalar curvature, which we shall call the Γ-scalar-f lat manifolds. The
equations (7.75) and (7.76) can be used for construction of the LHS of
the Einstein field equations
Gµν +Λgµν =
1
2
Λgµν +Λnµ nν +Γµν +
1
2
(4)Γgµν , (7.86)
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and because of the stress-energy tensor is given by (7.11) the RHS of
the Einstein field equations is
κℓ2PTµν =
1
2
Λgµν +Λnµnν , (7.87)
and by this reason the Einstein field equations expressed via the Γ
curvatures takes the form of the vacuum field equations
Γµν +
1
2
(4)Γgµν = 0. (7.88)
In other words the Γ curvatures are the curvatures which for blatantly
non stationary space-time given by the Ricci scalar curvature (4)R = 3Λ,
the Ricci curvature tensor Rµν = Λ(gµν + nµnν), and the stress-energy
tensor (7.87) makes the non stationary solution of the Einstein field
equations the space-time obeying vacuum field equations (7.88). The
constructive hypothesis is
Hypothesis (The Γ Curvatures Hypothesis). In general the Γ curva-
tures transforming non stationary four-dimensional Einstein f ield equa-
tions to the vacuum f ield equations (7.88) can be constructed the only
via using of the Riemann–Christoffel curvature tensor, its contractions
with space-time metric, and combinations of all these quantities.
The Ricci curvature tensor (7.58) can be presented in the form
Rµν = Λgµν +Λnµ nν , (7.89)
and by this reason the second term on RHS of the equation (7.58) can
be interpreted as the correction to the four-dimensional Einstein man-
ifold, i.e. the four-dimensional Riemannian manifold for which Ricci
curvature tensor is proportional to metric Rµν = λgµν and therefore
the scalar curvature is constant (4)R = 4λ (For advanced discussion of
general Einstein manifolds e.g. the well-known Besse’s book [597]),
defined by the sign identical to the cosmological constant λ = Λ. In
other words the situation presented in this section corresponds to de-
formation of the four-dimensional Einstein manifolds of sign λ = Λ
Rµν = Λgµν +∆µν , (7.90)
where ∆µν = Λnµ nν is the deformation curvature tensor, for which
(4)R = 4Λ+∆, (7.91)
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where ∆ = gµν∆µν = −Λ is the deformation scalar curvature. Compari-
son of the result (7.91) with the equation (7.76) leads to expression of
the Γ scalar curvature via the deformation scalar curvature
Γ = Λ+∆. (7.92)
For vanishing cosmological constant Λ≡ 0 one has to deal with the
four-dimensional Ricci-flat space-time manifold of zero Ricci scalar cur-
vature, which we shall call the Ricci-scalar-f lat manifold. This is how-
ever, the result of the fact that we have computed the value of the cos-
mological constant by using of (6.42), i.e. the Ricci scalar curvature
evaluated on the boundary ∂M. It means that in such a particular
case the enveloping space-time is the Ricci-scalar-flat manifold from
the point of view of an embedded space. It does not mean, however,
that then space-time is flat in general, because of its the Riemann–
Christoffel curvature tensor must not be vanishing identically when
both the Ricci curvature tensor and the Ricci scalar curvature are triv-
ialized. This is in itself non trivial result because in such a situation
both the cosmological constant and as well as the stress-energy ten-
sor are in general non vanishing and arbitrary, what suggests that
from the space point of view space-time looks like vacuum space-time.
Such a situation, however, should be rather understood rather as a
local property, i.e. related to quantum gravity given by the Wheeler–
DeWitt equation, than the classical space-time. Moreover, it must be
emphasized that topology of such a space-time is still unrestricted, be-
cause of there is a lot of possible topologies of a four-dimensional Ricci-
scalar-flat manifold. The Ricci-flat manifolds are the particular case
of the Einstein manifolds, for which the sign is trivial λ = 0. Such
a class of the Einstein manifolds include e.g. the Calabi–Yau mani-
folds [598] and the hyper-Kähler manifolds [599] which are in inten-
sive interest of mathematical and theoretical physicists (For some par-
ticular applications see e.g. papers in the Ref. [600]), especially in
context of string theory. In a four-dimensional case every Calabi–Yau
manifolds is hyper-Kähler manifold. There are also much more sim-
pler solutions of the vacuum Einstein field equations. For example
the flat Minkowski space-time is the most simple vacuum solution,
and nontrivial situations include the Schwarzschild space-time and the
Kerr space-time describing the geometry of space-time around a non-
rotating spherical mass and a rotating massive body, respectively.
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C The Ansatz for Wave Functionals
According to the evaluation (7.2) the Ricci scalar curvature (4)R of the
enveloping space-time manifold expresses via the Ricci scalar curva-
ture (3)R of the embedded space, and its extrinsic Ki j and intrinsic K
curvatures. All these embedding characterizations in general are func-
tionals of an induced metric hi j. Moreover, the trace of the spatial stress
S ≡ T (h,h) as double projection of the stress-energy tensor on an in-
duced metric is also a functional of hi j. The cosmological constant can
be treated as a constant functional of hi j. In this manner, the energy
density ρ is at the most a functional of hi j, and by this reason in an
arbitrary situation one has the functional dependence
ρ [hi j] =− 4Λ
κℓ2P
+S[hi j]+
1
κℓ2P
(
(3)R+K2−Ki jKi j
)
=
2Λ
κℓ2P
−S[hi j], (7.93)
which allows to establish
S[hi j] =
3Λ
κℓ2P
− 1
2κℓ2P
(
(3)R+K2−Ki jKi j
)
, (7.94)
ρ [hi j] = − Λ
κℓ2P
+
1
2κℓ2P
(
(3)R+K2−Ki jKi j
)
. (7.95)
Factually, both the relations (7.94) and (7.95) are the results of appli-
cation of the Hamiltonian constraint, i.e. strictly speaking they have a
sense only for geometrodynamics. The functional nature of their LHS is
a straightforward conclusion of the functional character of their RHS.
Such a situation implies non trivial physical content. Namely, because
of both the spatial stress density S and the energy density ρ are pro-
jections of the stress-energy tensor of Matter fields, they depend on
Matter fields and their derivatives. In this manner by the functional
nature of (7.94) and (7.95) one can conclude that such a situation is
equivalent to the statement that Matter fields are functionals of hi j,
φ = φ [hi j], (7.96)
say. In this manner the DeWitt wave functional
Ψ[hi j,φ ] = Ψ[hi j,φ [hi j]]≡Ψ[hi j], (7.97)
is fully justified, and the Wheeler–DeWitt equation becomes{
2cκ ℏ
2
ℓ2P
Gi jkl
δ 2
δhi jδhkl
+
ℓ2P
2cκ
√
h
(
(3)R[hi j]−2Λ−2κℓ2Pρ [hi j]
)}
Ψ[hi j] = 0.
(7.98)
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Anyway, however, the crucial general problem is solving the Wheeler–
DeWitt equation in general. As we have mentioned earlier theWheeler–
DeWitt equation has never been solved in general, and even taking
into account the DeWitt wave functional does not simplify this general
problem because of Ψ[hi j] is still a functional but not function. It means
that it is not clear how to treat Ψ[hi j] mathematically. We shall present
here the strategy for solution of the Wheeler–DeWitt equation which is
based on the DeWitt wave functional but reduces the functional Ψ[hi j]
to a function. In itself such a reduction defines a newmodel of quantum
gravity within the quantum geometrodynamics formulated in terms of
the Wheeler–DeWitt equation.
To start the deductions, we should rethink the quantum geometro-
dynamics (7.98), particularly the structure of the DeWitt wave func-
tional Ψ[hi j]. The fundamental interpretation of the Wheeler–DeWitt
equation, as the result of the primary canonical quantization, is the
Schrödinger equation or the Klein–Gordon equation. In both these sit-
uations, however, a wave function is always a scalar field. The oper-
ator acting on the wave functional in the quantum geometrodynamics
(7.98) is always scalar and is a functional on the configurational space,
i.e. here the Wheeler superspace
2cκ ℏ
2
ℓ2P
Gi jkl
δ 2
δhi jδhkl
+
ℓ2P
2cκ
√
h
(
(3)R[hi j]−2Λ−2κℓ2Pρ [hi j]
)
= ˆO[hi j], (7.99)
what is similar to the case of the Schrödinger or the Klein–Gordon
equation, in which the operator acting on the wave function is a func-
tional on the configurational space, i.e. the product space R4. More-
over, the differential operator of the Wheeler–DeWitt equation is the
Di f f (∂M)-invariant. It suggests clearly that the DeWitt wave func-
tional Ψ[hi j] must be a function invariant with respect to action of the
diffeomorphism group, i.e. must be a function of another Di f f (∂M)-
invariant quantities. Furthermore, for full consistency these diffeoin-
variant quantities must be constructed via using of the induced met-
ric hi j, f = f (hi j) = inv, say. Then, however, by the Kucharˇ formalism
the wave functional Ψ( f ) inevitably will be becoming an observable or
a perennial, and above all if one expresses the differential operator
(7.99) via these invariant quantities then one can treat these invari-
ants as solution of the problem of time in quantum geometrodynamics
by identification of the time t with the invariant of an induced met-
ric, i.e. t ≡ f . If a wave functional is an usual function then also one
can perform straightforwardly and in extraordinary simply way the for-
malism of secondary quantization and product the theory of quantum
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gravity which is the quantum field theory of gravity. Let us apply such
a strategy for quantum geometrodynamics.
Step 1: Global One-Dimensionality Conjecture
By the DeWitt construction based on the Wheeler metric representa-
tion Ψ[hi j] is a functional of the 3× 3 symmetric matrix of an induced
metric. It suggests that the wave functional is a single functional
Ψ[hi j] = Ψ
 h11 h12 h13h12 h22 h23
h13 h23 h33
 . (7.100)
However, such a reasoning is not unique. The wave functional must
not be a single functional but rather is a 3×3 symmetric matrix which
elements are dependent on a single element of an induced metric
Ψ[hi j] =
 Ψ[h11] Ψ[h12] Ψ[h13]Ψ[h12] Ψ[h22] Ψ[h23]
Ψ[h13] Ψ[h23] Ψ[h33]
 . (7.101)
The still unsolved problem of quantum gravity is the reduction proce-
dure
Ψ
 h11 h12 h13h12 h22 h23
h13 h23 h33
→
 Ψ[h11] Ψ[h12] Ψ[h13]Ψ[h12] Ψ[h22] Ψ[h23]
Ψ[h13] Ψ[h23] Ψ[h33]
 . (7.102)
This is evidently perfectionist situation, because in general the wave
functional can be considered as a 3× 3 symmetric matrix which ele-
ments are functional of several elements of an induced metric.
Albeit, the way of straightforward analogy with quantum mechan-
ics suggests that the wave functional Ψ[hi j] is a classical scalar field like
usual wave function in quantum mechanics based on the Schrödinger
equation, i.e. in such a light Ψ[hi j] is a single functional. Let us ac-
cept such a state of things. For realization of this idea the wave func-
tional should be dependent on a scalar function of an induced metric
hi j, which must be an invariant of the induced matrix as well as invari-
ant with respect to action of the diffeomorphism group. The Cayley–
Hamilton theorem for any 3×3 square matrix h states that the matrix
obeys its characteristic equation
h3− Ihh2 + IIhh− IIIhI3×3 = 0, (7.103)
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where the coefficients of the polynomial
Ih = Trh, (7.104)
IIh =
(Trh)2−Trh2
2
, (7.105)
IIIh = deth, (7.106)
are the invariants of the matrix h. A scalar valued matrix function
Ψ(hi j) that depends merely on the three invariants of a symmetric 3×3
matrix
Ψ
(
hi j
)
= Ψ(Ih, IIh, IIIh) , (7.107)
is independent on rotations of the coordinate system, is called objective
function. The invariants Ih and IIh, however, are irrelevant because of
do not carry full information about Ih. The third invariant IIIh as a
function of all elements of a matrix carries full information about the
matrix. In 3+1 decomposition determinant is diffeoinvariant function
of a 3×3 induced metric hi j. It suggests that the invariant dimension
is dethi j. Then wave functional reduces to
Ψ
(
hi j
)
= Ψ(IIIh) = Ψ(h). (7.108)
and the quantum geometrodynamics becomes a one-dimensional quan-
tum mechanics. We shall call dethi j the global dimension, because it
is a function of local dimensions (coordinates) and some free parame-
ters, and (7.108) the global one-dimensionality conjecture. We shall call
generalized dimensions another, possibly more convenient, invariants
constructed as f (h). We shall call objective quantum gravity a theory
of quantum gravity related to wave functionals (7.107), and global one-
dimensional quantum gravity the theory of quantum gravity related to
the wave functionals (7.108).
Such a global one-dimensional wave function can be constructed in
the following way. Suppose that Matter fields in general are functionals
dependent on the one global variable
φ = φ [h], (7.109)
which is the determinant h = dethi j of an induced metric on ∂M. Recall
that in the dimension 3 one has
h = 1
3
ε i jkε lmnhilh jmhkn, (7.110)
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where εabc is the three-dimensional Levi-Civita symbol
εabc =
(a−b)(b− c)(c−a)
2
. (7.111)
As the crucial point of the model let us assume that quantum grav-
ity is globally one-dimensional. In result the DeWitt wave functional
becomes one-dimensional wave function
Ψ[hi j]→Ψ(h), (7.112)
and the Wheeler–DeWitt equation is{
−2cκ ℏ
2
ℓ2P
Gi jkl
δ 2
δhi jδhkl
− ℓ
2
P
2cκ
h1/2
(
(3)R−2Λ−2κℓ2Pρ [h]
)}
Ψ(h) = 0.
(7.113)
In analogy to the generic cosmology [221] the conjecture (7.112) de-
scribes isotropic spacetimes, and is related to the strata of the Wheeler
superspace, called midisuperspace, in which wave functionals are func-
tions of a one variable.
Step 2: Reduction of Quantum Geometrodynamics
Let us consider the Jacobi formula for determinant of the space-time
metric
δg = ggµνδgµν , (7.114)
which can be rewritten in components
δg = g
(
g00δg00 +gi jδgi j +g0 jδg0 j +gi0δgi0
)
. (7.115)
The 3+1 splitting (6.21) allows determine the partial variations
δg00 = −δN2 +NiN jδhi j +hi jNiδN j +hi jN jδNi, (7.116)
δgi j = δhi j, (7.117)
δg0 j = hi jδNi +Niδhi j, (7.118)
δgi0 = hi jδN j +N jδhi j, (7.119)
as well as the total variation
δg = N2δh+hδN2. (7.120)
Collecting all one obtains the result relevant for an induced metric
N2δh = N2hhi jδhi j, (7.121)
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which allows to establish the Jacobian matrix for transformation of
variables hi j → h
J
(
hi j,h
)
=
δ (h)
δ (hi j)
=
δh
δhi j
≡ hhi j. (7.122)
Because of the approximation (7.112) the functional derivative
δ
δhi j
acts on a wave functional depending only on h. It allows us to express
the functional derivative with respect hi j through the functional deriva-
tive
δ
δh . Therefore one has
δΨ[h]
δhi j
= hhi j δΨ[h]δh . (7.123)
Consequently, application of (7.123) within the differential operator of
the Wheeler–DeWitt equation (7.113) leads to
Gi jkl
δ 2
δhi jδhkl
= Gi jklhi jhklh2
δ 2
δh2 . (7.124)
So that the reduction is given by the double projection of the DeWitt
supermetric onto an induced metric
Gi jklhi jhkl =
1
2
√
h
(
hikh jl +hilh jk−hi jhkl
)
hi jhkl =
=
1
2
√
h
(
hikhklhi jh jl +hilhi jh jkhkl −hi jhi jhklhkl
)
=
=
1
2
√
h
(
δ li δ il +δ
j
l δ lj −δ ii δ kk
)
=
=
1
2
√
h
(
δ ii +δ jj − (δ ii )2
)
=
=
1
2
√
h
(
2δ ii − (δ ii )2
)
=
=
1
2
√
h
(
2 ·3− (3)2)=−3
2
h−1/2, (7.125)
where we have used the relations for three-dimensional embedded space
habhbc = hac, haa = δ aa = Trhab = 3. Jointing (7.124) and (7.125) one obtains
finally the transformation
Gi jkl
δ 2
δhi jδhkl
=−3
2
h3/2 δ
2
δh2 , (7.126)
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which leads to the quantum geometrodynamics[
2cκ
ℏ2
ℓ2P
3
2
h3/2 δ
2
δh2 −
ℓ2P
2cκ
h1/2
(
(3)R−2Λ−2κℓ2Pρ [h]
)]
Ψ(h) = 0. (7.127)
Because the relation (7.122) arises due to 3+1 approximation, so (7.125)
is an approximation within the ansatz.
Step 3: Dimensional Reduction
The quantum geometrodynamics (7.127) can be rewritten in the form
of the Klein–Gordon equation( δ 2
δh2 +ω
2
)
Ψ = 0, (7.128)
where ω2 is squared gravitational dimensionless frequency of the field
Ψ
ω2 = − 16(8pi)2
1
h
(
(3)R−2Λ−2κℓ2Pρ
)
= (7.129)
= − 16(8pi)2
1
h
(Ki jKi j−K2), (7.130)
where the Hamiltonian constraint was involved in the second line. In
general the squared mass can be positive, negative or even vanishing
identically. The equation (7.128) can be treated as the classical-field-
theoretical Euler–Lagrange equations of motion arising from station-
arity of the action functional
S[Ψ] =
∫
δhL
(
Ψ, δΨδh
)
, (7.131)
where L = L
(
Ψ, δΨδh
)
is the field-theoretic Lagrange function
L =
1
2
(δΨ
δh
)2
− ω
2
2
Ψ2 = (7.132)
=
1
2
Π2Ψ−
ω2
2
Ψ2, (7.133)
where ΠΨ is the momentum conjugated to the classical scalar field Ψ
ΠΨ =
∂L
∂
(δΨ
δh
) = δΨδh . (7.134)
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The action S[Ψ] is a field-theoretic action functional in the classical field
Ψ, and therefore arbitrary dependence on the variable h of the mass
m = m[h] does not play a role, i.e. behaves as a coefficient, in derivation
of the Euler–Lagrange equations of motion
δS[Ψ] =
∫
δh
 ∂L∂Ψ − δδh ∂L∂ (δΨδh
)
δΨ+∫ δh δδh
( ∂L
∂ΨδΨ
)
= 0, (7.135)
what gives the result
∂L
∂Ψ −
δ
δh
∂L
∂
(δΨ
δh
) = 0, (7.136)
where we have taken ad hoc the field theoretical condition of vanishing
of the boundary term∫
δh δδh
( ∂L
∂ΨδΨ
)
=
∫
δ
( ∂L
∂ΨδΨ
)
=
∂L
∂ΨδΨ
∣∣∣∣
0
= 0. (7.137)
It can be seen by straightforward computation that the equation (7.136)
coincides with (7.128).
By application of the conjugate momentum ΠΨ one rewrites the
equation (7.128) in the following form
δΠΨ
δh +ω
2Ψ = 0, (7.138)
and therefore the equations (7.134) and (7.138) are the system of canon-
ical Hamilton equations of motion
δ
δhΨ =
δ
δΠΨ
H (Ψ,ΠΨ) , (7.139)
δ
δhΠΨ = −
δ
δΨH (Ψ,ΠΨ) , (7.140)
where the Hamilton function H (Ψ,ΠΨ) is obtained from the Lagrange
function (7.133) via the Legendre transformation
H (Ψ,ΠΨ) = ΠΨ
δΨ
δh −L
(
Ψ, δΨδh
)
= (7.141)
=
1
2
Π2Ψ−
ω2
2
Ψ2. (7.142)
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If one recognizes the kinetic T and the potential V energies as
T =
1
2
Π2Ψ, (7.143)
V =
1
2
ω2Ψ2, (7.144)
then the Hamilton function (7.142) is H = T −V and the Lagrange func-
tion (7.133) is L = T +V , what means that the field theory presented
above is the Euclidean field theory of a simple harmonic oscillator of
the mass 1 and frequency ω. In this context the classical scalar field -
the wave function Ψ - becomes the generalized coordinate.
Let us introduce the two-component field
Φ =
[
ΠΨ
Ψ
]
, (7.145)
which components obey the equations (7.134)-(7.138). The system of
the Hamilton canonical equations of motion (7.134)-(7.138) can be rewrit-
ten in the form of the vector equation−i[ 0 −ii 0
] δ
δh −
 − 1ΠΨ δδΠΨ 0
0 − 1Ψ
δ
δΨ
H (Ψ,ΠΨ)
Φ = 0, (7.146)
which for the situation given by the Hamiltonian (7.142) leads the ap-
propriate one-dimensional Dirac equation for the classical two-component
field Φ (
−iγ δδh −M
)
Φ = 0, (7.147)
where M is the mass matrix of the field Φ
M =
[ −1 0
0 −ω2
]
, (7.148)
and the γ matrix is the Pauli matrix σy
γ = σy =
[
0 −i
i 0
]
, (7.149)
obeying the following algebra
γ2 = I2 , {γ,γ}= 2I2 , I2 =
[
1 0
0 1
]
. (7.150)
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The algebra (7.150) is the four-dimensional Clifford algebra over the
complex vector space C2 (For basics and advances in Clifford algebras
see e.g. the Ref. [601])
C ℓ2(C) = C ℓ0(C)⊗M2(C)∼= M2(C) = C⊕C, (7.151)
where C ℓn ≡ C ℓn,0, and M2(C) denotes algebra of all 2×2 matrices over
C. The Clifford algebra C ℓ2,0(C) possesses a two-dimensional com-
plex representation. Restriction to the pinor group Pin2,0(R) yields a
complex representation of two-dimensional pinor group, i.e. the two-
dimensional spinor representation, whereas restriction to the spinor
group Spin2,0(R) splits C ℓ1,1(R) onto a sum of two half spin represen-
tations of dimension 1, i.e. the one dimensional Weyl representations.
There is the isomorphism
Spin2,0(R)∼= U(1)∼= SO(2), (7.152)
and the spinor group Spin2,0(R) acts on a 1-sphere S1 in such a way that
one has a fibre bundle with fibre Spin1,0(R)
Spin1,0(R)−→ Spin2,0(R)−→ S1, (7.153)
and the homotopy sequence is
pi1
(
Spin1,0(R)
)−→ pi1 (Spin2,0(R))−→ pi1 (S1) . (7.154)
The Clifford algebra C ℓ2(C) can be generated by complexification
C ℓ2(C)∼= C ℓ1,1(R)⊗C ℓ0(C), (7.155)
where C ℓ1,1(R) is the four-dimensional Clifford algebra over the real
vector space R2,0
C ℓ1,1(R)∼= M2(R)⊗C ℓ0(R)∼= M2(R), (7.156)
with M2(R) being algebra of 2×2 matrices over R, and
C ℓ0(R) = R, (7.157)
C ℓ0(C) = C. (7.158)
The Clifford algebra (7.156) can be decomposed into a direct sum of
central simple algebras isomorphic to matrix algebra over R
C ℓ1,1(R) = C ℓ
+
1,1(R)⊕C ℓ−1,1(R), (7.159)
C ℓ±1,1(R) =
1± γ
2
C ℓ1,1(R)∼= R, (7.160)
as well as into a tensor product
C ℓ1,1(R) = C ℓ2,0(R)⊗C ℓ0,0(R), (7.161)
C ℓ2,0(R) = M2(R)⊗C ℓ0,0(R)∼= M2(R). (7.162)
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D Field Quantization in Static Fock Space
The one-dimensional Dirac equation (7.147) can be canonically quan-
tized (
−iγ δδh −M
)
ˆΦ = 0, (7.163)
according to the canonical commutation relations (CCR) characteristic
for bosonic fields
i
[
ˆΠΨ[h′], ˆΨ[h]
]
= δ (h′−h), (7.164)
i
[
ˆΠΨ[h′], ˆΠΨ[h]
]
= 0, (7.165)
i
[
ˆΨ[h′], ˆΨ[h]
]
= 0, (7.166)
where the choice of the bosonic CCR follows form the fact that one has
the one-dimensional situation in which there is no difference between
bosons and fermions. Particles obeying one-dimensional quantum evo-
lutions are called axions, and in this manner the second quantized one-
dimensional Dirac equation (7.163) describes axions obeying the Bose–
Einstein statistics, which are gravitons in our understanding.
Let us apply the Fock space formalism, which allows to write out
explicitly the decomposition of the solution
ˆΦ = QB, (7.167)
where Q is the matrix of secondary quantization
Q =

√
1
2ω
√
1
2ω
−i
√
ω
2
i
√
ω
2
 , (7.168)
and B=B[h] is a dynamical repère
B=
{[
G[h]
G
†[h]
]
:
[
G[h′],G†[h]
]
= δ
(
h′−h) ,[G[h′],G[h]]= 0} , (7.169)
on the Fock space of creation and annihilation operators
F =
(
G,G†
)
. (7.170)
Application of the decomposition (7.167) yields the Heisenberg equa-
tions of motion modified by the non-diagonal components
δB
δh = XB, (7.171)
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where X is the matrix
X =
 −iω 12ω δωδh1
2ω
δω
δh iω
 . (7.172)
Let us suppose that there is another repère F determined by the Bo-
goliubov transformation
F =
[
u v
v∗ u∗
]
B, (7.173)
where the Bogoliubov coefficients u and v forms the Gauss–Lobachevsky–
Bolyai hyperbolic space and obey the constraint
|u|2−|v|2 = 1, (7.174)
and together with the frequency Ω are functionals of h. As the second
requirement let us suppose also that dynamics of the repère is governed
by the Heisenberg equations of motion
δF
δh =
[ −iΩ 0
0 iΩ
]
F. (7.175)
Application of the system of equations (7.173)- (7.175) to the equations
(7.171) leads to the equation for the vector of the Bogoliubov coefficients
b =
[
u
v
]
, (7.176)
which is given by the following vector equation
δb
δh = Xb, (7.177)
and gives trivial value of the unknown frequency
Ω≡ 0. (7.178)
Therefore, the conjectured repère F becomes the static Fock repère with
respect to initial data (I)
F=
{[
GI
G
†
I
]
:
[
GI,G
†
I
]
= 1, [GI,GI] = 0
}
, (7.179)
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and the vacuum state |0〉 is correctly defined
GI |0〉 = 0, (7.180)
〈0|G†I = 0. (7.181)
Integrability of the system of equations (7.177) is the crucial element
of the scheme presented above. The Bogoliubov transformation (7.173),
however, suggests application of the superfluid parametrization
u = eiθ coshφ , (7.182)
v = eiθ sinhφ , (7.183)
where θ and φ are the angles which for the present situation are
θ = ±i
∫ h
hI
ω ′δh′, (7.184)
φ = ln
√∣∣∣ωI
ω
∣∣∣, (7.185)
where ω ′ = ω(h′) and ωI is the initial datum of gravitational dimension-
less frequency
ωI =− 18pi√6 , (7.186)
which yield the Bogoliubov coefficients
u =
µ +1
2√µ exp
{
i
∫ h
hI
ω ′δh′
}
, (7.187)
v =
µ−1
2√µ exp
{
−i
∫ h
hI
ω ′δh′
}
, (7.188)
where µ = ω
ωI
measures the relative gravitational dimensionless fre-
quency. For convenience one can apply also the reciprocal of µ, i.e. the
parameter λ = ωI
ω
=
1
µ
λ =
√∣∣∣∣ h(3)R−2Λ−2κℓ2Pρ
∣∣∣∣=
√∣∣∣∣ hKi jKi j−K2
∣∣∣∣, (7.189)
and we understand λ ≡ λ [h], λ ′ = λ [h′].
Consequently, the integrability problem is solved by the equation
ˆΦ = QGF, (7.190)
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where G is the monodromy matrix
G =

1+µ
2√µ exp
{
−i∫ hhI ω ′δh′} 1−µ2√µ exp{i∫ hhI ω ′δh′}
1−µ
2√µ exp
{
−i∫ hhI ω ′δh′} 1+µ2√µ exp{i∫ hhI ω ′δh′}
 . (7.191)
Now it can be seen straightforwardly that the presented version of
quantum geometrodynamics formulates quantum gravity as a quan-
tum field theory of gravity, where the quantum gravitational field is
associated with configuration of embedded space and given by the de-
composition (7.190) in the static Fock space. In this manner one can
write out straightforwardly conclusions following form the global one-
dimensional model of quantum gravity.
It must be noticed that the functional measure δh in any integrals
of the form
∫ δh′ f [h′] for the case of a fixed configuration of space, i.e.
h= constant, becomes the Riemann–Lebesgue measure dh. However, be-
cause of h in general is a smooth function of space-time coordinates and
free parameters, the measure δh as a total variation over space-time
coordinates is the Lebesgue–Stieltjes measure which can be rewritten
as the Riemann–Lebesgue measure on space-time. In the most general
case h = h(x0,x1,x2,x3) one can use the transformation
δh = ∂
4h(x0,x1,x2,x3)
∂x0∂x1∂x2∂x3
d4x, (7.192)
where d4x = dx0dx1dx2dx3, and compute the integral∫
δh′ f [h′] =
∫
d4x′
∂ 4h(x′0,x′1,x′2,x′3)
∂x′0∂x′1∂x′2∂x′3
f (x′0,x′1,x′2,x′3). (7.193)
In this manner the transformation (7.192) establishes the relation be-
tween the Wheeler superspace and space-time.
The initial data condition m = mI generates the equation for the ini-
tial manifold
(3)R(I)−2Λ−2κℓ2PρI = hI, (7.194)
or equivalently
K(I)i j K
(I)i j−K(I)2 = hI, (7.195)
where the superscript I means initial value of given quantity. The
quantum evolution (7.128) in such a situation takes the form( δ 2
δh2I
− 16(8pi)2
)
Ψ(hI) = 0, (7.196)
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and after taking into account the suitable boundary conditions
Ψ(hI = h0) = Ψ0, (7.197)
δΨ(hI)
δhI
∣∣∣∣
hI=h0
= Π0Ψ, (7.198)
can be solved straightforwardly
Ψ(hI) = Ψ0 cosh
{
hI−h0
8pi
√
6
}
+8pi
√
6ℓ2PΠ0Ψ sinh
{
hI−h0
8pi
√
6
}
. (7.199)
E Several Implications
The quantum field-theoretic geometrodynamics just was formulated.
However, still we do not know what it the role of an one-dimensional
wave function which solves the equation (7.113). The same problem is
to define any geometric quantities related to the midisuperspace quan-
tum geometrodynamics. The quantum field theory of gravity (7.190)
has also unprecise significance. Let us present now several conclu-
sions arising from the previous section, which shall clarify our doubts
in some detail.
E1 The Global 1D Wave Function
The one-dimensional Dirac equation (8.20) can be rewritten in the form
of Schrödinger equation
δΦ
δh = HΦ, (7.200)
where H is the hermitian Hamiltonian
H = iγM =
[
0 −ω2
1 0
]
=
 0 −ω2Iλ 2
1 0
 , (7.201)
yielding the evolution operator
U [h,hI] = exp
∫ h
hI
δh′H[h′] = exp
[
0 −∫ hhI δh′ω2[h′]
h−hI 0
]
, (7.202)
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where h > hI, which is explicitly
U [h,hI] =
 cos f [h,hI] −
(∫ h
hI δh′ω ′
2
) sin f [h,hI]
f [h,hI]
(h−hI)sin f [h,hI]f [h,hI] cos f [h,hI]
 , (7.203)
where f [h,hI] is the functional
f [h,hI] =
√
(h−hI)
∫ h
hI
ω ′2δh′, (7.204)
so that the solution of the equation (8.26) is
Φ[h,hI] =U [h,hI]Φ[hI]. (7.205)
Straightforward elementary algebraic manipulations allow to deter-
mine the global one-dimensional wave function as
Ψ[h,hI]] = ΨI cos f [h,hI]+ΠIΨ(h−hI)
sin f [h,hI]
f [h,hI] , (7.206)
and similarly the canonical conjugate momentum is
ΠΨ[h,hI] = ΠIΨ cos f [h,hI]−ΨI
(∫ h
hI
δh′ω ′2
)
sin f [h,hI]
f [h,hI] , (7.207)
where ΨI and ΠIΨ are initial data
ΨI = Ψ[hI], (7.208)
ΠIΨ = ΠΨ[hI] =
δΨ
δh
∣∣∣∣
h=hI
. (7.209)
Because of U†[h,hI] =UT [h,hI] one sees that
Ψ⋆[h,hI] = Ψ[h,hI], (7.210)
Π⋆Ψ[h,hI] = ΠΨ[h,hI], (7.211)
and for consistency also must be (ΨI)⋆ = ΨI, (ΠIΨ)⋆ = ΠIΨ. The probabil-
ity density in the quantum mechanics is
Ω[h,hI] = Φ†[h,hI]Φ[h,hI] = Φ†[hI]U†[h,hI]U [h,hI]Φ[hI]. (7.212)
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Computing the matrix U†[h,hI]U [h,hI]
U†[h,hI]U [h,hI] =
 cos2 f [h,hI]+
[
(h−hI)sin f [h,hI]f [h,hI]
]2
(
h−hI−
∫ h
hI δh
′ω ′2
) sin2 f [h,hI]
2 f [h,hI](
h−hI−
∫ h
hI δh
′ω ′2
) sin2 f [h,hI]
2 f [h,hI]
cos2 f [h,hI]+
[∫ h
hI δh
′ω ′2
sin f [h,hI]
f [h,hI]
]2
 , (7.213)
and taking into account that
Φ†[hI] =
[
ΠIΨ
ΨI
]†
=
[
(ΠIΨ)⋆
(ΨI)⋆
]T
=
[
ΠIΨ
ΨI
]T
=
[
ΠIΨ,ΨI
]
, (7.214)
one obtains finally
Ω[h,hI] = A[h,hI]
(
ΨI
)2
+2B[h,hI]ΨIΠIΨ+C[h,hI]
(
ΠIΨ
)2
, (7.215)
where the functional coefficients A[h,hI], B[h,hI], C[h,hI] in (7.215) are
A[h,hI] = cos2 f [h,hI]+
(∫ h
hI
δh′ω ′2
)2(
sin f [h,hI]
f [h,hI]
)2
, (7.216)
B[h,hI] =
(
h−hI−
∫ h
hI
δh′ω ′2
)
sin2 f [h,hI]
2 f [h,hI] , (7.217)
C[h,hI] = cos2 f [h,hI]+(h−hI)2
(
sin f [h,hI]
f [h,hI]
)2
, (7.218)
The initial data ΨI and ΠIΨ are not arbitrary, but constrained by the
normalization condition for the probability density∫ hF
hI
Ω[h′]δh′ = 1, (7.219)
where hF is some maximal value of h, which in explicit form leads to
the algebraic equation
C[hI](ΠIΨ)2 +2B[hI]ΨIΠIΨ +A[hI](ΨI)2−1 = 0, (7.220)
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with the coefficients A[hI], B[hI], C[hI] given by the integrals
A[hI] =
∫ hF
hI
δh′A[h′,hI], (7.221)
B[hI] =
∫ hF
hI
δh′B[h′,hI], (7.222)
C[hI] =
∫ hF
hI
δh′C[h′,hI]. (7.223)
The equation (7.220) can be solved straightforwardly. In result one
obtains
ΠIΨ =−
B[hI]
C[hI]
ΨI ±
√
B2[hI]−A[hI]C[hI]
C2[hI]
(ΨI)2 + 1C[hI]
. (7.224)
Application of the explicit form of initial data of the conjugate momen-
tum ΠIΨ =
δΨI
δhI
to the equation (7.220) yields the differential equation
for initial data of the classical scalar field ΨI
C[hI]
(δΨI
δhI
)2
+2B[hI]ΨI
δΨI
δhI
+A[hI](ΨI)2−1 = 0, (7.225)
which in general is very hard to solve. However, there is the case
defined by the values of the coefficients A[hI] = A, B[hI] = B, C[hI] = C
which are independent on hI. In such a situation the equation (7.225)
possesses solutions which are easy to extract
ΨI∓ = f (−1)±
(
∓hI
C
+C1
)
, (7.226)
where C1 is an integration constant, and f±(x) are the functions
f±(x) =± BAC
{
1
2
ln
∣∣Ax2−1∣∣± artanh[ Bx√
C+(B2−AC)x2
]
∓
∓
√
B2−AC
B
ln
∣∣∣∣2(B2−AC)x+2√B2−AC√C+(B2−AC)x2∣∣∣∣
}
, (7.227)
The solution (7.226) has been received computationally, and by using
it one can construct the analytical solutions straightforwardly. Let us
introduce the following parameter
x =±hI −h0
C
, (7.228)
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where for consistency we have taken C1 = ∓h0C . Differentiating the so-
lutions (7.226) with respect to x one obtains
δΨI∓
δ
(
±hIC +C1
) =±C δΨI∓δhI =− 1f ′∓(x) , (7.229)
where f ′(x) = d f (x)dx , and by this reason
δΨI∓
δhI
=∓ 1
C f ′∓(x)
. (7.230)
Substitution of the derivative (7.230) to the equation (7.225) gives
1
C( f ′∓(x))2
∓ 2BC f ′∓(x)
ΨI∓+A(ΨI∓)2−1 = 0, (7.231)
or equivalently one obtains quadratic equation for ΨI
AC( f ′∓(x))2(ΨI∓)2∓2B f ′∓(x)ΨI∓+1−C( f ′(x))2 = 0. (7.232)
The equation (7.232) possesses two solutions
ΨI∓ =±
B
AC f ′∓(x)
(
1+ 1
ABC
√
B2−AC+4AC2( f ′∓(x))2
)
, (7.233)
where the derivative f ′∓(x) can be established straightforwardly
f ′∓(x) =±
B
C
[
x
Ax2−1 ∓
B√
C+(B2−AC)x2
(
x2
Ax2−1 −
C
B2
)]
. (7.234)
Substitution of the derivative (7.234) to the formula (7.233) gives
ΨI∓ =
(
Ax
Ax2−1 ∓
AB√
C+(B2−AC)x2
(
x2
Ax2−1 −
C
B2
))−1/2
×{
1+ 1
AC
[
1− AC
B2
+
4Ax2
(Ax2−1)2 +
4AB
C+(B2−AC)x2
(
x2
Ax2−1 −
C
B2
)2
±
ABx
(Ax2−1)
√
C+(B2−AC)x2
(
x2
Ax2−1 −
C
B2
)]1/2}
. (7.235)
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E2 The Unitary Three-Manifolds
The evolution operator (7.203) is in general non unitary, i.e. it can be
shown by straightforward calculation that the condition
U†U =UU† = 12, (7.236)
is broken. However, there are situations within the theory for which
the evolution operator (7.203) is unitary. It can be proved easy that for
the unitarity of U the necessary and sufficient conditions are(
h−hI
∫ h
hI
δh′ω ′2
)
sin2 f [h,hI]
2 f [h,hI] = 0, (7.237)
cos2 f [h,hI]+
(∫ h
hI
δh′ω ′2
)2(
sin f [h,hI]
f [h,hI]
)2
= 1, (7.238)[(∫ h
hI
δh′ω ′2
)2
− (h−hI)2
](
sin f [h,hI]
f [h,hI]
)2
= 0. (7.239)
These equations possess two solutions. The first solution is trivial
f [h,hI] = 0, (7.240)
and corresponds to the initial data point
h = hI. (7.241)
In this situation the evolution operator is trivially equal to the unit
2×2 matrix, what in fact means that there is no evolution. The second
solution, however, is non trivial
f 2[h,hI] =−(h−hI)2, (7.242)
and corresponds to the equation
ω2 =−1, (7.243)
which is associated with purely imaginary frequency and therefore also
energy, i.e. tachyon. With using of the definition (7.129) the condition
(7.243) generates the equation for the embedded three-dimensional space
(3)R = 6(8pi)2h+2Λ+2κℓ2Pρ , (7.244)
or equivalently with using of the second definition (7.130)
Ki jKi j−K2 = 6(8pi)2h. (7.245)
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In this case the unitary evolution operator has the form
U [h,hI] =
[
cosh(h−hI) sinh(h−hI)
−sinh(h−hI) cosh(h−hI)
]
, (7.246)
and is the rotation matrix of the unitary Lie group U(1)∼= SO(2), where
the angle of the rotation is i(h− hI). Hence in such a situation the
classical scalar field Ψ and its conjugate momentum field ΠΨ are
Ψ[h,hI] = ΨI cosh(h−hI)−ΠIΨ sinh(h−hI), (7.247)
Πψ [h,hI] = ΨI sinh(h−hI)+ΠIΨ cosh(h−hI), (7.248)
and the corresponding probability density equals to
Ω[h,hI] =
(
ΨI
)2
cosh2(h−hI)+
(
ΠIΨ
)2
sinh2(h−hI)− (7.249)
− 2ΨIΠI sinh(h−hI)cosh(h−hI). (7.250)
In this manner the normalization condition (7.219) generates the equa-
tion for the initial data
α(hF −hI)
(
ΠIΨ
)2−2β (hF −hI)ΨIΠI + γ(hF −hI)(ΨI)2 = 1hF −hI , (7.251)
where the coefficients-functions of hI are
α(hF −hI) = sinh(2(hF −hI))−2(hF −hI)4 , (7.252)
β (hF −hI) = 12 sinh
2(2(hF −hI)), (7.253)
γ(hF −hI) = sinh(2(hF −hI))+2(hF −hI)4 . (7.254)
Application of the basic definition of initial data of the conjugate mo-
mentum ΠIΨ =
δΨI
δhI
to the equation (7.255) gives the differential equa-
tion for the initial data do the scalar field ΨI
α(hF −hI)
(δΨI
δhI
)2
−2β (hF −hI)ΨI δΨIδhI + γ(hF −hI)
(
ΨI
)2− 1hF −hI = 0.
(7.255)
for finite values of hF this equation is difficult to solve straightfor-
wardly. When the upper limit is infinite, i.e. hF → ∞, then the third
term in (7.255) vanishes identically whereas the coefficients α, β , and
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γ tends to infinity. Then however, one can divide both sides of the equa-
tion (7.255) by
1
2
sinh(2(hF −hI)) and obtain the finite limit
(δΨI
δhI
)2
−2ΨI δΨIδhI +
(
ΨI
)2
=
(δΨI
δhI
−ΨI
)2
= 0. (7.256)
With using of the boundary condition ΨI(h0) = Ψ0, this equation can be
solved immediately
ΨI = Ψ0 exp{hI−h0} . (7.257)
Because of the equations (7.244) and (7.245) are related to the uni-
tary operator of evolution (7.246) we shall call their solutions the uni-
tary three-manifolds. Interestingly, the equation (7.244) suggests that
in general the unitary three-manifolds are deformations of the three-
manifolds defined by the Ricci scalar-curvature proportional to deter-
minant of an induced metric, i.e. to the global dimension
(3)R = 6(8pi)2h, (7.258)
and deformation is due to the cosmological constant Λ and the energy
density ρ of Matter fields. Because of the three-dimensional manifolds
defined by (7.258) are also the unitary three-manifolds we shall call
them the global unitary three-manifolds.
E3 The Fourier Analysis
The quantum gravity given by one-dimensional the Klein–Gordon equa-
tion (7.128) ( δ 2
δh2 +ω
2[h]
)
Ψ(h) = 0, (7.259)
ω2[h] =− 16(8pi)2
1
h
(
(3)R−2Λ−2κℓ2Pρ
)
, (7.260)
can be considered as the equation for the 3-dimensional scalar curva-
ture (3)R
(3)R = 2
(
Λ+κℓ2Pρ
)
+6(8pi)2ϕ(h)h, (7.261)
where we have introduced the function
ϕ(h) = 1Ψ(h)
δ 2Ψ(h)
δh2 . (7.262)
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In the stationary case
ρ ≡ 0∩Λ≡ 0 or ρ =− Λ
κℓ2P
, (7.263)
one obtains from (7.261) that
(3)R = 6(8pi)2ϕnh, (7.264)
where ϕn are eigenvalues determined by the equation
δ 2Ψ
δh2 = ϕnΨ. (7.265)
If one wishes to consider the non-stationary situation then it is easy to
see that
ϕ(h) = ϕn− 26(8pi)2
Λ+κℓ2Pρ
h . (7.266)
One can apply the analytical form of the classical scalar field Ψ
Ψ =
∞
∑
n=−∞
an(h−hI)n, (7.267)
to the eigenequation (7.265)
∞
∑
n=−∞
(n+1)(n+2)an+2(h−hI)n = ϕn
∞
∑
n=−∞
an(h−hI)n, (7.268)
and express eigenvalues ϕn by the series coefficients an
ϕn = (n+1)(n+2)
an+2
an
. (7.269)
Because, however, the series coefficients are defined as
an =
δ nΨ
δhn
∣∣∣∣
h=hI
, (7.270)
one obtains from (7.269)
ϕn = (n+1)(n+2)
δ n+2
δhn+2 Ψ(h)
δ n
δhn Ψ(h)
∣∣∣∣∣∣∣∣
h=hI
. (7.271)
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In the light of the fact
δ n+2Ψ
δhn+2 =
δ n
δhn
(δ 2Ψ
δh2
)
=− δ
n
δhn
(
ω2[h]Ψ(h)
)
, (7.272)
where we have applied the equation (7.259), one has
ϕn =−(n+1)(n+2)
δ n
δhn
(
ω2[h]Ψ(h)
)
δ n
δhn Ψ(h)
∣∣∣∣∣∣∣
h=hI
. (7.273)
Let us assume that there are generalized Fourier transforms
Ψ˜(s) =
∫
δhe−2ipishΨ(h), (7.274)
m˜2(s) =
∫
δhe−2ipishm2[h], (7.275)
as well as the inverted Fourier transforms
Ψ(h) =
∫
δ se2ipishΨ˜(s), (7.276)
m2[h] =
∫
δ se2ipishm˜2(s). (7.277)
Applying the generalized Leibniz product formula
δ n
δhn
(
ω2[h]Ψ(h)
)
=
n
∑
r=0
(
n
r
)( δ r
δhr ω
2[h]
)( δ n−r
δhn−r Ψ(h)
)
, (7.278)
one obtains
δ n
δhn
(
ω2[h]Ψ(h)
)
δ n
δhn Ψ(h)
=
1
δ n
δhn Ψ(h)
n
∑
r=0
(
n
r
)( δ r
δhr ω
2[h]
)( δ n−r
δhn−r Ψ(h)
)
=
=
δ n
δhn Ψ(h)
δ n
δhn Ψ(h)
n
∑
r=0
(
n
r
)( δ r
δhr ω
2[h]
)( δ−r
δh−r Ψ(h)
)
=
=
n
∑
r=0
(
n
r
)( δ r
δhr ω
2[h]
)( δ−r
δh−r Ψ(h)
)
. (7.279)
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In this manner using of the inverted Fourier transforms (7.276) and
(7.277) gives
δ r
δhr ω
2[h] =
∫
δ se2ipish(2ipis)rω˜2(s), (7.280)
δ−r
δh−r Ψ(h) =
∫
δ se2ipish(2ipis)−rΨ˜(s), (7.281)
and by this reason the formula (7.279) becomes
δ n
δhn
(
ω2[h]Ψ(h)
)
δ n
δhn Ψ(h)
=
∫ ∫
δ sδ s′e2ipi(′+s′)h
[
n
∑
r=0
(
n
r
)( s
s′
)r]
ω˜2(s)Ψ˜(s′).
(7.282)
Applying the standard summation procedure
n
∑
r=0
(
n
r
)
xr = (1+ x)n, (7.283)
one obtains
δ n
δhn
(
ω2[h]Ψ(h)
)
δ n
δhn Ψ(h)
=
∫ ∫
δ sδ s′e2ipi(s′+s)h
(
1+ s
s′
)n
ω˜2(s)Ψ˜(s′). (7.284)
By this reason the eigenvalues (7.273) are
ϕn =−(n+1)(n+2)
∫ ∫
δ sδ s′e2ipi(s+s′)h
(
1+
s
s′
)n
ω˜2(s)Ψ˜(s′)
∣∣∣∣
h=hI
. (7.285)
Applying the Fourier transforms (7.274) and (7.275) one receives
ω˜2(s)Ψ˜(s′) =
∫ ∫
δhδh′e−2ipi(sh+s′h′)ω2[h]Ψ(h′), (7.286)
and by this reason one obtains finally
ϕn = −
∫ ∫
δhδh′Gn(h−h′)ω2[h]Ψ(h′)
∣∣∣∣
h=hI ,h′=hI
= (7.287)
= −
∫ ∫
δhδh′Gn(h−h′)δ
2Ψ(h)
δh2
Ψ(h′)
Ψ(h)
∣∣∣∣
h=hI ,h′=hI
= (7.288)
= −
∫ ∫
δhδh′Gn(h−h′)δΠΨ(h)δh
Ψ(h′)
Ψ(h)
∣∣∣∣
h=hI ,h′=hI
, (7.289)
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where in the second line we have used equations of motion, and in the
third line we have applied definition of the conjugate momentum field.
The kernel G (h−h′) is given by the relation
Gn(h−h′) = (n+1)(n+2)
∫ ∫
δ sδ s′e2ipis′(h−h′)
(
1+
s′
s
)n
. (7.290)
Estimation of the kernel (7.290) is the crucial element of the proposed
analysis. To make it consistently let us determine the range of s and s′.
In quantum mechanics the Fourier analysis transforms theory to the
momentum space representation. Therefore, s and s′ are the momenta
conjugated to h and h′, respectively.
The double integral in the kernel (7.290) can be transformed as∫
δ s′e2ipis′(h−h′)
[∫
δ s
(
1+ s
s′
)n]
, (7.291)
and therefore one sees that the variable s is internal, while the variable
s′ is external. Let us take ad hoc the finite range of the internal variable
s ∈ [0,S] and the infinite range of the external variable s′ ∈ [0,∞]. The
internal integral can be easy computed∫
δ s
(
1+ s
s′
)n
= s′
∫
δ
(
1+ s
s′
)(
1+ s
s′
)n
= (7.292)
= s′
∫
t=1+ s
s′
δ ttn = s
′
n+1
(
1+
S
s′
)n+1
, (7.293)
and by this reason the double integral (7.291) becomes
1
n+1
∫
δ s′e2ipis′(h−h′)s′
(
1+ S
s′
)n+1
. (7.294)
In the range s′ ∈ [0,∞] the integral in (7.294) converges for n < 1∫
δ s′e2ipis′(h−h′)s′
(
1+ S
s′
)n+1
=− Γ(1−n)
4pi2(h−h′)2U
(−1−n,−1,−2ipiS(h−h′)) ,
(7.295)
where Γ(z) is the Euler gamma-function
Γ(z) =
∫
∞
0
tz−1e−tdt, (7.296)
and U (a,b,z) is the Tricomi confluent hypergeometric function (See e.g.
the Ref. [602] for basic knowledge about special functions)
U(a,b,z) = Γ(1−b)
Γ(a−b+1)M(a,b,z)+
Γ(b−1)
Γ(a)
z1−bM(a−b+1,2−b,z),
(7.297)
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where M(a,b,z) is the Kummer confluent hypergeometric function
M(a,b,z) =
∞
∑
n=0
(a)n
(b)n
zn
n!
= 1+ Γ(b)
Γ(a)
∞
∑
n=1
Γ(a+n)
Γ(b+n)
zn
n!
, (7.298)
where (α)n are the Pochhammer symbols
(α)n =
Γ(α +n)
Γ(α)
, (α)0 = 1, (7.299)
and for ℜa > 0 there is the integral relation
(a)n
(b)n
=
Γ(b)
Γ(a)Γ(b−a)
∫ 1
0
ta−1+n(1− t)b−a−1dt. (7.300)
Applying the values a = 1−n > 0, b = 3, z =−2ipiS(h−h′) to the Kummer
transformation
U(a,b,z) = z1−bU(1+a−b,2−b,z), (7.301)
one receives
U
(−1−n,−1,−2ipiS(h−h′))=−4pi2S2(h−h′)2U (1−n,3,−2ipiS(h−h′)) ,
(7.302)
and by this reason the integral (7.295) becomes
∫
δ s′e2ipis′(h−h′)s′
(
1+ S
s′
)n+1
= S2Γ(1−n)U (1−n,3,−2ipiS(h−h′)) .
(7.303)
Because of now 1− n > 0 the Tricomi confluent hypergeometric func-
tions can be computed in the integral representation
U(a,b,z) = 1
Γ(a)
∫
∞
0
e−ztta−1(1+ t)b−a−1dt. (7.304)
In this manner the kernel (7.290) (for n < 1) is given by the formula
Gn(h−h′) = S2(n+2)Γ(1−n)U
(
1−n,3,−2ipiS(h−h′)) , (7.305)
and consequently the eigenvalue (7.269) can be evaluated as
ϕn =−S2(n+2)Γ(1−n)
∫ ∫
δhδh′U
(
1−n,3,−2ipiS(h−h′))ϒ(h,h′)∣∣∣∣
h=hI ,h′=hI
,
(7.306)
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where we have introduced the symbol ϒ(h,h′)
ϒ(h,h′) = Ψ(h
′)
Ψ(h)
δ 2Ψ(h)
δh2 =
Ψ(h′)
Ψ(h)
δΠΨ(h)
δh , (7.307)
which can be straightforwardly established when both wave function
Ψ(h) and its second derivative δ
2Ψ(h)
δh2 , or equivalently derivative of its
conjugate momentum field
δΠΨ(h)
δh , are given explicitly.
E4 Quantum Correlations
With using of the matrices (7.191) and (7.167), and the relation (7.190)
one derives the quantum field
ˆΨ(h) =
√
ωI
8
1
ω
(
exp
{
−i
∫ h
hI
ω ′δh′
}
GI + exp
{
i
∫ h
hI
ω ′δh′
}
G
†
I
)
. (7.308)
Let us take into account the n-particle one-point quantum states deter-
mined as
|h,n〉 ≡ ˆΨn |0〉=
(√
ωI
8
1
ω
exp
{∫ h
hI
ω ′δh′
})n
G
†n
I |0〉 , (7.309)
yields two-point correlators Corn′n(h′,h)≡ 〈n′,h′|h,n〉 or explicitly
Corn′n(h′,h) =
(ωI
8
)(n′+n)/2
exp
{
i
(
n′
∫ hI
h′
+n
∫ h
hI
)
ω ′′δh′′
}
×
× 〈0|G
n′
I G
†n
I |0〉
ω ′n′ωn
. (7.310)
Basically one obtains
Cor00(h,h) = Cor00(h′,h) = Cor00(hI,hI) = 〈0|0〉 , (7.311)
Cor11(hI,hI) =
1
8ωI
, (7.312)
Corn′n(hI,hI)
[Cor11(hI,hI)](n
′+n)/2 = 〈0|G
n′
I G
†n
I |0〉 , (7.313)
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and by elementary algebraic manipulations one receives
Cor11(h′,h) =
√
Cor11(h′,h′)Cor11(h,h)
Cor11(hI,hI)
exp
{
i
∫ h
h′
ω ′′δh′′
}
, (7.314)
Cornn(h′,h)
Cor00(hI,hI)
=
[
Cor11(h′,h)
Cor00(hI,hI)
]n
, (7.315)
Cor11(h,h)
Cor00(hI,hI)
=
(mI
m
)2
Cor11(hI,hI). (7.316)
Straightforwardly from (7.316) one can relate a size scale with quan-
tum correlations
λ = ωI
ω
=
√
Cor11(h,h)
Cor11(hI,hI)Cor00(hI,hI)
, (7.317)
and consequently one receives the formulas
Corn′n(h,h)
Corn′n(hI,hI)
= λ n′+n exp
{
−i(n′−n)
∫ h
hI
ω ′′δh′′
}
, (7.318)
Cor11(h′,h)
Cor00(hI,hI)Cor11(hI,hI)
= λ ′λ exp
{
i
∫ h
h′
ω ′′δh′′
}
, (7.319)
Cornn(h′,h)
Cor00(hI,hI)
= λ ′nλ n[Cor11(hI,hI)]n exp
{
in
∫ h
h′
ω ′′δh′′
}
. (7.320)
A whole information about the quantum gravity is contained in the
parameters of the theory, i.e. m, λ , and the initial data mI. It is ev-
ident that the quantum correlations are strictly determined by these
fundamental quantities only. In other words measurement of quantum
correlations can be used for deduction of values of the fundamental pa-
rameters of the theory.
The conclusions presented in this section have purely formal char-
acter, however, they show manifestly a general feature of the proposed
theory of quantum gravity. These conclusions are partial, but they
show a non trivial both physical and mathematical implications follow-
ing from the theory of quantum gravity. Let us see more consequences
of the theory.
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Chapter 8
The Invariant Global
Dimension
A The Invariant Global Quantum Gravity
Let us included explicitly presence of Matter fields, and extend the
global one-dimensional wave function Ψ(h) to a functional Ψ[h,φ ], which
we shall call extended global wave function. Still we take the global di-
mension h = dethi j.
The theory of quantum gravity proposed in the previous chapter can
be rewritten as ( δ 2
δh2 +Ve f f [h,φ ]
)
Ψ[h,φ ] = 0. (8.1)
where Ve f f is the (effective) gravitational potential
Ve f f ≡ 16(8pi)2
(
−
(3)R
h +
2Λ
h +
2κℓ2P
h ρ [φ ]
)
. (8.2)
The manifestly singular behavior ∼ 1/h of the potential (8.2), however,
can be regularized by the suitable change of variables
h→ ξ = ξ [h], (8.3)
which generates the adequate Jacobi formula
δξ =
(δξ
δh
)
hhi jδhi j. (8.4)
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The dimension ξ [h], as a functional of the global dimension h, is also
diffeoinvariant. Applying the change of variables (8.3) within the equa-
tion (8.1) one obtains{(δξ
δh
)2 δ 2
δξ 2 +Ve f f [ξ ,φ ]
}
Ψ [ξ ,φ ] = 0, (8.5)
and therefore for all nonsingular situations
δξ
δh 6= 0 it can be rewritten
in more convenient form{ δ 2
δξ 2 +V [ξ ,φ ]
}
Ψ [ξ ,φ ] = 0, (8.6)
where the potential V [ξ ,φ ] is
V [ξ ,φ ] =
(δξ
δh
)−2
Ve f f [ξ ,φ ] . (8.7)
We shall call it the generalized gravitational potential. In fact, the
choice of the invariant dimension ξ is a kind of the choice of a gauge
for the theory of quantum gravity.
Naturally, the generic gauge is the global dimension ξ [h] ≡ h. An-
other situations can be generated straightforwardly from this funda-
mental case. There is a lot of possible choices of gauge for quantum
gravity. However, note that the particular choice
ξ = 1
4pi
√
h
6 , (8.8)
which is associated to the measure
δξ = 18pi
√
h
6h
i jδhi j, (8.9)
removes the singularity 1/h present in the gravitational potentialVe f f [h,φ ]
(8.2), and consequently the equation (8.6) reads{ δ 2
δξ 2 −
(
(3)R[ξ ]−2Λ−2κℓ2Pρ [φ ]
)}
Ψ [ξ ,φ ] = 0. (8.10)
The appropriate normalization condition should be chosen as∫
|Ψ [ξ ,φ ]|2 δ µ(ξ ,φ) = 1, (8.11)
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where δ µ(ξ ,φ) = δξ δφ . is the invariant product functional measure.
Note that similarly as δh the measure δ
√
h is also the Lebesgue–Stieltjes
(Radon) type integral measure, which can be transformed to the Riemann–
Lebesgue measure over space-time. In the general case h= h(x0,x1,x2,x3)
δ
√
h = ∂
4√h
∂x0∂x1∂x2∂x3
d4x. (8.12)
By the special role of the change of variables (8.8) we shall call this di-
mension invariant global dimension, and the theory of quantum grav-
ity (8.10) will be called the invariant global quantum gravity.
B The One-Dimensional Dirac Equation
The equation (8.6) can be derived as the Euler–Lagrange equations of
motion by the field theoretical variational principle δS[Ψ] = 0 applied
to the action functional
S[Ψ] = −1
2
∫
δξ δφΨ[ξ ,φ ]
( δ 2
δξ 2 +V [ξ ,φ ]
)
Ψ[ξ ,φ ] =
= −1
2
∫
δφΨ[ξ ,φ ]δΨ[ξ ,φ ]δξ +
+
1
2
∫
δξ δφ
{(δΨ[ξ ,φ ]
δξ
)2
+V [ξ ,φ ]Ψ2[ξ ,φ ]
}
, (8.13)
where the integration by parts was applied. One can choose the coor-
dinate system in the Wheeler superspace by the condition of vanishing
of the material surface term
− 1
2
∫
δφΨ[ξ ,φ ]δΨ[ξ ,φ ]δξ = 0, (8.14)
which we shall call the material coordinate system. In the material
coordinates the action functional (8.13) is reduced to the action of the
Euclidean field theory
S[Ψ]≡
∫
δξ δφL
[
Ψ[ξ ,φ ], δΨ[ξ ,φ ]δξ
]
, (8.15)
where the Euclidean Lagrangian has the form
L
[
Ψ[ξ ,φ ], δΨ[ξ ,φ ]δξ
]
=
1
2
(δΨ[ξ ,φ ]
δξ
)2
+
V [ξ ,φ ]
2
Ψ2[ξ ,φ ], (8.16)
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and the corresponding canonical momentum conjugated to the classical
scalar-valued field Ψ[ξ ,φ ] is
ΠΨ[ξ ,φ ] = ∂L
∂
(δΨ[ξ ,φ ]
δξ
) = δΨ[ξ ,φ ]δξ . (8.17)
Therefore the choice of the coordinate system (8.14) actually means the
choice of the orthogonal coordinates in the space field-theoretic phase
space (Ψ[ξ ,φ ],ΠΨ[ξ ,φ ])
∀ξ ,φ ∈ Σ(ξ ,φ) :
∫
δφΨ[ξ ,φ ]ΠΨ[ξ ,φ ] = 0, (8.18)
where by Σ(ξ ,φ) we denoted the midisuperspace strata of the Wheeler
superspace. With using of the conjugate momentum (8.17) the equation
(8.6) can be rewritten in the form
δΠΨ[ξ ,φ ]
δξ +V [ξ ,φ ]Ψ[ξ ,φ ] = 0, (8.19)
and together with the equation (8.17) creates the Hamilton canonical
equations of motion, yielding the appropriate one-dimensional Dirac
equation (
−iγ δδξ −M[ξ ,φ ]
)
Φ[ξ ,φ ] = 0, (8.20)
where Φ[ξ ,φ ] is the two-component classical field
Φ[ξ ,φ ] =
[
ΠΨ[ξ ,φ ]
Ψ[ξ ,φ ]
]
, (8.21)
M[ξ ,φ ] is the mass matrix of this field
M[ξ ,φ ] =
[
1 0
0 V [ξ ,φ ]
]
, (8.22)
and the γ-matrices algebra
γ =
[
0 −i
i 0
]
≡ σy, (8.23)
γ2 =
[
1 0
0 1
]
≡ I2, (8.24)
that in itself creates the Clifford algebra C ℓ2(C)
{γ,γ} = 2I2. (8.25)
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C The Cauchy-Like Wave Functionals
The one-dimensional Dirac equation (8.20) can be rewritten in the form
of the Schrödinger equation
i
δΦ[ξ ,φ ]
δξ = H[ξ ,φ ]Φ[ξ ,φ ], (8.26)
where the Hamiltonian is
H[ξ ,φ ] = i
[
0 −V [ξ ,φ ]
1 0
]
. (8.27)
Solution of the ξ -evolution (8.26) can be written out straightforwardly
Φ[ξ ,φ ] =U [ξ ,φ ]Φ[ξ I,φ ], (8.28)
where Φ[ξ I,φ ] is an initial data vector with respect to ξ only, andU [ξ ,φ ]
is the operator of ξ -evolution
U = exp
{
−i
∫
Σ(ξ )
δξ ′H[ξ ′,φ ]
}
= exp{−iΩ(ξ ,φ)〈H〉(ξ ,φ)}, (8.29)
where Σ(ξ ) is the finite integration region in the subset of midisuper-
space, which we shall call ξ -space, Ω = V (Σ(φ ,ξ )) is the volume of full
configuration space, and 〈H〉(φ) is the Hamiltonian averaged on midis-
uperspace
Ω(ξ ,φ) =
∫
Σ(ξ ,φ)
δξ ′δφ ′, (8.30)
〈H〉(ξ ,φ) = 1
Ω(ξ ,φ)
∫
Σ(ξ )
δξ ′H[ξ ′,φ ], (8.31)
where Σ(ξ ,φ) is the midisuperspace
Σ(ξ ,φ) = Σ(ξ )×Σ(φ), (8.32)
which is assumed to be finite integration region. Explicitly one obtains
U [ξ ,φ ] = I2 cos
[
Ω(ξ ,φ)
√
〈V 〉(ξ ,φ)
]
+
+

0 −
√
〈V 〉(ξ ,φ)
1√
〈V 〉(ξ ,φ)
0
sin[Ω(ξ ,φ)√〈V 〉(ξ ,φ)] , (8.33)
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where we have introduced averaged generalized gravitational potential
〈V 〉(ξ ,φ) = 1Ω(ξ ,φ)
∫
Σ(ξ )
δξ ′V [ξ ′,φ ]. (8.34)
Elementary algebraic manipulations yield the extended global wave
functional
Ψ[ξ ,φ ] = Ψ[ξ I,φ ]cos
[
Ω(ξ ,φ)
√
〈V 〉(ξ ,φ)
]
+
+ ΠΨ[ξ I,φ ]
sin
[
Ω(ξ ,φ)
√
〈V 〉(ξ ,φ)
]
√
〈V 〉(ξ ,φ)
, (8.35)
and the canonical conjugate momentum as the solution is
ΠΨ[ξ ,φ ] = ΠΨ[ξ I,φ ]cosh
[
Ω(ξ ,φ)
√
〈V 〉(ξ ,φ)
]
+
− Ψ[ξ I,φ ]
√
〈V 〉(ξ ,φ)sinh
[
Ω(ξ ,φ)
√
〈V 〉(ξ ,φ)
]
, (8.36)
where Ψ[ξ I,φ ] and ΠΨ[ξ I,φ ] are initial data with respect to ξ only. Ap-
plying, however, the equation (8.17) to (8.36) one obtains the relation
ΠΨ[ξ ,φ ] = ΠΨ[ξ
I,φ ]√
〈V 〉(ξ ,φ)
δ
δξ
[
Ω(ξ ,φ)√〈V 〉(ξ ,φ)]cos[Ω(ξ ,φ)√〈V 〉(ξ ,φ)]
−
{
Ψ[ξ I,φ ] δδξ
[
Ω(ξ ,φ)√〈V 〉(ξ ,φ)]−ΠΨ[ξ I,φ ] δδξ
[
1√
〈V 〉(ξ ,φ)
]}
×sin
[
Ω(ξ ,φ)√〈V 〉(ξ ,φ)] , (8.37)
which after calculation of the functional derivatives
δ
δξ
[
Ω(ξ ,φ)√〈V 〉(ξ ,φ)]= √〈V 〉(ξ ,φ)
2
(δΩ(ξ ,φ)
δξ +1
)
, (8.38)
and
δ
δξ
[
1√
〈V 〉(ξ ,φ)
]
=
1
2
1
Ω(ξ ,φ)√〈V 〉(ξ ,φ)
(δΩ(ξ ,φ)
δξ −1
)
(8.39)
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and using them within the formula (8.37) yields
ΠΨ[ξ ,φ ] = ΠΨ[ξ I,φ ]12
(δΩ(ξ ,φ)
δξ +1
)
cos
[
Ω(ξ ,φ)√〈V 〉(ξ ,φ)]
−
[
Ψ[ξ I,φ ]
√
〈V 〉(ξ ,φ)
2
(δΩ(ξ ,φ)
δξ +1
)
− ΠΨ[ξ
I,φ ]
2Ω(ξ ,φ)√〈V 〉(ξ ,φ)
(δΩ(ξ ,φ)
δξ −1
)]
sin
[
Ω(ξ ,φ)√〈V 〉(ξ ,φ)] . (8.40)
After comparison with (8.36) one obtains the equations
1
2
(δΩ(ξ ,φ)
δξ +1
)
= 1, (8.41)
and
Ψ[ξ I,φ ]1
2
(δΩ(ξ ,φ)
δξ +1
)
− ΠΨ[ξ
I,φ ]
Ω(ξ ,φ)〈V〉(ξ ,φ)
1
2
(δΩ(ξ ,φ)
δξ −1
)
= Ψ[ξ I,φ ],
(8.42)
The equation (8.41) yields the relation
δΩ
δξ = 1 =
∫
Σ(φ)
δφ ′, (8.43)
where the last integral arises by the formula (8.30). Application of the
result (8.43) to the equation (8.42) leads to the self-consistent identity
Ψ[ξ I,φ ] = Ψ[ξ I,φ ]. Such a situation means that the volume of midisu-
perspace Ω(ξ ,φ) is φ -invariant
Ω(ξ ,φ) =
∫
Σ(ξ ,φ)
δξ ′δφ ′ =
∫
Σ(φ)
δφ ′
∫
Σ(ξ )
δξ ′ =
∫
Σ(ξ )
δξ ′ = Ω(ξ ), (8.44)
i.e. does not depend on Matter fields.
Directly from (8.35) the probability density can be deduced easily as
|Ψ[ξ ,φ ]|2 = (Ψ[ξ I,φ ])2 cos2
[
Ω(ξ )√〈V 〉(ξ ,φ)]
+ (ΠΨ[ξ I,φ ])2
sin
[
Ω(ξ )√〈V 〉(ξ ,φ)]√
〈V 〉(ξ ,φ)
2
+ Ψ[ξ I,φ ]ΠΨ[ξ I,φ ]
sin
[
2Ω(ξ )√〈V 〉(ξ ,φ)]√
〈V 〉(ξ ,φ) , (8.45)
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and in the light of the relation (8.18) it simplifies to
|Ψ[ξ ,φ ]|2 = (Ψ[ξ I,φ ])2 cos2
[
Ω(ξ )√〈V 〉(ξ ,φ)]
+ (ΠΨ[ξ I,φ ])2
sin
[
Ω(ξ )√〈V 〉(ξ ,φ)]√
〈V 〉(ξ ,φ)
2 . (8.46)
Let us take into account ad hoc the following separation conditions
Ψ[ξ I,φ ] = Ψ[ξ I]ΓΨ[φ ], (8.47)
ΠΨ[ξ I,φ ] = ΠΨ[ξ I]ΓΠ[φ ], (8.48)
where ΓΨ and ΓΠ are functionals of φ only and Ψ[ξ I], and ΠΨ[ξ I] are
constant functionals. Applying the usual normalization condition∫
Σ(ξ ,φ)
|Ψ[ξ ′,φ ′]|2δξ ′δφ ′ = 1, (8.49)
one obtains the simple constraint for the initial data
A(ΠΨ[ξ I])2 +B(Ψ[ξ I])2−1 = 0, (8.50)
where the constants A and B are given by the integrals
A =
∫
Σ(ξ ,φ)
ΓΠ[φ ′]
sin
[
Ω(ξ ′)√〈V 〉(ξ ′,φ ′)]√
〈V 〉(ξ ′,φ ′)
2 δξ ′δφ ′, (8.51)
B =
∫
Σ(ξ ,φ)
ΓΨ[φ ′]cos2
[
Ω(ξ ′)√〈V (ξ ′,φ ′)〉]δξ ′δφ ′, (8.52)
which in our assumption are convergent, finite, and independent on the
initial data ξ I. The equation (8.50), however, can be solved straightfor-
wardly. In result one obtains
ΠΨ[ξ I] =±
√
1
A
− B
A
(Ψ[ξ I])2, (8.53)
which together with the definition
ΠΨ[ξ I,φ ] = δΨ[ξ
I,φ ]
δξ I , (8.54)
262
ŁUKASZ ANDRZEJ GLINKA: ÆTHEREAL MULTIVERSE
and the separability conditions (8.47)-(8.48) yields the differential equa-
tion for the initial data of the field Ψ[ξ ]
1
Γ[φ ]
δΨ[ξ I]
δξ I =±
√
1
A
− B
A
(Ψ[ξ I])2, (8.55)
where Γ[φ ] is the coefficient dependent on Matter fields only
Γ[φ ]≡ ΓΠ[φ ]
ΓΨ[φ ] , (8.56)
which can be integrated straightforwardly
√
A
∫ δΨ[ξ I]√
1−B(Ψ[ξ I])2
=±Γ[φ ]ξ I +C, (8.57)
where C is a constant of integration, with the result√
A
B
arcsin
{√
B
A
Ψ[ξ I]
}
=±Γ[φ ]ξ I +C, (8.58)
so that after elementary algebraic manipulations one obtains
Ψ[ξ I] =
√
A
B
sinθ(ξ I,φ), (8.59)
where θ(ξ I,φ) is the phase
θ(ξ I,φ) =
√
B
A
(±Γ[φ ]ξ I +C) , (8.60)
Albeit, because of Ψ[ξ I]must be a functional of ξ I only, must hold Γ[φ ] =
Γ0, where Γ0 is a constant independent on φ and ξ I, for which the phase
θ(ξ I,φ) is reduced to
θ(ξ I) =
√
B
A
(±Γ0ξ I +C) . (8.61)
Taking into account the relation (8.53) one obtains finally
Ψ[ξ I] =
√
A
B
sinθ(ξ I), (8.62)
ΠΨ[ξ I] = ±
√
1
A
− sin2 θ(ξ I). (8.63)
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In the light of the equation (8.18), however, one of the relations
sinθ(ξ I) = 0, (8.64)
sinθ(ξ I) = ±
√
1
A
, (8.65)
is always true. One sees that both these conditions define discrete val-
ues of the initial data of the invariant global dimension ξI. Namely, the
first relation (8.64) leads to the solution√
B
A
(±Γ0ξ I +C)= kpi , (8.66)
where k ∈ Z is an integer, what leads to
ξ I =± 1
Γ0
(√
A
B
kpi−C
)
. (8.67)
Similarly the second relation (8.65) can be solved immediately
ξ I =± 1
Γ0
(
±
√
A
B
arcsin
√
1
A
−C
)
. (8.68)
For the first case one has
Ψ[ξ I] = 0, (8.69)
ΠΨ[ξ I] = ±
√
1
A
, (8.70)
and for the second one hold
Ψ[ξ I] = ±
√
1
B
, (8.71)
ΠΨ[ξ I] = 0. (8.72)
Finally one sees that the invariant global wave functional (8.35) is
Ψ[ξ ,φ ] =±ΓΨ[φ ]Γ0
√
1
A
sin
[
Ω(ξ )
√
〈V 〉(ξ ,φ)
]
√
〈V 〉(ξ ,φ)
, (8.73)
in the first case (8.64), and
Ψ[ξ ,φ ] =±ΓΨ[φ ]
√
1
B
cos
[
Ω(ξ )
√
〈V 〉(ξ ,φ)
]
, (8.74)
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for the second one (8.65).
Applying the normalization condition (8.49) to the solutions (10.144)
and (10.147) one receives the equations
|ΓΨ[φ ]Γ0|2 = 1, (8.75)
ΓΨ[φ ]Γ0 = 1, (8.76)
which can be solved easy and lead to the relation
ΓΨ[φ ] = 1Γ0 . (8.77)
Therefore, one obtains finally
Ψ1[ξ ,φ ] = ±
√
1
|A|
sin
[
Ω(ξ )
√
〈V 〉(ξ ,φ)
]
√
〈V 〉(ξ ,φ)
, (8.78)
Ψ2[ξ ,φ ] = ±
√
1
|B| cos
[
Ω(ξ )
√
〈V 〉(ξ ,φ)
]
, (8.79)
where now the constants A and B are equal to
A =
∫
Σ(ξ ,φ)
sin
[
Ω(ξ ′)√〈V 〉(ξ ′,φ ′)]√〈V 〉(ξ ′,φ ′)
2 δξ ′δφ ′, (8.80)
B =
1
Γ0
∫
Σ(ξ ,φ)
cos2
[
Ω(ξ ′)√〈V 〉(ξ ′,φ ′)]δξ ′δφ ′. (8.81)
In this manner the general solutions of the theory of quantum grav-
ity can be now constructed straightforwardly by using of the solutions
(10.144) and (10.147), in which the integrals must be putted
Ω(ξ ) =
∫
Σ(ξ )
δξ ′ = ξ , (8.82)
〈V 〉(ξ ,φ) = 1Ω(ξ )
∫
Σ(ξ )
δξ ′V [ξ ′,φ ], (8.83)
where the ξ -measure is
δξ = 1
8pi
δh√
6h
. (8.84)
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Because, however, the generalized gravitational potential V [ξ ,φ ] has
the form of an algebraic sum
V [ξ ,φ ] =−(3)R+2Λ+2κℓ2Pρ , (8.85)
one has very convenient separability
〈V 〉(ξ ,φ) =− 1Ω(ξ )
∫
Σ(ξ )
δξ ′ (3)R+2Λ+ 2κℓ
2
P
Ω(ξ )
∫
Σ(φ)
δφ ′
∫
Σ(ξ )
δξ ′ρ . (8.86)
Therefore, for a concretely given geometry of a three-dimensional space-
like embedded space one should estimate the functionally averaged
three-dimensional Ricci scalar
〈(3)R〉= 1Ω(ξ )
∫
Σ(ξ )
δξ ′ (3)R, (8.87)
and the functionally averaged energy density of Matter fields
〈ρ〉= 1
Ω(ξ )
∫
Σ(φ)
δφ ′
∫
Σ(ξ )
δξ ′ρ , (8.88)
and using these quantities construct the functionally averaged gener-
alized gravitational potential
〈V 〉(ξ ,φ) =−〈(3)R〉+2Λ+2κℓ2P〈ρ〉. (8.89)
Applying this averaging method one can construct the solutions (10.144)
and (10.147) straightforwardly. If the Ricci scalar curvature (3)R of an
embedded space and/or the energy density of Matter fields ρ are func-
tions of a space-time point xµ = (x0,x1,x2,x3) or any one space-time co-
ordinate the integration procedure is understood as the procedure of
performing of the Lebesgue–Stieltjes integral. For instance in the case
when the integrand is a function of xµ then the Lebesgue–Stieltjes mea-
sure has the following form
δξ = ∂
4ξ
∂x0∂x1∂x2∂x3
d4x, (8.90)
or in terms of determinant of induced metric h
δξ = 18pi
∂ 4h
∂x0∂x1∂x2∂x3
d4x√
6h
. (8.91)
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D Problem I: Inverted Transformation
There is the problem of inverted transformation
ξ → hi j, (8.92)
within the obtained solutions. In fact, this problem is strictly related
to the problem of finding of a induced metric if one knows its determi-
nant. Such a procedure can not be performed analytically, but there
are functional methods which enable performing of this step.
The solutions (10.144) and (10.147) expressed via hi j are
Ψ1[hi j,φ ] = ±
√
1
|A|
sin
[
Ω(hi j)
√
〈V 〉(hi j,φ)
]
√
〈V 〉(hi j,φ)
, (8.93)
Ψ2[hi j,φ ] = ±
√
1
|B| cos
[
Ω(hi j)
√
〈V 〉(hi j,φ)
]
, (8.94)
where now the constants A and B are equal to
A =
1
8pi
∫
Σ(hi j,φ)
sin
[
Ω(h′i j)
√
〈V 〉(h′i j,φ ′)
]
√
〈V 〉(h′i j,φ ′)

2√
h′
6 h
i j ′δh′i jδφ ′, (8.95)
B =
1
8piΓ0
∫
Σ(hi j,φ)
cos2
[
Ω(h′i j)
√
〈V 〉(h′i j,φ ′)
]√h′
6 h
i j ′δh′i jδφ ′, (8.96)
and assumed to be convergent and finite. The solutions (8.93) and
(8.94) are two independent states transformed to the standard quan-
tum geometrodynamics, but in general they are not solutions of the
Wheeler–DeWitt equation.
Interestingly, in such a situation the normalization condition (8.49)
becomes
1
8pi
∫
Σ(hi j ,φ)
|Ψ[h′i j,φ ′]|2
√
h′
6 h
i j′δh′i jδφ ′ = 1, (8.97)
and can be used to construct the pi number definition
pi =
1
8
∫
Σ(hi j,φ)
|Ψ[h′i j,φ ′]|2
√
h′
6 h
i j ′δh′i jδφ ′. (8.98)
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E Problem II: The Hilbert Space and Su-
perposition
Because, however, both the equations of quantum geometrodynamics
(6.101) and (8.10) are linear in the field Ψ, in general the superposition
Ψ = ∑
i=1,2
αiΨi, (8.99)
where αi are arbitrary constants, and Ψi are (8.93) and (8.94), should
be also a solution. The normalization (8.97) of (8.99) gives
|α1|2 + |α2|2 +(α⋆1 α2 +α1α⋆2 )I = 1, (8.100)
where I is the integral
I =
1√|A||B| 18pi
∫
Σ(hi j ,φ)
sin
[
2Ω(h′i j)
√
〈V 〉(h′i j,φ ′)
]
2
√
〈V 〉(h′i j,φ ′)
√
h′
6 h
i j ′δh′i jδφ ′. (8.101)
For vanishing I = 0 one obtains form (8.100) simply
|α2|=
√
1−|α1|2 , |α1|> 1. (8.102)
The case of I 6= 0 is much more complicated. Note that the equation
(8.100) can be rewritten in form
(α1 +α2I)α⋆1 +(α2 +α1I)α
⋆
2 = 0, (8.103)
what leads to the result
α⋆1
α⋆2
=
−α1I +α2
α1 +α2I
, (8.104)
or equivalently
Cα⋆1 = −α1I +α2, (8.105)
Cα⋆2 = α1 +α2I, (8.106)
where 0 6=C ∈ R is a constant. The relations (8.105)-(8.106) lead to
C|α1|2 = −α21 I +α2α1, (8.107)
C|α2|2 = α1α2 +α22 I. (8.108)
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Mutual addition and application of (8.100) yields
CI[(α⋆1 −α2)α2 +(α⋆2 +α1)α1] = α1α2 +α2α1, (8.109)
which generates the equations
CI(α⋆1 −α2) = α1, (8.110)
CI(α⋆2 +α1) = α2. (8.111)
Complex decomposition of (8.110)-(8.111) leads to
ℜα2 = (CI−1)ℜα1, (8.112)
ℑα2 = (CI−1)ℑα1, (8.113)
or equivalently
α2 = (CI−1)α1, (8.114)
|α2|2 = (CI−1)2|α1|2. (8.115)
Employing (8.114)-(8.115) within the constraint (8.100) yields to
1
|α1|2 = IC
2+(I2−2I)C− I +2. (8.116)
Because of the natural condition
1
|α1|2 > 0 one has the inequality for C
IC2+ I(I−2)C− (I−2)> 0, (8.117)
where I > 0. One sees that the case I = 0 gives 2 > 0 what is true. The
inequality (8.117) has two different solutions which are dependent on
sgn(I−2). When 0 6 I < 2 then the solution is
C ∈ (C−,C+) . (8.118)
When I > 2 the solution is somewhat different
C ∈ (−∞,C−)∪ (C+,∞). (8.119)
Here are the constants
C∓ =
2− I
2
∓ 1
2
√
I3−4I2 +8I−8
I
. (8.120)
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For consistency the constants C∓ must be real numbers. For this it is
necessary and sufficient to satisfy the condition
I3−4I2 +8I−8 > 0, (8.121)
what is satisfied for I > 2 or I < 0. Because of I > 0 the first case is
true, and therefore (8.119) is true region of validity of C. Applying the
definition of I, A, and B one receives the following inequality
∫
Σ(hi j,φ)
sin
[
2Ω(h′i j)
√
〈V 〉(h′i j,φ ′)
]
2
√
〈V 〉(h′i j,φ ′)
√
h′hi j ′δh′i jδφ ′ >
2√|Γ0|
∫Σ(hi j,φ)
sin
[
Ω(h′i j)
√
〈V 〉(h′i j,φ ′)
]
√
〈V 〉(h′i j,φ ′)

2
√
h′hi j′δh′i jδφ ′

1/2
×
(∫
Σ(hi j,φ)
cos2
[
Ω(h′i j)
√
〈V 〉(h′i j,φ ′)
]√
h′hi j′δh′i jδφ ′
)1/2
, (8.122)
or in terms of the invariant global dimension
∫
Σ(ξ ,φ)
sin
[
2Ω(ξ ′)
√
〈V 〉(ξ ′,φ ′)
]
2
√
〈V 〉(ξ ′,φ ′)
δξ ′δφ ′ >
2√|Γ0|
∫
Σ(ξ ,φ)
sin
[
Ω(ξ ′)√〈V 〉(ξ ′,φ ′)]√
〈V 〉(ξ ′,φ ′)
2 δξ ′δφ ′

1/2
×
(∫
Σ(ξ ,φ)
cos2
[
Ω(ξ ′)√〈V 〉(ξ ′,φ ′)]δξ ′δφ ′)1/2 . (8.123)
Let us consider the concept of an inner product space, called also
pre-Hilbert space. Such a space is a vector space equipped with an
additional structure called an inner product
〈•,•〉 : V ×V → F, (8.124)
where V is a vector space over the field of scalars F. A pre-Hilbert
space is called a Hilbert space if is complete as a normed space under
the induced norm || • ||. Every Hilbert space is the Banach space. The
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structure of an inner product allows to build intuitive geometrical no-
tions such as length of a vector or the angle between two vectors, and
deduce orthogonality between vectors by vanishing of an inner product.
Pre-Hilbert spaces generalize Euclidean spaces to vector spaces of any,
including infinite, dimension and are the theme of functional analy-
sis (For more detailed discussion of functional analysis see e.g. the
Ref. [603]). The Lebesgue space L2 (Σ,µ) where Σ is the configurational
space equipped with the Lebesgue measure µ, called also the space of
square-integrable functions, which is the special case of Lp-spaces (For
more details see e.g. the Ref. [604]), and moreover is a Hilbert space.
This particular Hilbert space is the fundament of quantum mechanics,
in which wave functions belong to L2.
Let us construct the Lebesgue space L2 for the theory of quantum
gravity in accordance with the superposition principle. In such a situ-
ation the configurational space is the midisuperspace Σ(ξ ,φ) with the
measure µ = δξ δφ . The Lebesgue space L2 (Σ(ξ ,φ),δξ δφ) is the Hilbert
space with the inner product
〈 f (ξ ,φ),g(ξ ,φ)〉=
∫
Σ(ξ ,φ)
f ⋆(ξ ′,φ ′)g(ξ ′,φ ′)δξ ′δφ ′, (8.125)
satisfying the conditions
〈 f (ξ ,φ),g(ξ ,φ)〉 = 〈 f (ξ ,φ),g(ξ ,φ)〉, (8.126)
〈a f (ξ ,φ),g(ξ ,φ)〉 = a〈 f (ξ ,φ),g(ξ ,φ)〉 , (8.127)
〈 f (ξ ,φ)+h(ξ ,φ),g(ξ ,φ)〉 = 〈 f (ξ ,φ),g(ξ ,φ)〉+ 〈h(ξ ,φ),g(ξ ,φ)〉 . (8.128)
The induced norm
|| f (ξ ,φ)||=√〈 f (ξ ,φ), f (ξ ,φ)〉= (∫
Σ(ξ ,φ)
| f (ξ ′,φ ′)|2δξ ′δφ ′
)1/2
< ∞,
(8.129)
is homogeneous
||a f (ξ ,φ)||= |a| || f (ξ ,φ)|| , (8.130)
and satisfies the triangle inequality
|| f (ξ ,φ)+g(ξ ,φ)||6 || f (ξ ,φ)||+ ||g(ξ ,φ)|| . (8.131)
For the orthogonal situation
〈 f (ξ ,φ),g(ξ ,φ)〉= 0, (8.132)
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the Pythagoras theorem holds
|| f (ξ ,φ)+g(ξ ,φ)||2 = || f (ξ ,φ)||2 + ||g(ξ ,φ)||2 . (8.133)
The parallelogram law
|| f (ξ ,φ)+g(ξ ,φ)||2 + || f (ξ ,φ)−g(ξ ,φ)||2 = 2 || f (ξ ,φ)||2 +2 ||g(ξ ,φ)||2 ,
(8.134)
is a necessary and sufficient condition for the existence of a scalar prod-
uct corresponding to a given norm. This scalar product follows from the
polarization identity
|| f (ξ ,φ)+g(ξ ,φ)||2 = || f (ξ ,φ)||2 + ||g(ξ ,φ)||2 +ℜ〈 f (ξ ,φ),g(ξ ,φ)〉 ,
(8.135)
called also the law of cosinuses, and equals to
( f (ξ ,φ),g(ξ ,φ)) = || f (ξ ,φ)+g(ξ ,φ)||
2−|| f (ξ ,φ)−g(ξ ,φ)||2
2
=
= ℜ〈 f (ξ ,φ),g(ξ ,φ)〉 . (8.136)
When fi(ξ ,φ), i= 1, . . . ,N, are orthogonal vectors then holds the relation
N
∑
i=1
|| fi(ξ ,φ)||=
∣∣∣∣∣
∣∣∣∣∣ N∑i=1 fi(ξ ,φ)
∣∣∣∣∣
∣∣∣∣∣ . (8.137)
When V is a complete pre-Hilbert space, i.e. is a Hilbert space, then
the equation (8.137) becomes the Parseval identity
∞
∑
i=1
|| fi(ξ ,φ)||=
∣∣∣∣∣
∣∣∣∣∣ ∞∑i=1 fi(ξ ,φ)
∣∣∣∣∣
∣∣∣∣∣ , (8.138)
provided that the infinite series on the LHS is convergent. Recall that
completeness of the space is necessary for convergence of the sequence
of partial sums on the space
sk =
k
∑
i=1
|| fi(ξ ,φ)|| , (8.139)
which is a Cauchy sequence.
The inner product and the norm can be used for definition of the
angle α between two vectors f (ξ ,φ) and g(ξ ,φ)
α ( f (ξ ,φ),g(ξ ,φ)) = arccos 〈 f (ξ ,φ),g(ξ ,φ)〉|| f (ξ ,φ)|| ||g(ξ ,φ)|| , (8.140)
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and it can be shown by straightforward computation that the Cauchy–
Bunyakovsky–Schwarz inequality holds
|〈 f (ξ ,φ),g(ξ ,φ)〉|6 || f (ξ ,φ)|| ||g(ξ ,φ)|| . (8.141)
Taking into account
f (ξ ,φ) =
sin
[
Ω(ξ )√〈V 〉(ξ ,φ)]√
〈V 〉(ξ ,φ) , (8.142)
g(ξ ,φ) = cos
[
Ω(ξ )√〈V 〉(ξ ,φ)] , (8.143)
one obtains
〈 f (ξ ,φ),g(ξ ,φ)〉 =
∫
Σ(ξ ,φ)
sin
[
2Ω(ξ ′)√〈V 〉(ξ ′,φ ′)]
2
√
〈V 〉(ξ ′,φ ′) δξ
′δφ ′, (8.144)
|| f (ξ ,φ)||2 =
∫
Σ(ξ ,φ)
sin
[
Ω(ξ ′)√〈V 〉(ξ ′,φ ′)]√
〈V 〉(ξ ′,φ ′)
2 δξ ′δφ ′, (8.145)
||g(ξ ,φ)||2 =
∫
Σ(ξ ,φ)
cos2
[
Ω(ξ )√〈V 〉(ξ ,φ)]δξ ′δφ ′. (8.146)
By this reason one can rewrite the integral (8.101) as
I =
〈 f (ξ ,φ),g(ξ ,φ)〉
|| f (ξ ,φ)|| ||g(ξ ,φ)|| , (8.147)
or with using of the definition (8.140)
I = cosα ( f (ξ ,φ),g(ξ ,φ)) . (8.148)
In this manner the inequality (8.123) can be rewritten as
cosα ( f (ξ ,φ),g(ξ ,φ))> 2√|Γ0| (8.149)
whereas the Cauchy–Bunyakovsky–Schwarz inequality (8.141) says that
|cosα ( f (ξ ,φ),g(ξ ,φ))|6 1. (8.150)
Hence the superposition principle requires
2√|Γ0| 6 |cosα ( f (ξ ,φ),g(ξ ,φ))|6 1, (8.151)
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or equivalently
α ( f (ξ ,φ),g(ξ ,φ)) ∈
[
arccos
2√|Γ0| +2kpi ,2pi +2kpi
]
, k ∈ Z, (8.152)
what is consistent if and only if√
|Γ0|> 2. (8.153)
Let us consider the wave functions (8.93) and (8.94) expressed via
the invariant global dimension
Ψ1[ξ ,φ ] = 1√|A|
sin
[
Ω(ξ )
√
〈V 〉(ξ ,φ)
]
√
〈V 〉(ξ ,φ)
=
1√|A| f (ξ ,φ), (8.154)
Ψ2[ξ ,φ ] = 1√|B| cos
[
Ω(ξ )
√
〈V 〉(ξ ,φ)
]
=
1√|B|g(ξ ,φ), (8.155)
with the constants A and B given by
A =
∫
Σ(ξ ,φ)
sin
[
Ω(ξ ′)√〈V 〉(ξ ′,φ ′)]√〈V 〉(ξ ′,φ ′)
2 δξ ′δφ ′ ≡ || f (ξ ,φ)||2 , (8.156)
B =
1
|Γ0|
∫
Σ(ξ ,φ)
cos2
[
Ω(ξ ′)√〈V 〉(ξ ′,φ ′)]δξ ′δφ ′ ≡ 1|Γ0| ||g(ξ ,φ)||2 .(8.157)
In other words
Ψ1[ξ ,φ ] = f (ξ ,φ)|| f (ξ ,φ)|| , (8.158)
Ψ2[ξ ,φ ] =
√
|Γ0| g(ξ ,φ)||g(ξ ,φ)|| , (8.159)
I = cosα (Ψ1[ξ ,φ ],Ψ2[ξ ,φ ]) . (8.160)
The wave functions (8.158) and (8.159) are elements of the Lebesgue
space L2 (Σ(ξ ,φ),δξ δφ) with the scalar product
(Ψ1(ξ ,φ),Ψ2(ξ ,φ)) = ℜ〈Ψ1(ξ ,φ),Ψ2(ξ ,φ)〉 , (8.161)
where the inner product is
〈Ψ1(ξ ,φ),Ψ2(ξ ,φ)〉=
∫
Σ(ξ ,φ)
Ψ⋆1(ξ ′,φ ′)Ψ2(ξ ′,φ ′)δξ ′δφ ′, (8.162)
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and the induced norm
||Ψi(ξ ,φ)||=
(∫
Σ(ξ ,φ)
|Ψi(ξ ′,φ ′)|2δξ ′δφ ′
)1/2
, (8.163)
where i = 1,2. It is easy to see that
(Ψ1(ξ ,φ),Ψ2(ξ ,φ)) =
√
|Γ0|I, (8.164)
and because of I > 2 the scalar product satisfies the inequality
(Ψ1(ξ ,φ),Ψ2(ξ ,φ))> 2
√
|Γ0|. (8.165)
In the light of the inequality (8.153) one has
(Ψ1(ξ ,φ),Ψ2(ξ ,φ))> 4. (8.166)
It can be seen also that
||Ψ1|| = 1, (8.167)
||Ψ2|| =
√
|Γ0|> 2, (8.168)
i.e. the state Ψ1 is a ray whereas the state Ψ2 is not a ray in the Hilbert
space. Because, however the superposition is given by
Ψ = α1Ψ1 +α2Ψ2, (8.169)
one can selected the constants α1 and α2 in such a way that the wave
function Ψ2 will be normalized to unity. The choice is easy to deduce.
Because of Ψ1 is normalized to unity the coefficient α1 is an arbitrary
constant, while the coefficient α2 should be exchanged on
α ′2 =
1√|Γ0|α2, (8.170)
where α2 is an arbitrary constant. Still, however, in general the prob-
lem of normalization of the state Ψ2 is unsolved. Redefinition of the
scalar product
(Ψ1(ξ ,φ),Ψ2(ξ ,φ)) = 〈Ψ1(ξ ,φ),Ψ2(ξ ,φ)〉||Ψ1(ξ ,φ)|| ||Ψ2(ξ ,φ)|| = I > 2, (8.171)
does not work consistently in the light of (8.148). The only solution is
to apply ad hoc the scaling
Ψ′2 =
1√|Γ0|Ψ2 6 1√2Ψ2, (8.172)
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which, however, is consistent with the choice (8.170).
Another alternative can be constructed as follows. Let us assume
that the superposition state
Ψ′ = α ′1Ψ′1 +α ′2Ψ′2, (8.173)
is such that the states Ψ′1 and Ψ′2 are orthonormal, i.e. are orthogonal
rays in the Hilbert space
||Ψ′1|| = 1, (8.174)
||Ψ′2|| = 1, (8.175)(
Ψ′1,Ψ′2
)
= 0. (8.176)
The problem is to construct such constants α ′1, α
′
2, and states Ψ′1 and
Ψ′2 which satisfy these requirements. This problem can be solved with
help of the Gram–Schmidt algorithm, in which the orthonormal states
Ψ′i (here i = 1,2) are expressed via the non-orthonormal states Ψi via
using of the Gram determinants
G0 = 1, (8.177)
G1 = |(Ψ1,Ψ1)| , (8.178)
G2 = det
[
(Ψ1,Ψ1) (Ψ1,Ψ2)
(Ψ1,Ψ2) (Ψ2,Ψ2)
]
, (8.179)
as follows
Ψ′1 =
1√
G0G1
Ψ1, (8.180)
Ψ′2 =
1√
G1G2
det
[
(Ψ1,Ψ1) (Ψ1,Ψ2)
Ψ1 Ψ2
]
. (8.181)
It can be seen by straightforward computation that
G1 = 1, (8.182)
G2 = |Γ0|
(
1√|Γ0| − I2
)
, (8.183)
and consequently
Ψ′1 = Ψ1, (8.184)
Ψ′2 =
(
1√|Γ0| − I2
)−1/2(
−IΨ1 + 1√|Γ0|Ψ2
)
. (8.185)
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One sees now that the second term in (8.185) converges with the pro-
posed scaled state (8.172). In this manner the superposition state
(8.173) can be rewritten as
Ψ′ = α ′1Ψ1 +α ′2Ψ′2, (8.186)
where now Ψ′2 =
1√|Γ0|Ψ2 is the scaled state (8.172) and
α ′1 = α1−α2I
(
1√|Γ0| − I2
)−1/2
, (8.187)
α ′2 = α2
(
1√|Γ0| − I2
)−1/2
. (8.188)
The states Ψ1 and Ψ2 can be expressed via the orthonormal states Ψ′1
and Ψ′2
Ψ1 = Ψ′1, (8.189)
Ψ2 =
√
|Γ0|
Ψ′2 + I
(
1√|Γ0| − I2
)1/2
Ψ′1
 , (8.190)
and by this reason
(Ψ1,Ψ2) =
Ψ′1,√|Γ0|
Ψ′2 + I
(
1√|Γ0| − I2
)1/2
Ψ′1
=
=
√
|Γ0|
(Ψ′1,Ψ′2)+ I
(
1√|Γ0| − I2
)1/2
(Ψ′1,Ψ′1)
=
=
√
|Γ0|I
(
1√|Γ0| − I2
)1/2
. (8.191)
In the light of the relation (8.164) one has
√
|Γ0|I
(
1√|Γ0| − I2
)1/2
=
√
|Γ0|I, (8.192)
which, because of I > 2, gives uniquely and unambiguously(
1√|Γ0| − I2
)1/2
= 1, (8.193)
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or equivalently
I2 =
1√|Γ0| −1. (8.194)
In the light of the fact I > 2 one has√
|Γ0|6 15 , (8.195)
what however is inconsistent in the light of the fact (8.153). In this
manner the problem of superposition in the theory of quantum gravity
can not be solved by application of the Gram–Schmidt algorithm of
orthonormalization to the Hilbert space constructed in this subsection.
F Problem III: The Problem of Time
It is easy to see that within the invariant global one-dimensional quan-
tum gravity the problem of time is naturally solved. Namely the role of
physical time plays the invariant global dimension
ξ = 1
4pi
√
h
6 ≡
tphysical
τ
, (8.196)
where τ is a reference constant, which can be taken ad hoc as the
Planck time, i.e. τ = tP. Such an identification is justified by the fact
that ξ is invariant with respect to action of the spatial diffeomorphisms
group, because of the volume form
√
h is such a diffeoinvariant. In this
manner, in the sense of Kucharˇ ξ is an observable.
Such a situation is analogous to the quantum cosmology presented
in the chapter 5, in which the role of time plays the cosmic scale factor
parameter a. This parameter is a function of the conformal or cosmo-
logical time. By this reason the proposed model of quantum gravity can
be rewritten in more fashionable form(
d2
dt2 +V [t]
)
Ψ(t,φ) = 0. (8.197)
This global one-dimensional evolutionary equation defines in itself non-
trivial dynamics. Namely, this is the time-dependent 0+1 Schrödinger
wave equation.
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Chapter 9
Examples of Invariant 1D
Wave Functions
Let us present with no detailed computations the wave functionals as-
sociated to the three classical solutions of the Einstein field equations.
A The Minkowski Space-time
Let us consider first empty space with no cosmological constant, i.e. the
Minkowski space-time. In such a case, in the Cartesian coordinates,
the spatial metric coincides with the metric of the Euclidean space
hi j =
 1 0 00 1 0
0 0 1
 , (9.1)
and therefore h = 1 so that the invariant global dimension is
ξ = 1
4pi
1√
6
. (9.2)
The Minkowski space-time is characterized by
(3)R = 0 , ρ = 0 , Λ = 0, (9.3)
and by this reason the averaged generalized gravitational potential is
〈V 〉(ξ ,φ) = 0. (9.4)
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In this manner the wave functions for this case are
Ψ1 =
1√|A|ξ , (9.5)
Ψ2 =
1√|B| , (9.6)
where the integration constants A and B are
A =
1
18(4pi)3
√
6
, (9.7)
B =
1
4Γ0pi
√
6
. (9.8)
In other words the wave functions
Ψ1 =
√
12pi
√
6, (9.9)
Ψ2 =
√
4|Γ0|pi
√
6, (9.10)
are constant on the midisuperspace. This case is singular because
of constant wave functions can not be normalized to unity separately.
However, taking the superposed state
Ψ = α1Ψ1 +α2Ψ2, (9.11)
one obtains the normalization condition
3|α1|2 + |Γ0||α2|2 +(α⋆1 α2 +α1α⋆2 )
√
3|Γ0|= 1, (9.12)
having the following solutions
α1 =
β1√
3
exp(iα), (9.13)
α2 =
β2√|Γ0| exp(iα), (9.14)
where α is an arbitrary real phase, and the constants β1 and β2 are
constrained by
β2 =±1−β1. (9.15)
In other words the superposed states
ΨM± = exp(iα)
(
β√
3
Ψ1 +
±1−β√|Γ0| Ψ2
)
=±exp(iα)
√
4pi
√
6, (9.16)
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are consistent wave functions of the Minkowski space-time. Because of
the Minkowski vacuum is nonlinearly stable, the wave functions (9.16)
are the reference states for another pi number definition
pi :=
∣∣ΨM± ∣∣2
4
√
6
. (9.17)
B The Kasner Space-time
Let us consider the simple solution of the Einstein field equations de-
scribing an anisotropic universe without matter, called the Kasner met-
ric. The spatial part of this metric is
hi j =
 t2p1 0 00 t2p2 0
0 0 t2p3
 , (9.18)
where t is time coordinate, and
∑
i
pi = 1, (9.19)
∑
i
p2i = 1. (9.20)
In this case the global dimension is
h = t2, (9.21)
while the invariant global dimension is
ξ = t
4pi
√
6
. (9.22)
Because of the cosmological constant and the Matter fields are absent
here, and the three-dimensional Ricci scalar curvature vanishes one
has 〈V 〉 = 0. In this manner the wave functions of the Kasner space-
time are
ΨK1 =
1√|A| t4pi√6 , (9.23)
ΨK2 =
1√|B| , (9.24)
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where the constants of integration are
A =
1
3
T 3
6(4pi)3
√
6
, (9.25)
B =
1
Γ0
T
4pi
√
6
, (9.26)
where T is some reference value of time t.
C The Schwarzschild Space-time
The second situation which we shall present here is the Schwarzschild
space-time. This metric is a spherically symmetric vacuum solution of
the Einstein field equations with no cosmological constant, i.e. a situa-
tion (3)R[h] = 0, Λ= 0, ρ = 0. It means that in this case also 〈V 〉(hi j,φ)= 0.
The spatial part of the metric has the form
hi j =

(
1− rS
r
)−1
0 0
0 r2 0
0 0 r2 sin2 θ
 , (9.27)
where rS is the Schwarzschild radius of the spherically symmetric non-
rotating object of mass M
rS =
2GM
c2
=
κ
4pi
Mc2. (9.28)
Therefore in this case the global dimension is
h = r
4 sin2 θ
1− rS
r
, (9.29)
so that the invariant global dimension is
ξ = 1
4pi
r2 sinθ√
6
(
1− rS
r
) , (9.30)
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and the total volume of the Schwarzschild midisuperspace is Ω(ξ ) = ξ .
The integration constants A and B can be established easy
A =
∫
Ω2(ξ )δξ = Ξ
3
3 =
1
(4pi)3
R6 sin3 Θ(
6
(
1− rS
R
))3/2 , (9.31)
B =
1
Γ0
∫
δξ = Ξ
Γ0
=
1
4Γ0pi
R2 sinΘ√
6
(
1− rS
R
) , (9.32)
where Ξ = ξ (R,Θ) is
Ξ = 1
4pi
R2 sinΘ√
6
(
1− rS
R
) . (9.33)
In this manner the wave functions of the Schwarzschild space-time are
ΨS1 =
√
4pi
√
6
√
1
R2 sinΘ
√
1− rS
R
√√√√√1− rSR
1− rS
r
r2 sinθ
R2 sinΘ , (9.34)
ΨS2 =
√
4pi |Γ0|
√
6
√
1
R2 sinΘ
√
1− rS
R
. (9.35)
D The (Anti-) De Sitter Space-time
Let us consider now the spherically symmetric solution of vacuum Ein-
stein’s field equations in presence of the cosmological constant, i.e.
lambdavacuum Einstein’s field equations
Rµν = Λgµν , (9.36)
called the (Anti-) De Sitter space-time. Such a space-time is a subman-
ifold of the Minkowski space-time of one higher dimension described
by the hyperboloid of one sheet
− x20 + x21 + x22 + x23 =±α2, (9.37)
where the sign plus describes De Sitter space-time, whereas the sign
minus is related to the Anti-De Sitter space. The (Anti-) De Sitter
space-time is an Einstein manifold
Rµν =± 3
α2
gµν , (9.38)
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what in the light of the lambdavacuum Einstein field equations (9.36)
the cosmological constant is
Λ =± 3
α2
. (9.39)
The three-dimensional Ricci scalar curvature of the (Anti-) De Sitter
space-time can be established easy
(3)R = hi jRi j = 3Λ, (9.40)
and because of there is no Matter fields ρ = 0, so that the averaged
generalized gravitational potential has the value
〈V 〉(ξ ,φ) =−3Λ+2Λ =−Λ. (9.41)
In other words for the De Sitter space-time
〈V 〉(ξ ,φ) =− 3
α2
, (9.42)
while for the Anti-De Sitter space-time
〈V 〉(ξ ,φ) = 3
α2
. (9.43)
The spatial part of the (Anti-) De Sitter metric is
hi j =

(
1− Λ3 r
2
)−1
0 0
0 r2 0
0 0 r2 sin2 θ
 , (9.44)
and by this reason the global dimension is
h = r
4 sin2 θ
1− Λ3 r
2
, (9.45)
whereas the invariant global dimension is
ξ = 1
4pi
√
6
r2 sinθ√
1− Λ
3
r2
, (9.46)
and of course the volume of the related midisuperspace is Ω(ξ ) = ξ .
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Let us consider first the case of the De Sitter space-time, i.e. Λ= 3
α2
.
The constants of integration can be evaluated as follows
A =
∫ sinh
(√
Λξ
)
√
Λ
2 δξ = 1Λ
−Ξ
2
+
sinh
(
2
√
ΛΞ
)
4
√
Λ
 , (9.47)
B =
1
Γ0
∫
cosh2
(√
Λξ
)
δξ = 1
Γ0
Ξ
2
+
cosh
(
2
√
ΛΞ
)
4
√
Λ
 , (9.48)
where Ξ is the reference constant
Ξ = 1
4pi
√
6
R2 sinΘ√
1− Λ3 R
2
. (9.49)
By this reason the wave functions of the De Sitter space-time are
ΨDS1 =
1√|A| 1√Λ sinh

√
Λ
4pi
√
6
r2 sinθ√
1− Λ3 r
2
 , (9.50)
ΨDS2 =
1√|B| cosh

√
Λ
4pi
√
6
r2 sinθ√
1− Λ3 r
2
 . (9.51)
Similarly for the case of Anti-De Sitter space-time one obtains the
following wave functions
ΨADS1 =
1√|A| 1√|Λ| sin

√|Λ|
4pi
√
6
r2 sinθ√
1+
|Λ|
3 r
2
 , (9.52)
ΨADS2 =
1√|B| cos

√|Λ|
4pi
√
6
r2 sinθ√
1+
|Λ|
3 r
2
 , (9.53)
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where |Λ|= 3
α2
, and the constants of integration A and B are
A =
∫ sin
(√|Λ|ξ)√|Λ|
2 δξ = 1|Λ|
Ξ
2
−
sin
(
2
√|Λ|Ξ)
4
√|Λ|
 , (9.54)
B =
1
Γ0
∫
cos2
(√
|Λ|ξ
)
δξ = 1
Γ0
Ξ
2
+
cos
(
2
√|Λ|Ξ)
4
√|Λ|
 , (9.55)
where Ξ is the reference constant
Ξ = 1
4pi
√
6
R2 sinΘ√
1+ |Λ|3 R
2
. (9.56)
E The (Anti-) De Sitter–Schwarzschild Space-
time
The (Anti-) De Sitter–Schwarzschild space-time is the case jointing the
(Anti-) De Sitter and Schwarzschild space-times. This is the spherically
symmetric solution of lambdavacuum Einstein’s field equations with
suitable boundary conditions. The spatial part of space-time metric
has the form
hi j =

(
1− rS
r
− Λ3 r
2
)−1
0 0
0 r2 0
0 0 r2 sin2 θ
 . (9.57)
In this manner the global dimension is
h = r
4 sin2 θ
1− rS
r
− Λ3 r
2
, (9.58)
while the invariant global dimension is
ξ = 1
4pi
√
6
r2 sinθ√
1− rS
r
− Λ3 r
2
, (9.59)
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and of course the volume of the related midisuperspace is Ω(ξ ) = ξ .
The wave functions of the De Sitter–Schwarzschild space-time, called
also the Kottler space-time, can be written in the form
ΨDS−S1 =
1√|A| 1√Λ sinh

√
Λ
4pi
√
6
r2 sinθ√
1− rS
r
− Λ
3
r2
 , (9.60)
ΨDS−S2 =
1√|B| cosh

√
Λ
4pi
√
6
r2 sinθ√
1− rS
r
− Λ
3
r2
 . (9.61)
where the constants of integration A and B are
A =
∫ sinh
(√
Λξ
)
√
Λ
2 δξ = 1
Λ
−Ξ
2
+
sinh
(
2
√
ΛΞ
)
4
√
Λ
 , (9.62)
B =
1
Γ0
∫
cosh2
(√
Λξ
)
δξ = 1
Γ0
Ξ
2
+
cosh
(
2
√
ΛΞ
)
4
√
Λ
 , (9.63)
where Ξ is the reference constant
Ξ =
1
4pi
√
6
R2 sinΘ√
1− rS
R
− Λ
3
R2
. (9.64)
Similarly, the wave functions of the Anti-De Sitter–Schwarzschild
space-time are
ΨADS−S1 =
1√|A| 1√|Λ| sin

√|Λ|
4pi
√
6
r2 sinθ√
1− rS
r
+
|Λ|
3 r
2
 , (9.65)
ΨADS−S2 =
1√|B| cos

√|Λ|
4pi
√
6
r2 sinθ√
1− rS
r
+
|Λ|
3 r
2
 , (9.66)
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where |Λ|= 3
α2
, and the constants of integration A and B are
A =
∫ sin
(√|Λ|ξ)√|Λ|
2 δξ = 1|Λ|
Ξ
2
−
sin
(
2
√|Λ|Ξ)
4
√|Λ|
 , (9.67)
B =
1
Γ0
∫
cos2
(√
|Λ|ξ
)
δξ = 1
Γ0
Ξ
2
+
cos
(
2
√|Λ|Ξ)
4
√|Λ|
 , (9.68)
where Ξ is the reference constant
Ξ = 1
4pi
√
6
R2 sinΘ√
1− rS
R
+
|Λ|
3 R
2
. (9.69)
F The Kerr Space-Time
Kerr’s space-time is a solution of vacuum Einstein’s field equations for
spherical body rotating with the angular momentum J. Because of
the spatial Ricci scalar curvature is zero, cosmological constant is not
present, and Matter fields are absent, in such a situation the averaged
generalized gravitational potential identically vanishes. The spatial
part of the Kerr metric has the form
hi j =

r2 +α2 cos2 θ
r2− rsr+α2 0 0
0 r2 +α2 cos2 θ 0
0 0 r2 +α2 + α
2rSr sin2 θ
r2 +α2 cos2 θ
 , (9.70)
where α is the coefficient related to the angular momentum and the
mass of the rotating object
α =
J
Mc
. (9.71)
In this manner the global dimension is
h =
(
r2 +α2 cos2 θ
)2
r2− rsr+α2
(
r2 +α2 +
α2rSr sin2 θ
r2 +α2 cos2 θ
)
, (9.72)
while the invariant global dimension is
ξ = 1
4pi
√
6
(
r2 +α2 cos2 θ
)√(r2 +α2)2−α2 (r2− rSr+α2)sin2 θ
(r2− rsr+α2)(r2 +α2 cos2 θ) , (9.73)
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and of course the volume of the Kerr midisuperspace is Ω(ξ ) = ξ . In-
troducing the reference parameter
Ξ =
1
4pi
√
6
(
R2 +α2 cos2 Θ
)√(R2 +α2)2−α2 (R2− rSR+α2)sin2 Θ
(R2− rsR+α2)(R2 +α2 cos2 Θ) ,
(9.74)
one can write out the constants of integration A and B
A =
Ξ3
3 , (9.75)
B =
1
Γ0
Ξ, (9.76)
so that the wave functions of the Kerr space-time have the form
ΨKerr1 =
r2 +α2 cos2 θ
4pi
√|A|√6
√(
r2 +α2
)2−α2 (r2− rSr+α2)sin2 θ
(r2− rsr+α2)(r2 +α2 cos2 θ) , (9.77)
ΨKerr2 =
1√|B| . (9.78)
G The Kerr–Newman Space-time
The Kerr–Newman space-time is a solution of the electrovacuum Ein-
stein field equations called also Einstein–Maxwell equations, which
are combination of the Einstein field equations with the stress-energy
tensor of electromagnetic field and no cosmological constant, and the
source-free Maxwell equations
Rµν = κℓ2PT emµν , (9.79)
Fµν;κ +Fνκ;µ +Fκµ;ν = 0, (9.80)
Fµν;ν = 0, (9.81)
where T emµν is the stress-energy tensor of electromagnetic field, which
can be given ad hoc in analogy with the case of flat space-time
T emµν =
1
µ0
(
Fαµ Fαν −
1
4
gµν Fαβ Fαβ
)
, (9.82)
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and Fµν is the electromagnetic field tensor
Fµν =

0 Ex
c
Ey
c
Ez
c
−Ex
c
0 −Bz −By
−Ey
c
Bz 0 −Bx
−Ez
c
−By Bx 0

, (9.83)
Fµν =

0 −Ex
c
−Ey
c
−Ez
c
Ex
c
0 −Bz −By
Ey
c
Bz 0 −Bx
Ez
c
−By Bx 0

, (9.84)
where ~E = [Ex,Ey,Ez] and ~B = [Bx,By,Bz] are three-vectors of the elec-
tric and the magnetic field, respectively. The speed of light c can be
expressed in terms of the vacuum permeability µ0 and the vacuum per-
mittivity ε0 via the formula ε0µ0 = 1/c2.
There is the question how to derive the stress-energy tensor of elec-
tromagnetic field (9.82) via using of the definition
Tµν =− 2√−g
δ (√−gL )
δgµν , (9.85)
following from the Hilbert–Palatini action principle, and describing
Matter fields characterized by Lagrangian L in a four-dimensional
Riemannian space-time with a metric gµν . The Lagrangian of theMaxwell
electromagnetic field has the form (For more general approach see e.g.
the Ref. [605])
L =− 1
4µ0
Fαβ Fαβ . (9.86)
With using of the Jacobi formula δ√−g = −1
2
√−ggµνδgµν the stress-
energy tensor (9.85) can be rewritten in more convenient form
Tµν =−2 δLδgµν +gµνL , (9.87)
so that the problem is the establish the functional derivative
δL
δgµν =−
1
4µ0
δ
δgµν
(
Fαβ Fαβ
)
=− 1
4µ0
(
δFαβ
δgµν F
αβ +Fαβ
δFαβ
δgµν
)
. (9.88)
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Let us notice that the tensor Fαβ can be presented in more complex
form
Fαβ = gγαgδβ Fγδ =
(
gγµgµν gνα
)(
gδν g
νµ gµβ
)
Fγδ =
=
(
gγµgµνgνα
)(
gδν g
µνgµβ
)
Fγδ = gµνgµν
(
gγµgναgδν gµβ
)
Fγδ . (9.89)
In this manner one has
δFαβ
δgµν = 2g
µν
(
gγµgναgδν gµβ
)
Fγδ = 2g
γ
µgδν (g
µνgνα)gµβ Fγδ =
= 2
(
gγµgδν g
µ
αgµβ
)
Fγδ = 2
(
gγµg
µ
α
)
gδν gµβ Fγδ =
= 2
(
gγαgδν gµβ
)
Fγδ = 2
(
gδν gµβ
)
gγαFγδ = 2
(
gδν gµβ
)
Fαδ =
= −2gµβ
(
gδν Fδα
)
=−2gµβ Fνα , (9.90)
and consequently
δFαβ
δgµν F
αβ =−2gµβ FναFαβ = 2Fνα
(
gµβ Fβα
)
= 2FναFαµ = 2Fαµ Fαν . (9.91)
Similarly, one can rewrite Fαβ in the form
Fαβ = gακ gβλ Fκλ , (9.92)
and consequently one has
δFαβ
δgµν =
δgακ
δgµν g
βλ Fκλ +gακ
δgβλ
δgµν Fκλ +g
ακ gβλ δFκλδgµν =
= gαµ g
κ
ν g
βλ Fκλ +gακgβµgλν Fκλ +gακ gβλ
δFκλ
δgµν =
= −gαµ gκν gβλ Fλκ −gακ gβµgλν Fλκ +gακ gβλ
δFκλ
δgµν =
= −gαµ gκν Fβκ −gακgβµ Fνκ +gακ gβλ
δFκλ
δgµν =
= −gαµ Fβν −gβµ gακFνκ +gακgβλ
δFκλ
δgµν =
= gαµ F
β
ν +g
β
µgακ Fκν +gακ gβλ
δFκλ
δgµν =
= gαµ F
β
ν +g
β
µFαν +gακ gβλ
δFκλ
δgµν . (9.93)
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By this reason one obtains
Fαβ
δFαβ
δgµν = Fαβ
[
gαµ F
β
ν +g
β
µFαν +g
ακgβλ δFκλδgµν
]
=
=
(
Fαβ gαµ
)
Fβν +
(
Fαβ gβµ
)
Fαν +
(
Fαβ gακ gβλ
) δFκλ
δgµν =
=
(
−Fβαgαµ
)
Fβν −FαµFαν −
(
Fβαgακ gβλ
) δFκλ
δgµν =
= −Fβ µ Fβν +Fαν Fαµ −
(
Fκβ gβλ
) δFκλ
δgµν =
= Fβν Fβ µ +Fαν Fαµ −Fκλ
δFκλ
δgµν =
= 2Fαν Fαµ −2Fαµ Fαν = 0, (9.94)
where we have applied the identity
Fαν Fαµ = g
αβ FβνFαµ = gβαFαµFβν = Fβµ Fβν = Fαµ Fαν . (9.95)
Taking into account (9.91) and (9.94) one receives
δFαβ
δgµν F
αβ +Fαβ
δFαβ
δgµν =−2F
α
µ Fαν . (9.96)
By this reason one obtains
δL
δgµν =−
1
4µ0
(
−2Fαµ Fαν
)
=
1
2µ0
Fαµ Fαν =−
1
2µ0
Fαµ Fαν , (9.97)
where in the last step we have changed order of indexes in Fαµ , which
is invisible by the only inconvenient notation. In this manner one re-
ceives finally
T emµν =−2
δL
δgµν +gµνL =
1
µ0
(
Fαµ Fαν −
1
4
gµνFαβ Fαβ
)
, (9.98)
what coincides with the stress-energy tensor of electromagnetic field
(9.82) given ad hoc in analogy with the case of flat space-time.
For the case of the Kerr–Newman metric in general the spatial Ricci
scalar curvature and energy density of Matter fields are manifestly
non zero. Let us calculate them straightforwardly. The spatial Ricci
curvature tensor can be taken from (9.79) as Ri j = κT emi j , where
T emi j =
1
µ0
(
Fαi Fα j−
1
4
hi jFαβ Fαβ
)
, (9.99)
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is the spatial part of the stress-energy tensor for electromagnetic field.
When the space-time metric is the Minkowski metric ηµν then the spa-
tial part of the stress-energy tensor of electromagnetic field is
T emi j
∣∣
gµν=ηµν
=−σ f lati j , (9.100)
where σ f lati j is the Maxwell stress tensor of electromagnetic field
σ f lati j = ε0EiE j +
1
µ0
BiB j− 12
(
ε0~E2 +
1
µ0
~B2
)
δi j. (9.101)
In this manner the natural generalization of the Maxwell stress tensor
of electromagnetic field to the case of non-flat space-time is the tensor
σi j =− 1µ0
(
Fαi Fα j−
1
4
hi jFαβ Fαβ
)
, (9.102)
which we shall call the the curved-space Maxwell stress tensor of elec-
tromagnetic field. Therefore the three-dimensional Ricci scalar curva-
ture (3)R= hi jRi j up to the minus sign becomes the curved-space Maxwell
stress tensor of electromagnetic field projected onto the induced metric
(3)R = −κℓ2Phi jσi j = κℓ2Phi j
1
µ0
(
Fαi Fα j−
1
4
hi jFαβ Fαβ
)
=
=
κℓ2P
µ0
(
hi jFαi Fα j−
3
4
Fαβ Fαβ
)
. (9.103)
where we have used the identity hi jhi j = 3. Using of the transformation
hi jFαi Fα j = hi jhikFkαFα j = F jαFα j = Fα jFjα , (9.104)
and the definition
Fαβ Fαβ = Fα jFα j +Fα0Fα0 =−Fα jFjα −Fα0F0α , (9.105)
together with the properties of the electromagnetic field tensor
Fαβ Fαβ = 2
(
~B2−
~E2
c2
)
, (9.106)
Fα0F0α =
~E2
c2
, (9.107)
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one obtains
hi jFαi Fα j =−Fαβ Fαβ −Fα0F0α =−2
(
~B2−
~E2
c2
)
−
~E2
c2
= 2~B2+
~E2
c2
. (9.108)
Collecting all together one receives finally
(3)R =
κℓ2P
µ0
[
2~B2 +
~E2
c2
− 3
2
(
~B2−
~E2
c2
)]
=
κℓ2P
2
(
1
µ0
~B2 +5ε0~E2
)
. (9.109)
Similarly one can calculate the energy density of electromagnetic
field. Applying the definition nµ = nβ gµβ , and the identity gµνnµnν =
nµnµ =−1 one obtains
ρ = Tµν nµnν =
1
µ0
(
Fµαgαβ Fνβ −
1
4
gµνFαβ Fαβ
)
nµnν =
=
1
µ0
(
Fµα(gαβ nµnν)Fνβ −
1
4
gµνnµnνFαβ Fαβ
)
. (9.110)
The second term in the formula (9.110) can be easy transformed with
using of the identity gµνnµ nν = nµnµ = −1. The first term, however, is
not so easy to transform. Let us notice that
gαβ nµnν = gαµgνβ (gµνnµnν) =−gαµ gνβ , (9.111)
where we have applied gµνnµnν = nνnν =−1. In this manner
Fµα(gαβ nµnν)Fνβ = −Fµα(gαµgνβ )Fνβ = Fµα(gαµgνβ )Fβν =
= Fµµ Fνν = Fµν(g
νµgνµ)Fµν =
= Fµν(gνµgµν)Fµν = 4FµνFµν , (9.112)
where we have applied the identities Fµµ = Fµνgνµ , Fνν = gνµ Fµν , and
gνµ gµν = 4. In this manner one receives finally the energy density
ρ = 1µ0
(
4Fαβ Fαβ +
1
4
Fαβ Fαβ
)
=
17
4µ0
Fαβ Fαβ =
=
17
2µ0
(
~B2−
~E2
c2
)
=
17
2
(
1
µ0
~B2− ε0~E2
)
, (9.113)
where we have applied the property (9.106) of electromagnetic field
tensor. Consequently the generalized gravitational potential is
V =−(3)R+2κℓ2Pρ =−
κℓ2P
2
(
1
µ0
~B2 +5ε0~E2
)
+17κℓ2P
(
1
µ0
~B2− ε0~E2
)
=
=
33κℓ2P
2
(
1
µ0
~B2− 13
11
ε0~E2
)
. (9.114)
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Now it is easy to see that V averaged on midisuperspace is
〈V 〉= 33κℓ
2
P
2
(
1
µ0
〈~B2〉− 13
11
ε0〈~E2〉
)
, (9.115)
where 〈~B2〉 and 〈~E2〉 are the midisuperspace means of the squared fields
~B and ~E, respectively. One has explicitly
〈~B2〉 = 1Ω(ξ )
∫
~B2δξ , (9.116)
〈~E2〉 = 1
Ω(ξ )
∫
~E2δξ . (9.117)
Because of the fields ~B and ~E are in general functions on space-time, it
is evident that both the averages (9.116) and (9.117) must be treated as
functions on space-time, of course after performing in all the functional
integrals the suitable transformation from midisuperspace to space-
time ξ → ξ (x). In other words one has
〈V 〉(ξ ,φ) = 〈V 〉(x). (9.118)
Because of the considerations presented above are independent on
the concrete form of the electrovacuum solution, they can be applied to
any solution of the Einstein–Maxwell equations. Interestingly, one can
ad hoc add the cosmological constant
〈V 〉= 33κℓ
2
P
2
(
1
µ0
〈~B2〉− 13
11
ε0〈~E2〉
)
+2Λ, (9.119)
so that the averaged generalized gravitational potential can be ordered
by two equivalent ways
〈V 〉 = 33κℓ
2
P
2
(
1
µ0
〈~B2〉− ε0〈~E2〉
)
+2Λ−3κℓ2Pε0〈~E2〉= (9.120)
=
39κℓ2P
2
(
1
µ0
〈~B2〉− ε0〈~E2〉
)
+2Λ− 3κℓ
2
P
µ0
〈~B2〉. (9.121)
If the averages 〈~B2〉= B2Λ and 〈~E2〉= E2Λ are constant then one can take
2Λ = 3κℓ2Pε0E2Λ =
3κℓ2P
µ0
B2Λ, (9.122)
and one the averaged generalized gravitational potential vanishes
〈V 〉= 0. (9.123)
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The condition (9.122, however, leads to the relation
EΛ = cBΛ, (9.124)
which can be used to define the speed of light
c :=
EΛ
BΛ
, (9.125)
if one knows EΛ and BΛ.
Let us return to the Kerr–Newman space-time. The spatial part of
the Kerr–Newman metric has the form
hi j =

r2 +α2 cos2 θ
∆ 0 0
0 r2 +α2 cos2 θ 0
0 0 (r
2 +α2)2−α2∆sin2 θ
r2 +α2 cos2 θ sin
2 θ
 ,
(9.126)
where ∆ = r2α2− rSr+ r2Q, and by this reason the global dimension can
be deduced easy
h =
(
r2 +α2 cos2 θ
)[
r2 +α2 cos2 θ +
(r2 +α2)(rSr− r2Q)
r2 +α2− rSr+ r2Q
]
sin2 θ , (9.127)
so that the invariant global dimension is
ξ = 1
4pi
√
6
√√√√(r2 +α2 cos2 θ)[r2 +α2 cos2 θ + (r2 +α2)(rSr− r2Q)
r2 +α2− rSr+ r2Q
]
sinθ .
(9.128)
The volume of the Kerr-Newman midisuperspace is Ω(ξ ) = ξ . Here rS
is the Schwarzschild radius and rQ is a length-scale corresponding to
the electric charge Q of the mass
r2Q =
Q2G
4piε0c4
=
Q2
4piε0
κ
8pi . (9.129)
There are three possible situations. Namely, when the averaged
generalized gravitational potential (9.115) is 1◦ vanishing, 2◦ positive,
3◦ negative. The first case is rather trivial. 〈V 〉 vanishes if and only if
〈~B2〉= 13
11
〈~E2〉
c2
, (9.130)
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what in fact means that
|~B|=
√
13
11
|~E|
c
≈ 1.087 |
~E|
c
. (9.131)
In such a situation one can construct straightforwardly and easy the
wave functions of the Kerr–Newman space-time
ΨKN1 =
sinθ
4pi
√|A|√6
√√√√(r2 +α2 cos2 θ)[r2 +α2 cos2 θ + (r2 +α2)(rSr− r2Q)
r2 +α2− rsr+ r2Q
]
,
(9.132)
ΨKN2 =
1√|B| , (9.133)
where the constants of integration A and B are
A =
Ξ3
3 , (9.134)
B =
1
Γ0
Ξ, (9.135)
where Ξ is the reference constant
Ξ = 1
4pi
√
6
√√√√(R2 +α2 cos2 Θ)[R2 +α2 cos2 Θ+ (R2 +α2)(rSR− r2Q)
R2 +α2− rsR+ r2Q
]
sinΘ.
(9.136)
The second situation, i.e. positive 〈V 〉, is defined for
〈~B2〉> 13
11
〈~E2〉
c2
, (9.137)
what can be presented in the form
|~B|>
√
13
11
|~E|
c
. (9.138)
In such a situation the constants of integration A and B are not easy to
calculate for general fields ~B and ~E, but can be presented in the compact
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form
A =
∫

sin
(
ξ
√
33κℓ2P
2
(
1
µ0
〈~B2〉− 13
11
ε0〈~E2〉
))
√
33κℓ2P
2
(
1
µ0
〈~B2〉− 13
11
ε0〈~E2〉
)

2
δξ , (9.139)
B =
∫
cos2
ξ√33κℓ2P
2
(
1
µ0
〈~B2〉− 13
11
ε0〈~E2〉
)δξ , (9.140)
and the wave functions of the Kerr–Newman space-time are
ΨKN1 =
1√|A|
sin
(
ξ
√
33κℓ2P
2
(
1
µ0
〈~B2〉− 13
11
ε0〈~E2〉
))
√
33κℓ2P
2
(
1
µ0
〈~B2〉− 13
11
ε0〈~E2〉
) , (9.141)
ΨKN2 =
1√|B| cos
ξ
√
33κℓ2P
2
(
1
µ0
〈~B2〉− 13
11
ε0〈~E2〉
) . (9.142)
The case of negative averaged generalized gravitational potential can
be considered analogously. In this case
|~B|<
√
13
11
|~E|
c
. (9.143)
So that the wave functions of the Kerr–Newman space-time are
ΨKN1 =
1√|A|
sinh
(
ξ
√
33κℓ2P
2
∣∣∣∣ 1µ0 〈~B2〉− 1311ε0〈~E2〉
∣∣∣∣
)
√
33κℓ2P
2
∣∣∣∣ 1µ0 〈~B2〉− 1311ε0〈~E2〉
∣∣∣∣
, (9.144)
ΨKN2 =
1√|B| cosh
ξ√33κℓ2P
2
∣∣∣∣ 1µ0 〈~B2〉− 1311ε0〈~E2〉
∣∣∣∣
 . (9.145)
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where the integration constants A and B are
A =
∫

sinh
(
ξ
√
33κℓ2P
2
∣∣∣∣ 1µ0 〈~B2〉− 1311ε0〈~E2〉
∣∣∣∣
)
√
33κℓ2P
2
∣∣∣∣ 1µ0 〈~B2〉− 1311ε0〈~E2〉
∣∣∣∣

2
δξ , (9.146)
B =
∫
cosh2
ξ√33κℓ2P
2
∣∣∣∣ 1µ0 〈~B2〉− 1311ε0〈~E2〉
∣∣∣∣
δξ , (9.147)
H The Reissner–Nordström Space-time
Another solution of the electrovacuum Einstein field equations is the
Reissner–Nordströmmetric describing spherically symmetric static mas-
sive charged object. Therefore in this case one has also
〈V 〉= 33κℓ
2
P
2
(
1
µ0
〈~B2〉− 13
11
ε0〈~E2〉
)
, (9.148)
and the only change is themetric. The spatial part of Reissner–Nordström
space-time metric is
hi j =

(
1− rS
r
+
r2Q
r2
)−1
0 0
0 r2 0
0 0 r2 sin2 θ
 , (9.149)
so that the global dimension is
h = r
4 sin2 θ
1− rS
r
+
r2Q
r2
(9.150)
while the invariant global dimension has the form
ξ = 1
4pi
√
6
r2 sinθ√
1− rS
r
+
r2Q
r2
(9.151)
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and of the volume of the Reissner–Nordströmmidisuperspace is Ω(ξ )=
ξ . There are three possible situations defined by absolute values of
the electric and magnetic fields. For the case of negative 〈V 〉 the wave
functions of the Reissner–Nordström space-time are
ΨRN1 =
1√|A|
sinh
(
ξ
√
33κℓ2P
2
∣∣∣∣ 1µ0 〈~B2〉− 1311ε0〈~E2〉
∣∣∣∣
)
√
33κℓ2P
2
∣∣∣∣ 1µ0 〈~B2〉− 1311ε0〈~E2〉
∣∣∣∣
, (9.152)
ΨRN2 =
1√|B| cosh
ξ
√
33κℓ2P
2
∣∣∣∣ 1µ0 〈~B2〉− 1311ε0〈~E2〉
∣∣∣∣
 . (9.153)
where the integration constants A and B are
A =
∫

sinh
(
ξ
√
33κℓ2P
2
∣∣∣∣ 1µ0 〈~B2〉− 1311ε0〈~E2〉
∣∣∣∣
)
√
33κℓ2P
2
∣∣∣∣ 1µ0 〈~B2〉− 1311ε0〈~E2〉
∣∣∣∣

2
δξ , (9.154)
B =
∫
cosh2
ξ√33κℓ2P
2
∣∣∣∣ 1µ0 〈~B2〉− 1311ε0〈~E2〉
∣∣∣∣
δξ . (9.155)
When 〈V 〉 is positive then
A =
∫

sin
(
ξ
√
33κℓ2P
2
(
1
µ0
〈~B2〉− 13
11
ε0〈~E2〉
))
√
33κℓ2P
2
(
1
µ0
〈~B2〉− 13
11
ε0〈~E2〉
)

2
δξ , (9.156)
B =
∫
cos2
ξ√33κℓ2P
2
(
1
µ0
〈~B2〉− 13
11
ε0〈~E2〉
)δξ , (9.157)
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and the wave functions of the Reissner–Nordström space-time are
ΨRN1 =
1√|A|
sin
(
ξ
√
33κℓ2P
2
(
1
µ0
〈~B2〉− 13
11
ε0〈~E2〉
))
√
33κℓ2P
2
(
1
µ0
〈~B2〉− 13
11
ε0〈~E2〉
) , (9.158)
ΨRN2 =
1√|B| cos
ξ
√
33κℓ2P
2
(
1
µ0
〈~B2〉− 13
11
ε0〈~E2〉
) . (9.159)
For vanishing 〈V 〉 one has
ΨRN1 =
1
4pi
√|A|√6 r
2 sinθ√
1− rS
r
+
r2Q
r2
, (9.160)
ΨRN2 =
1√|B| , (9.161)
where the constants of integration A and B are
A =
Ξ3
3
, (9.162)
B =
1
Γ0
Ξ, (9.163)
where Ξ is the reference constant
Ξ = 1
4pi
√
6
R2 sinΘ√
1− rS
R
+
r2Q
R2
. (9.164)
I The Gödel Space-time
Let us consider the solution of the Einstein field equations with pres-
ence of the cosmological constant and the stress-energy tensor of dust
Rµν − 12gµν
(4)R+Λgµν = κℓ2PTµν , (9.165)
Tµν = εuµuν , (9.166)
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which is given by the Gödel space-time
gµν =

−a2 0 0 −a2ex
0 a2 0 0
0 0 a2 0
−a2ex 0 0 −1
2
a2e2x
 , (9.167)
gµν =

1
a2
0 0 −2e
−x
a2
0 1
a2
0 0
0 0 1
a2
0
−2e
−x
a2
0 0 2e
−2x
a2

. (9.168)
having the following spatial part
hi j =
 a
2 0 0
0 a2 0
0 0 −1
2
a2e2x
 , hi j =

1
a2
0 0
0 1
a2
0
0 0 2e
−2x
a2
 , (9.169)
where a = a(x,y,z). In this case the global dimension is
|h|= a
6
2
e2x, (9.170)
so the invariant global dimension has the form
ξ = 1
8pi
√
3
a3ex, (9.171)
and therefore the volume of the Gödel midisuperspace is Ω(ξ ) = ξ . The
Gödel metric satisfies the Einstein field equations for which the cosmo-
logical constant is related to the parameter a by the relation
Λ =− 1
2a2
. (9.172)
The energy density ε of the dust is
ε =
1
κℓ2Pa
2 . (9.173)
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The Gödel metric can be decomposed in the ADM 3+1 form. It is easy
to see that such an ad hoc decomposition generates the equations
−N2 +NiNi = −a2, (9.174)
Ni =
[
0,0,−a2ex] . (9.175)
Taking into account the spatial metric (9.169) one receives
Ni = hi jN j =
[
0,0,−2e−x] , (9.176)
what gives NiNi = 2a2 and by this reason
N =
√
3a. (9.177)
In this manner one can establish the normal unit vector field
nµ =
[
1
N
,−N
i
N
]
=
1√
3
[
1
a
,0,0, 2e
−x
a
]
, (9.178)
nµ = [−N,0i] =
√
3 [−a,0,0,0] . (9.179)
The problem is to choose the velocity vector uµ according to the general
rules
uµu
µ = −1, (9.180)
uµn
µ = −1, (9.181)
uµn
µ uνn
ν = 1. (9.182)
However, it can be seen by straightforward calculation that the follow-
ing choice
uµ =
1√
3
[
1
a
,0,0,0
]
, (9.183)
uµ = gµνuν =
√
3 [−a,0,0,−aex] , (9.184)
satisfies the conditions (9.180)-(9.182). The contraction of the Einstein
field equations (9.165)-(9.166) with metric gµν leads to
(4)R = 4Λ+κℓ2Pε, (9.185)
so that the equations (9.165)-(9.166) can be presented in the form
Rµν = Λgµν +κℓ2Pε
(
uµuν +
1
2
gµν
)
, (9.186)
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what after including the fact that for the Gödel Universe one has
κℓ2Pε =−2Λ, (9.187)
one receives the four-dimensional Ricci curvature tensor
Rµν = κℓ2Pεuµuν =−2Λuµ uν . (9.188)
In this manner the three-dimensional Ricci curvature tensor has the
form
Ri j =−2Λuiu j, (9.189)
and consequently the three-dimensional Ricci scalar curvature is
(3)R = hi jRi j =−2Λuiui = 0. (9.190)
Similarly one can establish the energy density of Matter fields
ρ = Tµνnµ nν = εuµnµ uνnν = ε =−2 Λ
κℓ2P
. (9.191)
In this manner the generalized gravitational potential for the Gödel
Universe has the following form
V =−(3)R+2Λ+2κℓ2Pρ =−2Λ = κℓ2Pε =
1
a2
> 0, (9.192)
so that
〈V 〉 = 1
a3ex
∫ d(a3ex)
a2
=
1
a3ex
∫ 3a2daex +a3exdx
a2
= (9.193)
=
1
a3ex
∫
(3exda+aexdx) , (9.194)
and by this reason√
〈V 〉(ξ ,φ) = 1
a3/2ex/2
√∫
(3exda+aexdx). (9.195)
In this manner the wave functions of the Gödel dust Universe are
ΨG1 =
1√|A|
sin
(
a3/2ex/2
8pi
√
3
√∫
(3exda+aexdx)
)
1
a3/2ex/2
√∫
(3exda+aexdx)
, (9.196)
ΨG2 =
1√|B| cos
(
a3/2ex/2
8pi
√
3
√∫
(3exda+aexdx)
)
, (9.197)
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where sgn(a) 6= 0, and the constants of integration A and B are
A =
1
2
√
3SP
∫

sin
(
a3/2ex/2
8pi
√
3
√∫
(3exda+aexdx)
)
1
a3/2ex/2
√∫
(3exda+aexdx)

2
d(a3ex), (9.198)
B =
1
Γ0
1
2
√
3SP
∫
cos2
(
a3/2ex/2
8pi
√
3
√∫
(3exda+aexdx)
)
d(a3ex). (9.199)
Of course when a = constans the situation is much more simpler, but we
will not derive these particular results.
J The Einstein–Rosen GravitationalWaves
The example of vacuum solution are also the Einstein–Rosen cylindri-
cal gravitational waves. The spatial part of the metric has the form
hi j =
 e2γ−2ψ 0 00 e2ψ 0
0 0 r2e−2ψ
 , (9.200)
where r is radial distance from the z axis, and ψ = ψ(t,r) and γ = γ(t,r)
are functions satisfying the equations
ψ¨ = ψ
′
r
+ψ ′′, (9.201)
γ ′
r
= ψ ′2 + ψ˙2, (9.202)
γ˙
r
= 2ψ˙ψ ′. (9.203)
In other words when one solves the equation (9.201) then the function
γ can be established by
γ =
∫ [
r
(
ψ ′2 + ψ˙2
)
dr+2rψ˙ψ ′dt
]
. (9.204)
In this manner the global dimension for the Einstein–Rosen waves is
h = r2e2γ−2ψ , (9.205)
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while the invariant global dimension has the form
ξ = 1√
6SP
reγ−ψ . (9.206)
The generalized gravitational potential vanishes in this case, so that
the wave functions are
ΨER1 =
1√|A| 14pi√6reγ−ψ , (9.207)
ΨER2 =
1√|B| , (9.208)
where the constants of integration A and B are determined by the rela-
tions
A =
Ξ3
3
, (9.209)
B =
1
Γ0
Ξ, (9.210)
where Ξ is the reference constant
Ξ = 1
4pi
√
6
Reγ(T,R)−ψ(T,R), (9.211)
where T and R are reference values of t and R, respectively.
K The Taub–Newman–Unti–Tamburino Space-
time
Let us consider the generalized axisymmetric solution of the vacuum
Einstein field equations presented in the Weyl canonical coordinates
hi j =
 e2γ−2ψ 0 00 e2γ−2ψ 0
0 0 r2e−2ψ −A2e2γ
 , (9.212)
for which the field equations are
△ψ = 0, (9.213)
γ ′
r
= ψ ′2 + ψ˙2, (9.214)
γ ′z
r
= 2ψ˙ψ ′. (9.215)
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Here r is the radial distance from the axis of symmetry z. In such a
situation the global dimension is
h = e4γ−4ψ
(
r2e−2ψ −A2e2γ) , (9.216)
so that the invariant global dimension is
ξ = 1
4pi
√
6
e2γ−2ψ
√
r2e−2ψ −A2e2γ . (9.217)
For this case the cosmological constant as well as Matter fields are
absent. Therefore the three-dimensional Ricci scalar curvature, and
the generalized gravitational potential are trivial. The wave functions
of any static axisymmetric vacuum solution can be established as
ΨSAV S1 =
1√|A| 14pi√6e2γ−2ψ√r2e−2ψ −A2e2γ , (9.218)
ΨSAV S2 =
1√|B| , (9.219)
where the constants of integration A and B are
A =
Ξ3
3 , (9.220)
B =
1
Γ0
Ξ, (9.221)
where Ξ is the reference constant
Ξ = 1
4pi
√
6
e2γ(R,Z)−2ψ(R,Z)
√
R2e−2ψ(R,Z)−A2(R,Z)e2γ(R,Z), (9.222)
where R and Z are reference values of r and z. Let us see the wave
functions of two particular cases.
The Taub–Newman–Unti–Tamburino space-time is the particular
case the static axisymmetric vacuum space-time characterized by
e2ψ =
(r++ r−)2− (r2S +4l2)
(r++ r−+ rS)2 +4l2
, (9.223)
e2γ =
(r++ r−)2− (r2S +4l2)
4r+r−
, (9.224)
A =
2l(r+− r−)√
r2S +4l2
, (9.225)
r2± = r
2 +
(
z± 1
2
√
r2S +4l2
)2
. (9.226)
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Chapter 10
The Functional Objective
Geometry
A Effective Scalar Curvature
Let us assume that the concrete form of the gravitational potential Ve f f
(8.2) is fixed ad hoc as functional or function of the global dimension
h. In such a situation one can express the Ricci scalar of a three-
dimensional embedded space as follows
(3)R = 2Λ+2κℓ2Pρ−6(8pi)2hVe f f , (10.1)
whereas the global one-dimensional quantum gravity is given by the
evolutionary equation ( δ 2
δh2 +Ve f f
)
Ψ[h] = 0. (10.2)
In this manner the quantum gravity is the system describing geometry
(10.1), and quantum mechanics (10.2) of an embedded space.
The quantum gravity (10.1)-(10.2) is in itself non trivial. In fact,
this can be expressed in more general notation
(3)R = f [hi j], (10.3)
δ 2Ψ[h]
δh2 = −Ve f f [hi j]Ψ[h], (10.4)
where both f [hi j] as well as Ve f f [hi j] are scalar-valued functionals of an
induced three-dimensional metric hi j, i.e. are objective functionals
f [hi j] = f [Ih, IIh, IIIh], (10.5)
Ψ[hi j] = Ψ[Ih, IIh, IIIh], (10.6)
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where Ih, IIh, and IIIh are the 3× 3 matrix invariants of an induced
metric hi j
Ih = Trh , IIh =
(Trh)2−Trh2
2
, IIIh = deth, (10.7)
which according to the Cayley–Hamilton theorem are the coefficients
of the characteristic polynomial of the matrix hi j
h3− Ihh2 + IIhh− IIIhI3×3 = 0. (10.8)
In this manner we shall call the functional objective geometry the quan-
tum gravity given by system of equations (10.3)- (10.4).
We shall call the Ricci scalar curvature (10.1) describing the three-
geometry of an embedded space the effective scalar curvature and study
its meaning in this section. For convenience let us present Ve f f as an
algebraic sum of three elementary energetic constituents
Ve f f =VG+VC +VM, (10.9)
where VG, VC, and VM are the geometric and the cosmological, and the
material contributions
VG = − 16(8pi)2
(3)R
h
, (10.10)
VC =
1
6(8pi)2
2Λ
h
, (10.11)
VM =
1
6(8pi)2
2κ
h ρ . (10.12)
One can list several examples of physical scenarios within the global
one-dimensional quantum gravity, with respect to the choice of the
form of the potential Ve f f .
1. The case of constant non vanishing effective gravitational poten-
tial Ve f f = Vc 6= 0. In such a situation the Ricci scalar curvature
of an embedded space and the global one-dimensional quantum
gravity are
(3)R = 2Λ+2κℓ2Pρ−6(8pi)2hVc, (10.13)( δ 2
δh2 +Vc
)
Ψc[h] = 0, (10.14)
where Ψc[h] is a wave functional related to Ve f f =Vc.
309
ŁUKASZ ANDRZEJ GLINKA: ÆTHEREAL MULTIVERSE
2. The case of trivial effective gravitational potential Ve f f = 0. In
such a situation the three-dimensional Ricci scalar curvature and
the global one-dimensional quantum gravity are
(3)R = 2Λ+2κℓ2Pρ , (10.15)
δ 2
δh2 Ψ0[h] = 0, (10.16)
where Ψ0 is a ”free” wave functional related to Ve f f = 0.
3. The case when a sum of geometric and cosmological contributions
is trivial VG +VC = 0, but the effective potential does not vanish
identically Ve f f 6= 0. In such a situation the three-dimensional
Ricci scalar curvature and the global one-dimensional quantum
gravity are
(3)R = 2Λ, (10.17)( δ 2
δh2 −
1
6(8pi)2
2κℓ2P
h ρ [h]
)
ΨM[h] = 0, (10.18)
where ΨM is a ”material” wave functional related to VM 6= 0.
4. The case when a sum of geometric and material contributions
vanishes VG +VM = 0, but the gravitational potential is in general
non trivial Ve f f 6= 0. In such a situation the Ricci scalar curvature
of an embedded space and the global one-dimensional quantum
gravity are
(3)R = 2κℓ2Pρ , (10.19)( δ 2
δh2 +
1
6(8pi)2
2Λ
h
)
ΨC[h] = 0. (10.20)
Here ΨC is the ”cosmological” wave functional related to VC 6= 0.
5. The case when a sum of cosmological and material contributions
is trivial VC +VM = 0, but the effective gravitational potential is
non zero Ve f f 6= 0. In such a situation the energy density of Matter
fields and the global one-dimensional quantum gravity are
ρ =− Λ
κℓ2P
, (10.21)(
δ 2
δh2 −
1
6(8pi)2
(3)R
h
)
ΨG[h] = 0, (10.22)
where ΨG is the ”geometric” wave functional related to VG 6= 0.
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6. More general approach can be based on complex analysis (For ba-
sics advances see e.g. [606]). Let us pu ad hoc the functional Lau-
rent series expansion in the global dimension h of the effective
gravitational potential Ve f f [h] in an infinitesimal neighborhood,
i.e. a 1-sphere (circle) of a radius hε , of any fixed initial value h0
Ve f f [h] =
∞
∑
−∞
an (h−h0)n in C(hε) = {h : |h−h0|< hε} , (10.23)
where an are the series coefficients given by the classical func-
tional integral
an =
1
2pii
∫
C(hε )
Ve f f [h]
(h−h0)n+1
δh, (10.24)
which is the Cauchy integral with the Radon/Lebesgue–Stieltjes
measure δh. Let us take into considerations h0 = 0. Then the Ricci
scalar curvature of a three-dimensional embedded space is
(3)R = 2Λ+2κℓ2Pρ−6(8pi)2
∞
∑
−∞
bn(h−h0)n, (10.25)
where bn is the series coefficient
bn = an−1 +h0an =
1
2pii
∫
C(hε)
h
(h−h0)n+1
Ve f f [h]δh, (10.26)
and the global one-dimensional quantum gravity yields(
δ 2
δh2 +
∞
∑
−∞
an(h−h0)n
)
Ψ[h] = 0. (10.27)
By the triangle inequality one has
|bn|6 |an−1|+ |h0||an| (10.28)
so it is easy to see that
|bn|
|an| 6
|an−1|
|an| + |h0|. (10.29)
Applying the inequality ∣∣∣∣∫ f ∣∣∣∣6 ∫ | f |, (10.30)
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where f is considered as Riemann-integrable function and inte-
gral is defined, to the coefficients an and bn one has
|an| 6 1hn+1ε
1
2pi
∫
C(hε)
∣∣Ve f f ∣∣δh 6 1hn+1ε |a−1|, (10.31)
where a−1 is the residue of the effective gravitational potential in
the point h = h0 given by the Cauchy integral formula
a−1 = Res(Ve f f ,h0) =
1
2pii
∫
C(hε)
Ve f f δh, (10.32)
where C(hε) traces out a circle around h0 in a counterclockwise
manner on the punctured disk D = {z : 0 < |h−h0|< R}. If the
point h = h0 is a pole of order n, then
Res(Ve f f ,h0) =
1
Γ(n)
lim
h→h0
δ n−1
δhn−1
(
(h−h0)Ve f f
)
. (10.33)
It can be seen straightforwardly that
|an−1|
|an| > hε , (10.34)
and hence the inequality (10.29) gives
|bn|
|an| > hε + |h0|. (10.35)
Because by the triangle inequality
|bn+1|= |an+h0an+1|6 |an|+ |h0||an+1|, (10.36)
and |an+1|
|an| 6
1
hε
, (10.37)
one obtains |bn+1|
|an| 6 1+
|h0|
hε
. (10.38)
applying the inequality (10.35) in the equivalent form
|an|
|bn| 6
1
hε + |h0| . (10.39)
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one receives the upper bound
|bn+1|
|an|
|an|
|bn| =
|bn+1|
|bn| 6
1
hε + |h0|
(
1+ |h0|
hε
)
. (10.40)
Another bound for
|bn+1|
|bn| can be obtained as follows. Because of
an =
bn−an−1
h0
, (10.41)
one has
bn+1 =
bn−an−1
h0
+h0an+1, (10.42)
or after small algebraic manipulations
h0bn+1 +an−1 = h0an+1 +bn. (10.43)
This equation can be rewritten in the form
1 =
∣∣∣∣ h0bn+1h0an+1 +bn + an−1h0an+1 +bn
∣∣∣∣ , (10.44)
which after taking into account the triangle inequality∣∣∣∣ h0bn+1h0an+1 +bn + an−1h0an+1 +bn
∣∣∣∣6 ∣∣∣∣ h0bn+1h0an+1 +bn
∣∣∣∣+ ∣∣∣∣ an−1h0an+1 +bn
∣∣∣∣ , (10.45)
leads to
|h0an+1 +bn|6 |h0||bn+1|+ |an−1|. (10.46)
Applying again the triangle inequality
|h0an+1 +bn|6 |h0||an+1|+ |bn|, (10.47)
one receives
|h0||bn+1|− |bn|6 |h0||an+1|− |an−1|. (10.48)
This inequality can be rewritten as
|h0| |bn+1||an| −
|bn|
|an| 6 |h0|
|an+1|
|an| −
|an−1|
|an| , (10.49)
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or equivalently
|h0| |bn+1||bn| −1 6
|an|
|bn|
(
|h0| |an+1||an| −
|an−1|
|an|
)
. (10.50)
In the light of the inequality (10.39) and the relation
|h0| |an+1||an| −
|an−1|
|an| 6
|h0|
hε
−hε , (10.51)
one obtains the bound
|bn+1|
|bn| 6
1
|h0|
(
1+
1
hε + |h0|
( |h0|
hε
−hε
))
. (10.52)
Comparing this bound to the previous one (10.40) one receives
|h0|(|h0|−1)> 0, (10.53)
what gives the condition for h0
|h0| ∈ {0}∪ [1,∞). (10.54)
Naturally, there is many other opportunities for selection of a form of
the effective gravitational potential Ve f f [h]. However, in this section we
shall discuss the only a particular case.
B The Newton–Coulomb Potential
Let us consider the residual approximation in which the series coefficient
of the effective gravitational potential are
an =
{
a−1 = const for n =−1
0 for n 6=−1 , (10.55)
i.e. the effective gravitational potential (8.2) has the form of the Newton–
Coulomb potential
Ve f f =
a−1
h−h0 . (10.56)
In such a situation the coefficients bn are
bn =

b−1 = h0a−1 for n =−1
b0 = a−1 for n = 0
0 for n 6=−1,0
, (10.57)
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so that the Ricci scalar curvature of a three-dimensional space is
(3)R = 2Λ+2κℓ2Pρ−6(8pi)2a−1
(
1+ h0
h−h0
)
, (10.58)
whereas the Klein–Gordon equation (8.1) is( δ 2
δh2 +
a−1
h−h0
)
Ψ = 0. (10.59)
The equation (10.64) defines some three-geometries, but even in the
vacuum situation, i.e. ρ = 0 and Λ = 0, it is difficult to establish an
induced geometry which Ricci scalar curvature behaves like
(3)R∼ 1+ h0
h−h0 . (10.60)
Interestingly, in general the residue of the three-dimensional Ricci scalar
curvature in the point h0 is
Res((3)R,h0) = 2κℓ2PRes(ρ ,h0)−6(8pi)2a−1h0, (10.61)
i.e. it can be taken equal to zero if and only if the residue of energy
density of Matter fields is
Res(ρ ,h0) =
3(8pi)2
κℓ2P
a−1h0. (10.62)
If one takes ad hoc the relation
a−1 =
Λ
3(8pi)2
, (10.63)
then the Ricci scalar curvature of induced three-geometry has the form
(3)R = 2κℓ2Pρ−
2Λh0
h−h0 , (10.64)
and its residue
Res((3)R,h0) = 2κℓ2PRes(ρ ,h0)−2Λh0, (10.65)
vanishes if and only if
Res(ρ ,h0) =
Λ
κℓ2P
h0. (10.66)
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Then also the geometry of an embedded three-manifold is Ricci-flat if
and only if the energy density of Matter fields has the following form
ρ = Λ
κℓ2P
h0
h−h0 . (10.67)
Another possible Ricci-flat three-manifold is obtained for Λ = 0 and
ρ = 3(8pi)
2
κℓ2P
a−1
(
1+
h0
h−h0
)
. (10.68)
In general three-spaces having induced metrics satisfying the Ricci
scalar curvature (10.60) are not known yet. However, it is evidently
seen that in the particular case h0 = 0, which is in full accordance with
the general condition (10.54), the situation is much more simpler, i.e.
(3)R = 2Λ+2κℓ2Pρ−6(8pi)2a−1, (10.69)( δ 2
δh2 +
a−1
h
)
Ψ = 0. (10.70)
Let us consider this particular case as the basic situation. We shall call
the global one-dimensional quantum gravity described by the system
of equations (10.69)-(10.70) the Newton–Coulomb quantum gravity.
As the example we shall consider vanishing of the energy density
ρ ≡ 0, (10.71)
i.e. stationarity of Matter fields. We shall call this case the Newton–
Coulomb stationary quantum gravity. In such a situation the Ricci
scalar curvature of three-dimensional embedded space becomes
(3)R = 2Λ−6(8pi)2a−1 = constant. (10.72)
Therefore the Ricci curvature tensor of the three-dimensional mani-
folds describes the three-dimensional Einstein manifolds [597]
Ri j = λhi j, (10.73)
where the sign λ of the Einstein manifolds is defined by the Newton–
Coulomb stationary quantum gravity as follows
2
3Λ−2(8pi)
2a−1 = λ . (10.74)
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Because, however, energy density of Matter fields vanishes therefore
the Einstein manifolds described by the sign (10.74) possess maximal
symmetry. By this reason the Newton–Coulomb stationary quantum
gravity geometrically corresponds to three-dimensional the maximally
symmetric Einstein manifolds.
In this manner in general one can consider the classification of
the three-dimensional spaces, which are maximally symmetric three-
dimensional Einstein manifolds (10.73), with respect to the value of the
sign λ (10.74) of a manifold. The following conclusion can be deduced
straightforwardly.
Conclusion. The Newton–Coulomb stationary quantum gravity, def ined
by the effective gravitational potential Ve f f [h] =
a−1
h , determines the three-
dimensional embedded spaces which are the maximally symmetric three-
dimensional Einstein manifolds, characterized by the sign (10.74). There
are particular situations:
1. When the sign is non zero λ 6= 0 and the residue of the effective
gravitational potential is negative a−1 = −|α|, then the effective
potential Ve f f [h] becomes the Newtonian attractive potential energy
Ve f f =−|α|h =−
Gm1m2
ℓPh
. (10.75)
When the cosmological constant is positive Λ =+|Λ| then the max-
imally symmetric Einstein three-manifolds are characterized by
positive Ricci scalar curvature
(3)R =
2
3 |Λ|+2(8pi)
2|α|. (10.76)
When the cosmological constant is negative Λ = −|Λ| the maxi-
mally symmetric Einstein three-manifolds are characterized by the
Ricci scalar curvature
(3)R =−23 |Λ|+2(8pi)
2|α|, (10.77)
which is negative if |Λ|> 3(8pi)2|α|, and positive if |Λ|< 3(8pi)2|α|.
2. When the sign is non zero λ 6= 0 and the residue of the effective
gravitational potential is positive a−1 =+|α|, then the effective po-
tential Ve f f [h] becomes the Coulomb repulsive potential energy
Ve f f =
|α|
h
=
q1q2
4piε0ℓPh
. (10.78)
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When the cosmological constant is negative Λ=−|Λ| then the max-
imally symmetric Einstein three-manifolds are characterized by
negative Ricci scalar curvature
(3)R =−23 |Λ|−2(8pi)
2|α|. (10.79)
When the cosmological constant is positive Λ =+|Λ| then the max-
imally symmetric Einstein three-manifolds are characterized by
the Ricci scalar curvature
(3)R =
2
3 |Λ|−2(8pi)
2|α|, (10.80)
which is negative if |Λ|< 3(8pi)2|α|, an positive if |Λ|> 3(8pi)2|α|.
3. When the sign is vanishing λ = 0, i.e. the maximally symmetric
Einstein three-manifolds are Ricci-f lat, one determines uniquely
the value of the reside of the effective gravitational potential as
a−1 =± |Λ|3(8pi)2 , (10.81)
In such a case one obtains the values of cosmological constant
|Λ|=

3(8pi)3EP
4ℓ2P
rg(m1)rg(m2) for the Newton law
3(8pi)3EP
ℓ2P
re(q1)re(q2) for the Coulomb law
(10.82)
where m is mass of a body generating Newtonian gravitational
f ield in vacuum and rg(m) =
2Gm
c2
= κc2
m
4pi
is its gravitational ra-
dius, q is charge generating Coulombic electrical f ield in vacuum
and re(q) =
q√
4piε0
√
G
c4
=
√
κ
2ε0
q
4pi
is its electrical radius.
Note that in fact, by assuming the relation for the series coefficients
(10.24), the residue a−1 is the Cauchy integral of the effective potential
Ve f f in the fixed point h0 = 0
a−1 = Res
[
1
6(8pi)2
1
h
(
−(3)R+2Λ+2κℓ2Pρ
)
,h = 0
]
, (10.83)
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and its value can be straightforwardly established as
a−1 =
1
6(8pi)2
(
−(3)R+2Λ+2κℓ2Pρ
)∣∣∣
h=0
=−
(3)R0
6(8pi)2 +
Λ
3(8pi)2 +
κℓ2Pρ0
3(8pi)2 ,
(10.84)
where subscript ”0” on the LHS means value of a quantity in h = 0.
When one associates the effective gravitational potential Ve f f =
a−1
h
the Newton or the Coulomb potential energy, then the global dimension
becomes a spatial distance r =
√
x2 + y2 + z2
h≡ r , (10.85)
so that the evolution (10.59) becomes radial wave equation(
d2
dr2 +
∓|α|
r
)
Ψ(r) = 0, (10.86)
describing a quantum Kepler problem. There is a lot of metrics hi j
possessing the same determinant, for instance
hi j = r1/3ri j, (10.87)
where ri j is SO(3) group rotation matrix, which can be expressed via
the Euler angles (θ ,ϕ,φ)
ri j(θ ,ϕ,φ)≡ r(3)il (θ)r(2)lk (ϕ)r(3)k j (φ) , (10.88)
where r(p)i j (ϑ) are rotation matrices around a p-axis
r
(3)
i j (ϑ) =
 cosϑ −sinϑ 0sinϑ cosϑ 0
0 0 1
 , (10.89)
r
(2)
i j (ϑ) =
 cosϑ 0 sinϑ0 1 0
−sinϑ 0 cosϑ
 . (10.90)
Interestingly, one can connect the radial wave equation (10.86) with
the radial Schrödinger equation for a particle equipped with energy
E, mass m, and potential energy V (For more detailed discussion of
the radial Schrödinger equation see e.g. the Ref. [607]). Applying
the substitution Ψ(r) = rR(r) where R(r) is the radial part of the wave
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function of a particle, one can present the radial Schrödinger equation
in the following form[
d2
dr2 −
(
2m
ℏ2
V +
l(l+1)
r2
)]
Ψ(r) = 2mE
ℏ2
ψ(r), (10.91)
where l is one of subscripts of the spherical harmonics Y ml (θ ,φ) of de-
gree l and order m
Y ml (θ ,φ) =
√
2l +1
4pi
(l−m)!
(l +m)!Plm(cosθ)e
imφ , (10.92)
which are the angular part of the wave function of a particle. Here
Plm(x) are associated Legendre polynomials
Plm(x) =
1
2ll!(1− x
2)m/2
dl+m
dxl+m (x
2−1)l. (10.93)
Putting ad hoc the values E = 0, l = 0 and −2m
ℏ2
V = Ve f f one receives
excellent coincidence with the equation (10.86). This nice property al-
lows to construct the physical interpretation of the wave functional
Ψ(r). Namely, it is strictly related to the wave function ψ(r,θ ,φ) =
R(r)Y m0 (θ ,φ) of a particle equipped with mass m and having the total
energy E = 0 and the potential energy V =− ℏ
2
2m
±|α|
r
. The identification
is as follows
Ψ(r) = rψ(r,θ ,φ)
Y 00 (θ ,φ)
, (10.94)
where Y 00 (θ ,φ) =
1
2
√
pi
is the only non trivial value of Y m0 (θ ,φ).
Another linkage to the radial Schrödinger equation is also possible.
Let the wave functional Ψ(r) is the radial part R(r) of the wave func-
tion of a particle, i.e. ψ(r,θ ,φ) = Ψ(r)Y ml (θ ,φ), equipped with mass m
and total energy E, and moving in arbitrary potential V (r). Then Ψ(r)
satisfies the radial Schrödinger equation
− 1
r2
d
dr
(
r
dΨ
dr
)
+
(
2m
ℏ2
V +
l(l+1)
r2
)
Ψ = 2mE
ℏ2
Ψ, (10.95)
or equivalently
d2Ψ
dr2 +
1
r
dΨ
dr −
(
2m
ℏ2
rV +
l(l+1)
r
)
Ψ =−2mE
ℏ2
rΨ. (10.96)
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This equations can be separated on the system of two equations
d2Ψ
dr2 −
2m
ℏ2
rV Ψ = 0, (10.97)
dΨ
dr − l(l+1)Ψ+
2mE
ℏ2
r2Ψ = 0. (10.98)
The equation (10.97) is exactly the wave equation (10.86) if and only if
the equation holds
V (r) =− ℏ
2
2mr
Ve f f . (10.99)
The equation (10.98) must be solved. It is easy to see that this equation
can be integrated straightforwardly∫ Ψ(r)
Ψ(r0)
dΨ
Ψ =
∫ r
r0
(
l(l +1)− 2mE
ℏ2
r2
)
dr, (10.100)
where r0 is some reference value of r, what gives
ln
∣∣∣∣ Ψ(r)Ψ(r0)
∣∣∣∣= l(l+1)(r− r0)− 2mEℏ2 r3− r303 , (10.101)
and results in the solution
Ψ(r) = Ψ(r0)exp
{
−l(l+1)r0 + 2mE3ℏ2 r
3
0
}
exp
{
l(l+1)r− 2mE3ℏ2 r
3
}
.
(10.102)
Now one can differentiate the equation (10.98) with respect to r and
obtains
d2Ψ
dr2 = l(l+1)
dΨ
dr −
2mE
ℏ2
(
2rΨ+ r2 dΨdr
)
=
=
[
l(l+1)− 2mE
ℏ2
r2
]
dΨ
dr −
4mE
ℏ2
rΨ =
=
{[
l(l+1)− 2mE
ℏ2
r2
]2
− 4mE
ℏ2
r
}
Ψ. (10.103)
Application of the equation (10.97) to the result (10.103) leads to
2m
ℏ2
rV =
{[
l(l+1)− 2mE
ℏ2
r2
]2
− 4mE
ℏ2
r
}
, (10.104)
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what allows to establish the potential V
V (r) =
ℏ2
2m
l2(l+1)2
r
−2E−2El(l +1)r+ 2mE
2
ℏ2
r3. (10.105)
Using of the identification (10.99) and the explicit form of Ve f f =
±|α|
r
,
one receives the equation for r(
2mE
ℏ2
)2
r5− 4mE
ℏ2
l(l+1)r3− 4mE
ℏ2
r2 + l2(l+1)2r±|α|= 0, (10.106)
which is very difficult to solve, but simplifies for suggested value l = 0(
2mE
ℏ2
)2
r5− 4mE
ℏ2
r2±|α|= 0. (10.107)
The equation (10.107) can be solved easy. Let us focus on the real solu-
tion which for the Coulombic case is
r =
[
ℏ2
2mE
(
mE
ℏ2
|α|
)1/3(√
1− 32
27
2mE
ℏ2|α|2 −1
)1/3
+
+
2
3
(
mE
ℏ2
|α|
)−1/3(√
1− 32
27
2mE
ℏ2|α|2 −1
)−1/3]1/2
, (10.108)
while for the Newtonian case one obtains
r =
[
ℏ2
2mE
(
mE
ℏ2
|α|
)1/3(√
1− 32
27
2mE
ℏ2|α|2 +1
)1/3
+
+
2
3
(
mE
ℏ2
|α|
)−1/3(√
1− 32
27
2mE
ℏ2|α|2 +1
)−1/3]1/2
, (10.109)
Recall that in our theory h = r, i.e. in fact the results (10.108)-(10.109)
fix value of h. The distance must be real number. For this must be
E 6
27
32
ℏ2
2m
|α|2. (10.110)
In general solutions of the algebraic equation (10.106) can be found by
methods of the Galois group. Despite the real and positive solution is
difficult to extract, some simpler solution can be constructed. Let us
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substitute to the equation (10.106) as the unknown r = x+ iy, where the
imaginary part y will be y→ 0 in a certain stage of the construction. In
such a situation the equation (10.106) is equivalent to the statement
that its both real and imaginary part vanish. Such a method generates
the system of equations(
2mE
ℏ2
)2
y4 +2
(
2mE
ℏ2
)(
l(l+1)−5
(
2mE
ℏ2
)
x2
)
y2−
−
(
2mE
ℏ2
)
x
(
4+6l(l+1)x−5
(
2mE
ℏ2
)
x3
)
+ l2(l+1)2 = 0, (10.111)
5
(
2mE
ℏ2
)2
xy4 +2
(
2mE
ℏ2
)(
1+3l(l+1)x−5
(
2mE
ℏ2
)
x3
)
y2 +
+x
−2(2mE
ℏ2
)
x+
(
l(l+1)−
(
2mE
ℏ2
)2)2±|α|= 0, (10.112)
where we introduced the shortened notation L = l(l +1). Now one can
put y = 0, so that x = r, and obtain the system of equations
−
(
2mE
ℏ2
)
r
(
4+6l(l+1)r−5
(
2mE
ℏ2
)
r3
)
+ l2(l+1)2 = 0, (10.113)
l2(l+1)2r−
(
2mE
ℏ2
)
r2
(
2+2l(l+1)r−
(
2mE
ℏ2
)
r3
)
±|α|= 0,(10.114)
which can be presented in the form(
2mE
ℏ2
)
r2 =
l2(l+1)2r(
4+6l(l+1)r−5
(
2mE
ℏ2
)
r3
) , (10.115)
(
2mE
ℏ2
)
r2 =
l2(l+1)2r±|α|(
2+2l(l+1)r−
(
2mE
ℏ2
)
r3
) , (10.116)
and lead to the relation
l2(l+1)2r(
4+6l(l+1)r−5
(
2mE
ℏ2
)
r3
) = l2(l+1)2r±|α|(
2+2l2(l+1)2r−
(
2mE
ℏ2
)
r3
) .
(10.117)
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The relation (10.117), however, can be rewritten in much more conve-
nient form of the 4th order algebraic equation
4
(
2mE
ℏ2
)
l2(l +1)2r4±5
(
2mE
ℏ2
)
|α|r3−4l3(l+1)3r2−
2l(l+1)(l(l+1)±3|α|)r− (±4|α|) = 0. (10.118)
In other words the 5th order algebraic equation very difficult to solve
has been reduced to the 4th order algebraic equation which in general
can solved straightforwardly. In our interest is the real and positive
solution of the equation (10.118) which is given by the formula
r =− ±5|α|
16l2(l+1)2 +
1
2
(
1
22/33Al
(
45 |α|
2
l(l+1) −81(±|α|)+
4ℏ2l4(l+1)4
mE
)
+
25|α|2
64l4(l+1)4 +
ℏ2l(l+1)
3mE
+
ℏ2Al
210/33mEl2(l+1)2
)1/2
+
1
2
(
25|α|2
32l4(l+1)4 +
2ℏ2l(l+1)
3mE −
1
22/33Al
(
45 |α|
2
l(l+1) −81(±|α|)+
4ℏ2l4(l +1)4
mE
)
−
ℏ2Al
210/33mEl2(l+1)2
+
1
4l(l+1)
(
2ℏ2l(l+1)
mE
− ±125|α|
3
64l5(l+1)5 +
±7ℏ2|α|
2mE
)
×(
25|α|2
64l4(l+1)4 +
ℏ2l(l+1)
3mE
+
ℏ2Al
210/33mEl2(l+1)2
+
1
22/33Al
(
45 |α|
2
l(l+1) −81(±|α|)+
4ℏ2l4(l +1)4
mE
))−1/2)1/2
, (10.119)
where
Al =
2mE
ℏ2
(
− ±675ℏ
2|α|3
2mE
+
ℏ4l6(l+1)6
2(mE)2
(
351|α|2
l(l+1) −
±297|α|
l(l+1) −
8ℏ2l3(l+1)3
mE
+54
)
+
ℏ2
2mE
(
− ℏ
2l6(l+1)6
mE
(
45|α|2
l(l+1) +
4ℏ2l4(l+1)4
mE
−
81(±|α|)
)3
+
(
±675|α|3− ℏ
2l8(l +1)8
mE
(
351|α|2
l(l+1) −
±297|α|
l(l+1) −
8ℏ2l3(l+1)3
mE
))2
+54
)1/2)1/3
. (10.120)
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Another separation of the radial Schrödinger equation (10.96) is
possible. Namely, one can rewrite this equation as the system
d2Ψ
dr2 −
(
2m
ℏ2
rV +
l(l+1)
r
)
Ψ = 0, (10.121)
dΨ
dr +
2mE
ℏ2
r2Ψ = 0. (10.122)
The procedure analogous to the previous separation gives the solution
Ψ(r) = Ψ(r0)exp
{
2mE
3ℏ2 r
3
0
}
exp
{
−2mE3ℏ2 r
3
}
, (10.123)
the potential
V (r) =− ℏ
2
2m
l(l+1)
r2
−2E + 2mE
2
ℏ2
r3, (10.124)
and the equation for r(
2mE
ℏ2
)2
r4− 4mE
ℏ2
r− ℏ
2
2m
l2(l+1)2±|α|= 0. (10.125)
This is equation can be solved for arbitrary l with no problems. There
are real and positive solutions if and only if
±|α|6 ℏ
2
2m
l2(l+1)2. (10.126)
Then there is the only one real and positive solution given by
r =
1
2
{
2ℏ2
mE
[
2−1/3
(mE/ℏ2)2/3
β 1/3l +
22/3αl
3(mE/ℏ2)4/3
β−1/3l
]−1/2
− 2
−1/3
(mE/ℏ2)2/3
β 1/3l −
22/3αl
3(mE/ℏ2)4/3
β−1/3l
}1/2
+
1
2
(
2−1/3
(mE/ℏ2)2/3
β 1/3l +
22/3αl
3(mE/ℏ2)4/3
β−1/3l
)1/2
(10.127)
where we have introduced the shortened notation
αl = − ℏ
2
2m
l2(l+1)2±|α|, (10.128)
βl = 1+
√
1− 4
27
ℏ4
m2E2
α3l . (10.129)
It is easy to deduce the solution for l = 0.
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C Boundary Conditions for TheWave Func-
tionals
In this subsection we shall consider certain solutions of the global one-
dimensional quantum gravity (8.1) for the approximation of the effec-
tive gravitational potential Ve f f discussed in the previous subsection.
For the considered situation the h-evolution( δ 2
δh2 ∓
|α|
h
)
Ψ∓[h] = 0, (10.130)
is solved by two type of wave functions Ψ∓ where the attractive wave
functions Ψ−G [h] are associated with the the Newton-like effective grav-
itational potential, and the repulsive ones Ψ+[h] are associated with
the Coulomb-like effective gravitational potential. Because of manifest
one-dimensionality of the functional evolutionary equation (10.130) one
can solve this equation in frames of the theory of ordinary differential
equations by treatment of the functional derivative as the ordinary one,
i.e.
δ
δh =
d
dh , and the functional and a function Ψ[h] = Ψ(h) with no loss
of the generality.
In this manner we shall consider here the equation(
d2
dh2 ∓
|α|
h
)
Ψ∓(h) = 0. (10.131)
The general solution of this differential equation can be constructed
straightforwardly by application of the Bessel functions Jn and Yn for
the case of the attractive potential
Ψ−[h] =
√
|α|h
[
C−1 J1
(
2
√
|α|h
)
+2iC−2 Y1
(
2
√
|α|h
)]
, (10.132)
and in terms of the modified Bessel In and Kn for the case of the repul-
sive potential
Ψ+[h] =−
√
|α|h
[
C+1 I1
(
2
√
|α|h
)
+2C+2 K1
(
2
√
|α|h
)]
, (10.133)
where C±1 and C
±
2 are constants of integration. In concrete calculations
one can take the standard definitions of the Bessel functions of first
and second kind [602], Jα(x) and Yα(x), which are
Jα(x) =
1
pi
∫ pi
0
dt cos(xcos t−αt) , (10.134)
Yα(x) =
Jα(x)cos(αpi)− J−α(x)
sin(αpi)
, (10.135)
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as well as the modified Bessel functions of the first and the second kind,
Iα(x) and Kα(x), which are
Iα(x) =
1
pi
∫ pi
0
dt exp(xcos t)cos(αt) , (10.136)
Kα(x) =
pi
2
I−α(x)− Iα(x)
sin(αpi) . (10.137)
Recall that standardly the values of the Bessel functions of second kind
and the modified Bessel functions of second kind for any integers n can
be received by application of the limiting procedure
Yn(x) = lim
α→nYα(x), (10.138)
Kn(x) = lim
α→nKα(x). (10.139)
In further part of this section we shall present solutions to the
one-dimensional quantum mechanics (10.131) with respect to several
selected boundary conditions for the general solutions (10.132) and
(10.133).
Boundary Conditions I
Let us consider the global one-dimensional quantum mechanics (8.1)
with the boundary conditions for some selected initial value of the di-
mension h = hI:
Ψ[hI] = ΨI, (10.140)
δΨ
δh [hI] = Ψ
′
I. (10.141)
For construction of the solution one can use the regularized hypergeo-
metric functions p ˜Fq
p ˜Fq
(
a1, . . . ,ap
b1, . . . ,bq
;x
)
=
pFq
(
a1, . . . ,ap
b1, . . . ,bq
;x
)
Γ(b1) . . .Γ(bq)
, (10.142)
where pFq is the confluent hypergeometric function
pFq
(
a1, . . . ,ap
b1, . . . ,bq
;x
)
=
∞
∑
r=0
(a1)r . . .(ap)r
(b1)r . . .(bq)r
xr
r! , (10.143)
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where (a)r =
Γ(a+ r)
Γ(a)
are Pochhammer symbols. The general solutions
(10.132) and (10.133) with respect to the boundary conditions (10.140)-
(10.141) can be written out in the form
Ψ− =C−1
(
2
√
|α|h
)
K1
(
2
√
|α|h
)
+C−2
(
2
√
|α|h
)2
0 ˜F1
( −
2 ; |α|h
)
,
(10.144)
where constants of integration are
C−1 = ΨI 0 ˜F1
( −
1 ; |α|hI
)
−Ψ′IhI 0 ˜F1
( −
2 ; |α|hI
)
, (10.145)
C−2 =
1
2
(
ΨIK0
(
2
√
|α|hI
)
+Ψ′I
√
hI
|α|K1
(
2
√
|α|hI
))
, (10.146)
for the Newton-like case, and
Ψ+ =C+1
(
2
√
|α|h
)
Y1
(
2
√
|α|h
)
+C+2
(
2
√
|α|h
)2
0 ˜F1
( −
2 ;−|α|h
)
,
(10.147)
where constants of integration are
C+1 =
pi
2
(
Ψ′IhI 0 ˜F1
( −
2 ;−|α|hI
)
−ΨI 0 ˜F1
( −
1 ;−|α|hI
))
,(10.148)
C+2 =
pi
2
(
ΨIY0
(
2
√
|α|hI
)
−Ψ′I
√
hI
|α|Y1
(
2
√
|α|hI
))
, (10.149)
for the Coulomb-like case.
Boundary Conditions II
The second case which we want to present in this paper, are the bound-
ary conditions for 1st and 2nd functional derivatives
δΨ
δh [hI] = Ψ
′
I, (10.150)
δ 2Ψ
δh2 [hI] = Ψ
′′
I . (10.151)
By using of the hypergeometric functions, one can express the solution
for attractive case as follows
Ψ− =C−1
(
2
√
|α|h
)
K1
(
2
√
|α|h
)
+C−2
(
2
√
|α|h
)2
0 ˜F1
( −
2 ; |α|h
)
,
(10.152)
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where C−1 and C
−
2 are constants defined as
C−1 = −hI
(
Ψ′I 0 ˜F1
( −
2 ; |α|hI
)
− Ψ
′′
I
|α| 0
˜F1
( −
1 ; |α|hI
))
, (10.153)
C−2 =
1
2
√
hI
|α|
(
Ψ′′I
√
hI
|α|K0
(
2
√
|α|hI
)
+Ψ′IK1
(
2
√
|α|hI
))
.(10.154)
Similarly for the repulsive case one obtains easily
Ψ+ =C+1
(
2
√
|α|h
)
Y1
(
2
√
|α|h
)
+C+2
(
2
√
|α|h
)2
0 ˜F1
( −
2 ;−|α|h
)
,
(10.155)
where the constants of integration are
C+1 =
pihI
2
(
Ψ′I 0 ˜F1
( −
2 ;−|α|hI
)
+
Ψ′′I
|α| 0
˜F1
( −
1 ;−|α|hI
))
, (10.156)
C+2 =
pi
4
√
hI
|α|
(
Ψ′′I
√
hI
|α|Y0
(
2
√
|α|hI
)
+Ψ′IY1
(
2
√
|α|hI
))
.(10.157)
Boundary Conditions III
The third possible choice of the boundary conditions for the considered
problem has the following form
Ψ[hI] = ΨI, (10.158)
δ 2Ψ
δh2 [hI] = Ψ
′′
I . (10.159)
These conditions are formally improper for the problem, because of
they lead to manifestly singular solutions. In such a situation, however,
one can present the solutions in the form in which constants of integra-
tion are formally singular. For the case of the attractive Newton-like
potential one has
Ψ−G =C
−
1
(
2
√
|α|h
)
K1
(
2
√
|α|h
)
+C−2
(
2
√
|α|h
)2
0 ˜F1
( −
2 ; |α|h
)
,
(10.160)
where constants of integration are (ε → 0)
C−1 =
2
ε
√
|α|hI
(
ΨI− hI|α|Ψ
′′
I
)
0 ˜F1
( −
2 ; |α|hI
)
, (10.161)
C−2 =
1
ε
(
ΨI − hI|α|Ψ
′′
I
)
K1
(
2
√
|α|hI
)
. (10.162)
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Similarly for case of the repulsive Coulomb-like potential one obtains
Ψ+G =C
+
1
(
2
√
|α|h
)
Y1
(
2
√
|α|h
)
+C+2
(
2
√
|α|h
)2
0 ˜F1
( −
2 ;−|α|h
)
,
(10.163)
where constants of integration are (ε → 0)
C+1 =
2
ε
√
|α|hI
(
ΨI +
hI
|α|Ψ
′′
I
)
0 ˜F1
( −
2 ;−|α|hI
)
, (10.164)
C+2 =
1
ε
(
ΨI +
hI
|α|Ψ
′′
I
)
Y1
(
2
√
|α|hI
)
. (10.165)
There is the question how to regularize these solutions to obtain
non-singular constants of integration. There is no general method for
such an productive procedure. Let us propose some constructive reg-
ularization. For regularization of the solution let us take into account
the following the ansatz for boundary conditions
± hI|α|Ψ
±
I
′′
+Ψ±I ≡ ε f±[hI, |α|], (10.166)
where f±[hI, |α|] 6= 0 are some nonsingular functionals of hI and |α|,
which are presently unknown and arbitrary. For formal correctness
and consistency of the method we shall put the limiting procedure ε → 0
in some step of the regularization process. The sign + is related to the
Newton-like case, and the sign − to the Coulomb-like case. It can be
seen by straightforward calculation that in such a situation the sin-
gularity of the solutions (10.160) and (10.163) can be removed. We
are going to show now that the ansatz (10.166) allows to express the
problem of choice of the initial data via integral equations for the func-
tionals f±[hI, |α|]. For basics and applications of the theory of integral
equations we suggest to see e.g. the books in the Ref. [608].
For the attractive Newton-like case the initial value ΨI can be ob-
tained as follows
Ψ−I =−|α|hI 0F1
( −
2 ; |α|hI
)[
c−1 +2ε
√
|α|
∫ hI
1
dt√
t
f−[t, |α|]K1
(
2
√
|α|t
)]
+2
√
|α|hIK1
(
2
√
|α|hI
)[
c−2 + ε|α|
∫ hI
1
dt f−[t, |α|] 0F1
( −
2 ; |α|t
)]
,
(10.167)
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and similarly for the repulsive Coulomb-like case one receives
Ψ+I = |α|hI 0F1
( −
2 ;−|α|hI
)[
c+1 − εpi
√
|α|
∫ hI
1
dt√
t
f+[t, |α|]Y1
(
2
√
|α|t
)]
+2i
√
|α|hIY1
(
2
√
|α|hI
)[
c+2 − ε
ipi
2
|α|
∫ hI
1
dt f+[t, |α|] 0F1
( −
2 ;−|α|t
)]
,
(10.168)
where c±1,2 are now non-singular constants of integration. The func-
tionals f±[hI, |α|] can be established by straightforward application of
the ansatz (10.166) within the general solutions (10.160) and (10.163).
Such an application yields the following results
Ψ−I = 8|α|hIK1
(
2
√
|α|hI
)
0 ˜F1
( −
2 ; |α|hI
)
f−[hI, |α|], (10.169)
Ψ+I = 8|α|hIY1
(
2
√
|α|hI
)
0 ˜F1
( −
2 ;−|α|hI
)
f+[hI, |α|]. (10.170)
Employing straightforwardly these results within the equations (10.167)
and (10.168) one obtains the integral equations for the functionals f±.
For the Coulomb-like situation one receives the following Volterra in-
tegral equation of the second kind
f−[hI, |α|] = g−[hI, |α|]+ ε
∫ hI
1
dtK −(t, |α|,hI) f−[t, |α|], (10.171)
where the function g−[hI, |α|] causing the non-homogeneity is
g−[hI, |α|] =−
c−1
8K1
(
2
√|α|hI) +
c−2
2
(
2
√|α|hI) 0 ˜F1( −2 ; |α|hI
) , (10.172)
and the kernel K −(t, |α|,hI) has the form
K −(t, |α|,hI) = |α|√
t
[
0F1
( −
2 ; |α|t
)
2
(
2
√|α|hI) 0 ˜F1( −2 ; |α|hI
) −
−
√
hIK1
(
2
√|α|t)
2
(
2
√|α|hI)K1(2√|α|hI)
]
. (10.173)
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Similar procedure can be performed for the Newton-like situation.
In this case the Volterra integral equation of the second kind is
f+[hI, |α|] = g+[hI, |α|]+ ε
∫ hI
1
dtK +(t, |α|,hI) f+[t, |α|] (10.174)
where the function g−[hI, |α|] causing the non-homogeneity is
g+[hI, |α|] =
c+1
8Y1
(
2
√|α|hI) +
ic+2
2
(
2
√|α|hI) 0 ˜F1( −2 ;−|α|hI
) , (10.175)
and the kernel K +(t, |α|,hI) has the form
K +(t, |α|,hI) = pi |α|2√t
[
−
√
hIY1
(
2
√|α|t)
2
(
2
√|α|hI)Y1(2√|α|hI) −
−
i 0F1
( −
2 ;−|α|t
)
2
(
2
√|α|hI) 0 ˜F1( −2 ;−|α|hI
)]. (10.176)
The number ε plays the role analogous to the eigenvalue in linear
algebra. It is evidently seen that the integral operators acting on the
functionals f± are non-singular when the limiting procedure ε → 0 is
performed. Such a property guarantees stability and effectiveness of
the regularization method given by the ansatz (10.166). By this reason
one can perform the limit ε → 0 straightforwardly within the Volterra
integral equations of the second kind (10.171) and (10.174), and extract
the unknown functionals
f±[hI, |α|] = g±[hI, |α|]. (10.177)
Taking into account elementary properties of the hypergeometric func-
tion the final resultscan be presented in the following form
f−[hI, |α|] = −c
−
1
8K1
(
2
√|α|hI) +
c−2
4I1
(
2
√|α|hI) , (10.178)
f+[hI, |α|] = c
+
1
8Y1
(
2
√|α|hI) +
ic+2
4J1
(
2
√|α|hI) . (10.179)
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In this manner the conditions for the initial data in the considered
situation given by the improper boundary conditions (10.158)-(10.159)
and in the light to the ansatz (10.166) can not be chosen arbitrary, but
according to the following selection rules
Ψ−I =
√
|α|hI
[
−c−1 I1
(
2
√
|α|hI
)
+2c−2 K1
(
2
√
|α|hI
)]
, (10.180)
Ψ+I =
√
|α|hI
[
c+1 J1
(
2
√
|α|hI
)
+2ic+2 Y1
(
2
√
|α|hI
)]
. (10.181)
It must be emphasized that the proposed ansatz for the boundary
conditions (10.166) is not unique, and can be replaced by another pro-
posal. However, as we have mentioned earlier, this type of regular-
ization method assures stability and effectiveness of the limiting pro-
cedure ε → 0, and therefore in general guarantees consistency of the
method. The ansatz (10.166) allowed to formulate the regularization
in terms of the Volterra integral equation of the second kind which,
however, was not solved because of the limit ε → 0 was performed. Al-
beit, it must be emphasized also that according to the theory of integral
equations the obtained Volterra integral equations of the second kind
should be solved for arbitrary ε and then the limit ε → 0 should be
performed. Such a solution can be constructed straightforwardly by
application of the Neumann series called also the Born series. If one
rewrites the Volterra integral equations (10.171) and (10.174) in more
convenient symbolic form
f±[hI, |α|] = g±[hI, |α|]+ εK± f±[t, |α|], (10.182)
where the integral operators K± are defined as
K
± =
∫ hI
1
dtK ±(t, |α|,hI), (10.183)
then the solution can be written out straightforwardly via using of the
Neumann series
f±[hI, |α|] = g±[hI, |α|]+
∞
∑
n=1
εnK±ng±[hI, |α|]. (10.184)
It is easy to see now that in the limit ε → 0 one obtains the result
f±[hI, |α|] = g±[hI, |α|] received earlier. The problem is, however, conver-
gence of the series as well as definiteness of the integral operators K±
because of in the presented situation the integral kernels K±(t, |α|,hI)
are special functions. The presented method in general reflects the typ-
ical problems arising from application of the improper boundary condi-
tions.
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Chapter 11
Ab Initio Thermodynamics of
Space Quanta Æther
The quantum field theory formulated in terms of the static Fock repère
is the most natural approach to formulation of the state of thermody-
namic equilibrium. The effectiveness of such a method is emphasized
by the fact that despite that the system is manifestly nonequilibrium
(For details see e.g. [609]) application of the Fock space formulation
leads to the properly defined equilibrium. In the particular situation
related to the global one-dimensional quantum gravity, the equilibrium
is strictly related to the ensemble of the quanta of space which in itself
create the Æther. Such a situation gives the most natural conditions
for straightforward application of the first principles of statistical me-
chanics [610], what will be resulting in ab initio formulation of the
thermodynamics of such an Æther of space quanta. In this section we
shall present the constructive approach which uses the simplest possi-
ble approximation, but in itself is the most fundamental contribution
to the thermodynamics. Namely, as the example of the thermodynamic
strategy we shall apply so called one-particle approximation, based on
the corresponding method of one-particle density matrix method. The
simplicity of the one-particle approximation is the fact that in such a
situation the density operator D is equivalent to an occupation number
operator. Then thermodynamic equilibrium is determined with respect
to the static Fock repère in the stable Bogoliubov vacuum, and there-
fore the one-particle density matrix in equilibrium D is established ac-
cording to the von Neumann–Heisenberg picture.
334
ŁUKASZ ANDRZEJ GLINKA: ÆTHEREAL MULTIVERSE
A Entropy I: The Analytic Approach
The non-equilibrium density operator D, which possesses a dynamical
nature by its existence in a dynamical Fock repère, is expressed in the
static Fock repère F via the equilibrium density matrix D in the follow-
ing way
D = G†G = F†DF, (11.1)
where in the case of global one-dimensional quantum gravity one the
density matrix has the form
D=

(µ +1)2
4µ
1−µ2
4µ
1−µ2
4µ
(µ−1)2
4µ
 , (11.2)
here µ = ω
ωI
is the mass scale of the system of space quanta. Note that
in the present situation
D2 = (TrD)D, (11.3)
detD = 0. (11.4)
Vanishing of the determinant means that in the one-particle approxi-
mation the corresponding thermodynamics is irreversible, or in other
words that the thermodynamic processes in the Æther of space quanta
are irreversible.
Employing the density matrix (11.90) one can establish the value of
the occupation number
N =
Tr
(
D2
)
TrD
=
Tr((TrD)D)
TrD
=
(TrD)2
TrD
= TrD=
µ2 +1
2µ , (11.5)
and the entropy can be derived from its basic definition
S = Tr(D lnD)
TrD
. (11.6)
The problem is to derive lnD. It can be performed effectively by appli-
cation of the matrix Taylor series
lnD= ln[(D− I)+ I] =
∞
∑
n=1
(−1)n+1
n
(D− I)n, (11.7)
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and the matrix Newton binomial series
(D− I)n =
n
∑
k=1
(
n
k
)
Dk(−I)n−k =
n
∑
k=1
(−1)n−k
(
n
k
)
Dk = (11.8)
=
n
∑
k=1
(−1)n−k
(
n
k
)
(TrD)k−1D, (11.9)
where (
n
m
)
=
n!
m!(n−m)! , (11.10)
is the Newton binomial symbol, which allows to write out the formula
S =
∞
∑
n=1
n
∑
k=1
(−1)k−1
n
(
n
k−1
)
Sk, (11.11)
where Sk are cluster entropies
Sk =
Tr(Dk)
TrD
=
Tr
(
(TrD)k−1D
)
TrD
=
(TrD)k−1TrD
TrD
= Nk−1. (11.12)
We shall call the series expansion (11.11) the cluster series. Its summa-
tion is the method for obtaining entropy in the analytical way.
According to a certain mathematical tradition the series expansion
(11.6) converges if and only if the spectral radius ρ of the difference
D− I, where I is 2×2 unit matrix, is
ρ(D− I)< 1. (11.13)
Straightforward calculation leads to the condition for the mass scale
µ ∈ [1;2+
√
3), (11.14)
and the result of the summation procedure is
S = ζ (1)
2
(µ2−1
µ2 +1
)2
+
µ4 +6µ2 +1
(µ2 +1)2 ln
(µ−1)2
2µ , (11.15)
where ζ (s) is the Riemann zeta function
ζ (s) =
∞
∑
n=1
1
ns
, (11.16)
and ζ (1) is manifestly divergent.
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Note that by straightforward application of the Hagedorn hadroniza-
tion formula ω ∼ TH [611], where m is the mass of the system, one can
establish the hadronized temperature as
TH
TI
= µ. (11.17)
By the relation ∆ω ∼ ∆TH one obtains the hadronized temperature nor-
malized to TI value
∆TH
TI
= µmax−µmin = 1+
√
3≈ 2.732, (11.18)
so that one can establish the ratio
TH
∆TH
∈
[√
3−1
2
,
√
3+1
2
)
, (11.19)
what allows to determine the reciprocal
∆TH
TH
∈
(
−(
√
3+1),
√
3+1
]
. (11.20)
Defining anisotropy as δTH = ∆TH −TH one derives
δTH
TH
∈
(
−(
√
3+2),
√
3
]
, (11.21)
so that half of the difference anisotropy is exactly
∆
(δTH
TH
)
=
(
∆TH
TH
)
max
−
(
∆TH
TH
)
min
= 2(
√
3+1) = 2∆TH
TI
. (11.22)
In this manner one obtains
∆TH =
TI
2
∆
(δTH
TH
)
≈ 2.732TI. (11.23)
The difference (11.23) can be identified with a background temper-
ature, i.e. ∆TH ≡ TB. For the initial datum TI ∼ 1K it is very close
to the averaged cosmic microwave background radiation temperature,
TCMB ≈ 2.725K. Because of the quantity |TCMB− TB| is small 7 · 10−3K,
one can deduce that next approximations will be resulting in succes-
sive contributions to TCMB. In other words
TCMB = TB + . . . . (11.24)
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In the dynamical Fock repère Hamiltonian operator is
H =
m
2
(
G
†
G+GG†
)
= F†HF, (11.25)
where H is the Hamiltonian matrix in the static Fock repère
H=

ωI
4
(
1+µ2
) ωI
4
(
1−µ2)
ωI
4
(
1−µ2) ωI
4
(
1+µ2
)
 , (11.26)
which for fixed mass scale has discrete spectrum
Spec H=
{ωI
2
µ2, ωI
2
}
. (11.27)
The internal energy calculated from the Hamiltonian matrix (11.26) is
U =
Tr(DH)
TrD
=
ωI
4
(µ2 +1). (11.28)
The Hamiltonian matrix H, however, consists constant term HI
HI =

ωI
4
ωI
4
ωI
4
ωI
4
 (11.29)
which can be eliminated by simple renormalization
H→H′ =H−HI =

ωI
4
µ2 −ωI
4
µ2
−ωI
4
µ2 ωI
4
µ2
 . (11.30)
The spectrum of the renormalized Hamiltonian matrix is
Spec H′ =
{ωI
2
µ2,0
}
, (11.31)
and straightforward computation of the renormalized internal energy
yields the following result
U ′ =
Tr(DH′)
TrD
=
ωI
4
µ2 ≡U−UI, (11.32)
whereUI =
ωI
4
is the constant term, which possesses the property of the
Eulerian homogeneity of degree 2, i.e.
U ′[αµ] = α2U ′[µ]. (11.33)
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In this manner the thermodynamics describing space quanta Æther
can be formulated in the standard way of the Eulerian systems.
The three elementary and fundamental physical characteristics, i.e.
the occupation number N, the internal energyU , and the entropy S, just
were derived, and therefore one can conclude the thermodynamics by
straightforward application of the first principles. Actually the entropy
(11.91) is manifestly divergent due to the presence of formal infinity
ζ (1). Straightforward calculation shows that the temperature T = δUδS
arising from the entropy (11.91) contains the term with ζ (1). However,
it is also visible that such a temperature possesses finite limit if and
only if one re-scale initial data mass to formal infinity, i.e. ωI →ωIζ (1).
Because of the mass m is related to length l like m ∼ 1/l, performing
of the limiting procedure ωI → ∞ corresponds with introduction to the
theory purely point object lI → 0.
Scaling of initial data is not good procedure, however, because of
it has no well-defined physical meaning. There is another possibility
for reorganization of the troublesome divergence. Namely, it can be
seen by straightforward calculation that the entropy renormalization
S→ Sζ (1) with performing the formal limit ζ (1)→ ∞ leads to the equiv-
alent result for the thermodynamics with no necessity of application of
unclear scaling in initial data. Such an entropy renormalization corre-
sponds to an initial quantum state of an embedded three-dimensional
space being a purely point object, and yields perfect accordance with
the second law of thermodynamics
S−→ S′ = limζ (1)→∞
S
ζ (1) =
1
2
(µ2−1
µ2 +1
)2
> 0. (11.34)
Calculating the temperature T ′ of space quanta one obtains the for-
mula
T ′ =
δU ′
δS′ = ωI
(µ2 +1)3
8(µ2−1) , (11.35)
and one sees that initially, i.e. for µ = 1, temperature is infinite. Such
a situation describes the Hot Big Bang (HBB) phenomenon. It can be
seen that after the HBB point the system is cooled right up until mass
scale reaches the value
µPT =
√
2≈ 1.414, (11.36)
and then is warmed, what means that the value µPT is the phase tran-
sition point.
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This phenomenon is better visible when one computes the energetic
heat capacity CU
CU = T
δS′
δT =
δU ′
δT =
(µ2−1)2
(µ2−2)(µ2 +1)2 , (11.37)
which possesses the singularity in the point µPT . Application of the
generalized law of equipartition
δU ′
δT ′ =
f
2
, (11.38)
allows to establish the variability of the number of degrees of freedom
f = 2CU . (11.39)
The Helmholtz free energy F =U ′−T ′S′ that is
F =−ωI
16(µ
4−4µ2−1), (11.40)
is finite for finite value of initial data ωI , increases since the initial
point µ = 1 until the phase transition µPT , and then decreases. There-
fore, the thermal equilibrium point is the HBB point related to the
initial point µeq = 1. In the region of mass scales for which 1 6 µ < µPT
the mechanical isolation is absent, but it is present after the phase
transition, i.e. in the region µ > µPT .
Calculating the chemical potential
ϖ =
δF
δN =−ωI
µ3(µ2−2)
2(µ2−1) , (11.41)
one can see straightforwardly that in the HBB point µeq = 1 this poten-
tial diverges and in the phase transition point µPT it vanishes. Apply-
ing the chemical potential (11.41) together with the occupation number
N and the Helmholtz free energy F yields the appropriate free energy
defined by the Landau grand potential Ω
Ω = F−ϖN = ωI 3µ
6 +µ4−11µ2−1
16(µ2−1) , (11.42)
and therefore the corresponding Massieu–Planck free entropy Ξ can be
also derived straightforwardly
Ξ =−Ω
T
=−3µ
6 +µ4−11µ2−1
2(µ2 +1)3 . (11.43)
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Consequently the grand partition function Z is established as
Z = eΞ = exp
{
−3µ
6 +µ4−11µ2−1
2(µ2 +1)3
}
. (11.44)
The 2nd order Eulerian homogeneity of the system of space quanta
yields the equation of state
PV
T
= lnZ = Ξ and determines the product
of pressure P and volume V as
PV =−Ω, (11.45)
and together with the appropriate Gibbs–Duhem equation
VδP = S′δT +Nδϖ (11.46)
allows to establish the value of the pressure
|P|= exp
{
−
∫ ( S
ΩδT +
N
Ωδϖ
)}
. (11.47)
Similarly, the first law of thermodynamics
−δΩ = S′δT +PδV +Nδϖ , (11.48)
together with the equation of state (11.45) determine the volume
V =
|Ω|
|P| , (11.49)
which is positive by definition. Regarding the equation of state (11.45)
for Ω = −|Ω| < 0 the pressure is P = |P|, whereas for Ω = |Ω| > 0 the
pressure has the value P =−|P|. In this manner one receives
P = P(µ0)exp
[∫ µ
µ0
8t
(
t6−3t2+4)
3t8−2t6−12t4+10t2+1dt
]
, (11.50)
where µ0 is some reference value of µ. Regarding the relation (11.49),
V is a fixed parameter and its value can be established as follows
V =
ωI
P(µ0)
3µ6 +µ4−11µ2−1
16(µ2−1) exp
[
−
∫ µ
µ0
8t
(
t6−3t2+4)
3t8−2t6−12t4 +10t2+1dt
]
.
(11.51)
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One can also determine two another thermodynamical potentials:
the Gibbs free energy G = U −T S+PV and enthalpy H = U +PV . The
results are as follows
G = −ωIµ
2 (µ4−µ2−2)
4(µ2−1) , (11.52)
H = −ωI
(
3µ6−3µ4−7µ2−1)
16(µ2−1) . (11.53)
Equivalently, the thermodynamics of space quanta Æther can be
expressed by the size scale λ = 1µ . There are the relations relating
both the scales with an occupation number
λ = N
(
1∓
√
1− 1
N2
)
, (11.54)
µ = N
(
1±
√
1− 1
N2
)
, (11.55)
that in the limit of infinite N are equal
λ (N = ∞) = {0,∞} , (11.56)
µ(N = ∞) = {∞,0} . (11.57)
Therefore, there are two possible asymptotic behaviors. The first situ-
ation is λ = 0, µ = ∞ which can be interpreted as a black hole as well as
with HBB. The second situation is λ = ∞ which defined stable classical
physical object - the classical space-time.
One can establish the number n of space quanta generated from the
stable Bogoliubov vacuum determined by the static Fock space related
to initial data. We shall call such class of states vacuum space quanta.
By definition this is the vacuum expectation value of the one-particle
density operator. In other words
n =
〈0|D |0〉
〈0|0〉 =
〈0|G†G |0〉
〈0|0〉 . (11.58)
Straightforward application of the Bogoliubov transformation, the canon-
ical commutation relations of the static Fock space leads to
G
†
G =
(
uG†I − vGI
)(
−v∗G†I +u∗GI
)
=
= |v|2GIG†I + |u|2G†I GI− v∗uG†I G†I − vu∗GIGI =
= |v|2+(|u|2 + |v|2)G†I GI− v∗uG†I G†I − vu∗GIGI. (11.59)
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and using of the properties of the stable Bogoliubov vacuum gives
〈0|G†G |0〉 = |v|2 〈0|0〉+(|u|2 + |v|2)〈0|G†I GI |0〉− (11.60)
− v∗u〈0|G†I G†I |0〉− vu∗ 〈0|GIGI |0〉= (11.61)
= |v|2 〈0|0〉 . (11.62)
Therefore the number of vacuum space quanta is
n = |v|2 = (µ−1)
2
4µ . (11.63)
In this manner the mass scale has two values
µ±(n) =
(√
n±√n+1
)2
, (11.64)
corresponding to two independent phases of the space quanta Æther.
For convenience we shall call the phase described by the sign + the
positive phase of the Æther, and the phase described by the sign −
the negative phase of the Æther. The phases have completely different
asymptotic behaviour. Namely,
lim
n→∞ µ±(n) =
{
∞ for the positive phase
0 for the negative phase . (11.65)
Let us consider the asymptotic n→∞ thermodynamics of the Æther.
The case of positive phase is
T → ∞, (11.66)
CU → 0, (11.67)
f → 0, (11.68)
F → ∞, (11.69)
ϖ → ∞, (11.70)
Ω → ∞, (11.71)
Ξ → −3
2
, (11.72)
Z → e−3/2, (11.73)
G → ∞, (11.74)
H → ∞, (11.75)
P → P∞, (11.76)
V → ∞, (11.77)
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where P∞ is the (constant) value of the pressure in the asymptotic value
µ = ∞ which can be assessed numerically. For instance in the trivial
case µ0 = 0 one obtains P∞ ≈ P(0)exp(23.9527), whereas for µ0 = 1 one
receives P∞ ≈ P(1)exp(510959).
Similarly one can analyse the negative phase
T →−ωI
8
, (11.78)
CU → −12 , (11.79)
f → −1, (11.80)
F → ωI
16 , (11.81)
ϖ → 0, (11.82)
Ω → ωI
16 , (11.83)
Ξ → 1
2
, (11.84)
Z → e1/2, (11.85)
G → 0, (11.86)
H → −ωI
16 , (11.87)
P → P0, (11.88)
V → ωI
16P0
, (11.89)
where P0 is the (constant) value of the pressure in µ = 0 which can be
assessed numerically. For instance when µ0 = 0 one has P0 = P(0). For
µ0 = 1 one obtains P0 ≈ P(1)exp(−151.536).
In this section we have presented the next implication of the global
one-dimensional quantum gravity. It was shown that this algorithm
yields constructive, consistent, and plausible phenomenology, that is
thermodynamics of Æther, in the discussed situation describing space
quanta behavior. The theory of quantum gravity as well as the thermo-
dynamics can be applied to any general relativistic space-times which
metrics can be presented in the form of the 3+1 splitting. Such space-
time satisfy the Mach principle, i.e. are isotropic. Their importance for
elementary particle physics, cosmology and high energy astrophysics
is experimentally confirmed; one can say that these are phenomenolog-
ical space-times.
As the example of ab initio formulation of thermodynamics we have
employed the one-particle approximation of the density matrix. Appli-
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cation of the renormalization method to the entropy and to the Hamil-
tonian matrix resulted in the second order Eulerian homogeneity prop-
erty. The Landau grand potential Ω and the Massieu–Planck free en-
tropy Ξ were employed to the consistent description. The grand par-
tition function Z and thermodynamic volume V were determined con-
structively. Another thermodynamical potentials were derived in frames
of the entropic formalism, which accords with the first and the second
principles of thermodynamics. Physical information following from the
thermodynamics of space quanta Æther is the crucial point of the con-
struction presented in this section. Actually the proposed approach
differ from another ones (Cf. e.g. [612, 613, 614, 615]) by ab initio
treatment of the quantum gravity phenomenology.
Studying of particular physical situations in frames of the proposed
approach seems to be the most important prospective arising from the
thermodynamics of space quanta Æther. From experimental point of
view the presented considerations possess evident usefulness, because
of bosonic systems are common in high energy physics.
B Entropy II: The Algebraic Approach
Let us consider the space quanta Æther in the grand canonical ensem-
ble. First of all let us express the static one-particle density matrix via
the Bogoliubov coefficients
D=
[ |u|2 −uv
−u∗v∗ |v|2
]
. (11.90)
The basic quantity is an entropy, which for an arbitrary quantum sys-
tem is defined by the standard Boltzmann–von Neumann formula
S = Tr(D lnD)
TrD
, (11.91)
and in the present situation can be immediately computed from the
density matrix (11.90).
The problem is to establish the logarithm of the one-particle den-
sity matrix lnD. It can be performed by application of of the algebraic
methods, particularly polynomial long division algorithm, the charac-
teristic polynomial, and the Cayley–Hamilton theorem (For some de-
tails of basic and advanced algebra see e.g. books in the Ref. [616]).
Let us present the method in detail for any analytical function of a
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matrix D. Let us consider the characteristic polynomial chD(λ ) of the
matrix D, where λ is eigenvalue of D. If p(λ ) is an analytical function,
i.e. possesses power series expansion, then via using of the division
transformation one can present p(λ ) as the dividend which divisor is
the characteristic polynomial
p(λ ) = q(λ )chD(λ )+ r(λ ). (11.92)
In other words the problem is to establish the remainder polynomial
r(λ ) and the quotient polynomial q(λ ). Recall that according to the
Cayley–Hamilton theorem the characteristic polynomial of a matrix D
evaluated on this matrix vanishes identically
chD(D) = 0, (11.93)
so that consequently the evaluation p(D) is exactly equal to the re-
minder polynomial evaluated on the matrix D
p(D) = r(D). (11.94)
If a matrix D is a matrix of dimension n×n then its characteristic poly-
nomial chD(λ ) is a polynomial of degree n which coefficients are invari-
ants of a matrix D. Therefore the remainder polynomial r(λ ) must of
the order n− 1 at most. There is some problem when there are eigen-
values of D for which the function p(λ ) has singularity. Then, however,
we shall not include such eigenvalues, and for determination of the
quotient q(λ ) and the remainder polynomial r(λ ) we shall differentiate
the relation (11.92) n times and evaluate all n+1 relations on the non-
singular eigenvalues of D. Such a procedure generates the system of
n+1 equations which allows to establish the coefficients of the remain-
der polynomial r(λ ) as well as leads to the quotient q(λ ) as the result
of solving an appropriate differential equation of degree n at most. It
must be emphasized that the quotient q(λ ) as a solution of ordinary
differential equation is assured to be an analytical function.
Let us apply such a method to the situation given by the 2×2 matrix
D having zero determinant detD = 0, and the function p(x) = lnx. The
characteristic polynomial of the matrix D is
chD(λ ) = det(D−λ I) = λ 2− (TrD)λ , (11.95)
and its eigenvalues are λ = 0 and λ = TrD. By the Cayley–Hamilton
theorem one has
D2− (TrD)D= 0, (11.96)
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i.e. D2 = (TrD)D. Let us write out the relation (11.92) for this case
lnλ = q(λ )
(
λ 2− (TrD)λ)+a0 +a1λ , (11.97)
where a0 and a1 are the coefficients of the polynomial r(λ ). The prob-
lem is to establish q(λ ) and the coefficients a0 and a1. First of all let
us note that λ = 0 is the singularity of lnλ , what means that we shall
not consider this eigenvalue. For determination of the three unknown
quantities let us differentiate the relation (11.97) two times. The re-
sults are as follows
1
λ = q
′(λ )
(
λ 2− (TrD)λ)+q(λ )(2λ −TrD)+a1, (11.98)
− 1λ 2 = q
′′(λ )
(
λ 2− (TrD)λ)+2q′(λ )(2λ −TrD)+2q(λ ). (11.99)
Taking into account the fact that evaluation of the characteristic poly-
nomial on an eigenvalue is zero. Application of this fundamental fact
in the case of the eigenvalue λ = TrD leads to significant simplification
of the equations (11.97), (11.98) and (11.99)
lnλ = a0 +a1λ , (11.100)
1
λ = q(λ )λ +a1, (11.101)
− 1λ 2 = 2q
′(λ )λ +2q(λ ), (11.102)
which can be presented in the following form
a0 = lnλ −a1λ , (11.103)
a1 =
1
λ −q(λ )λ , (11.104)
λq′(λ )+q(λ )+ 1
2λ 2 = 0. (11.105)
The equation (11.105) is the differential equation for the quotient q(λ )
and can be solved straightforwardly
q(λ ) = 1
2λ 2 +
C
λ , (11.106)
where C is constant of integration. Because of we are still interested in
the concrete eigenvalue λ = TrD one receives
q(TrD) =
1
2(TrD)2
+
C
TrD
, (11.107)
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and by this reason one receives
a1 =
1
TrD
−q(TrD)TrD= 1
2TrD
−C, (11.108)
a0 = lnTrD−a1TrD= lnTrD− 12 +CTrD. (11.109)
In this manner one can compute the function lnD as follows
lnD= a0I+a1D=
(
lnTrD− 1
2
+CTrD
)
I+
(
1
2TrD
−C
)
D, (11.110)
and consequently one obtains
D lnD =
(
lnTrD− 1
2
+CTrD
)
D+
(
1
2TrD
−C
)
D2 = (11.111)
=
(
lnTrD− 1
2
+CTrD
)
D+
(
1
2TrD
−C
)
(TrD)D=(11.112)
=
(
lnTrD− 1
2
+CTrD
)
D+
(
1
2
−CTrD
)
D= (11.113)
=
(
lnTrD− 1
2
+CTrD+ 1
2
−CTrD
)
D= (11.114)
= (lnTrD)D. (11.115)
Now it is easy to establish the entropy
S = Tr(D lnD)
TrD
=
Tr((lnTrD)D)
TrD
=
(lnTrD)TrD
TrD
= lnTrD. (11.116)
In our situation the trace of the density matrix is
TrD= |u|2 + |v|2 = 2|v|2+1 (11.117)
and by this reason one obtains
S = ln
(
2|v|2 +1)=− lnΣ, (11.118)
where Σ is the quantum statistics of the system of space quanta
Σ =
1
2|v|2 +1 =
1
2n+1
, (11.119)
where n is the number of vacuum space quanta (11.62).
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Let us compute the thermodynamical potentials for the entropy re-
ceived entropy (11.118) and the same values of the internal energy U ,
and the occupation number N established in the previous section, i.e.
S = ln
[µ2 +1
2µ
]
, (11.120)
U =
ωI
4
µ2, (11.121)
N =
µ2 +1
2µ . (11.122)
The most important is of course the temperature of the system
T =
ωIµ2
2
µ2 +1
µ2−1 , (11.123)
which for µ > 1 is manifestly negative. The heat capacity has the form
CU =
1
2
+
1
µ4−2µ2−1 , (11.124)
and the number of degrees of freedom is
f = 1+ 2µ4−2µ2−1 . (11.125)
The Helmholtz free energy can be also derived straightforwardly
F =
ωIµ2
4
(
1−2µ
2 +1
µ2−1 ln
[µ2 +1
2µ
])
, (11.126)
and the chemical potential has the form
ϖ =−2ωIµ
3 (µ4−2µ2−1)
(µ2−1)3
ln
[
µ2 +1
2µ
]
. (11.127)
The Landau grand potential and the Massieu–Planck free entropy are
respectively
Ω = ωIµ
2
4
(
1+2
(
µ2−3)(µ2 +1)2
(µ2−1)3
ln
[µ2 +1
2µ
])
, (11.128)
Ξ = − µ
2−1
2(µ2 +1) −
(
µ2−3)(µ2 +1)
(µ2−1)2
ln
[µ2 +1
2µ
]
. (11.129)
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The grand partition function can be established as
Z = exp
[
− µ
2−1
2(µ2 +1)
](µ2 +1
2µ
)−(µ2−3)(µ2 +1)
(µ2−1)2 . (11.130)
The pressure is
P=P(µ0)exp
−4
∫ µ
µ0
(t2−1)2 (t4−2t2−1)+4(t4+4t2 +1) ln[t2 +1
2t
]
t (t2−1)
(
(t2−1)3 +2(t2−3)(t2+1)2 ln
[
t2+1
2t
])dt
 ,
(11.131)
where µ0 is some reference value of µ, and the thermodynamical vol-
ume has the form
V =
ωI µ2
4P(µ0)
∣∣∣∣∣1+2
(
µ2−3)(µ2 +1)2
(µ2−1)3
ln
[µ2 +1
2µ
]∣∣∣∣∣× (11.132)
×exp
4
∫ µ
µ0
(t2−1)2 (t4−2t2−1)+4(t4 +4t2+1) ln[ t2+1
2t
]
t (t2−1)
(
(t2−1)3 +2(t2−3)(t2+1)2 ln
[
t2 +1
2t
])dt
 .
The Gibbs free energy and enthalpy are respectively
G =
ωI µ2
(
µ2 +1
)(
µ4−2µ2−1)
(µ2−1)3
ln
[µ2 +1
2µ
]
, (11.133)
H = −ωIµ
2 (µ2−3)(µ2 +1)2
2(µ2−1)3
ln
[µ2 +1
2µ
]
. (11.134)
There is the question about asymptotic n → ∞ thermodynamics of
the Æther. The positive phase is then
T → ∞, (11.135)
CU → 12 , (11.136)
f → 1, (11.137)
F → −∞, (11.138)
ϖ → −∞, (11.139)
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Ω → ∞, (11.140)
Ξ → −∞, (11.141)
Z → 0, (11.142)
G → −∞, (11.143)
H → −∞, (11.144)
P → P∞, (11.145)
V → ∞, (11.146)
where P∞ is the numerical value of the pressure in the asymptotic value
µ = ∞. For example in the trivial situation µ0 = 0 one obtains the value
P∞ ≈ P(0)exp(473.822), whereas when µ0 = 1 one receives another result
P∞ ≈ P(1)exp(0.208615)≈ 1.23197P(1).
Similarly, the asymptotic thermodynamics of the negative phase of
the space quanta Æther can be analyzed. The results are as follows
T → 0, (11.147)
CU → −12 , (11.148)
f → −1, (11.149)
F → 0, (11.150)
ϖ → 0, (11.151)
Ω → 0, (11.152)
Ξ → −∞, (11.153)
Z → −∞, (11.154)
G → 0, (11.155)
H → 0, (11.156)
P → P0, (11.157)
V → 0, (11.158)
where P0 is the numerical value of the pressure for the value µ = 0. For
example in the trivial situation µ0 = 0 one has P0 = P(0), while when
µ0 = 1 one obtains P0 ≈ P(1)exp(−510956).
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Epilogue
Science is a differential equation. Religion is a boundary condition.
Alan Turing
This book presented the constructive model of physical Reality based
on the realization of the fusion of two fundamental concepts of Antiq-
uity: Aristotelian Æther and the Epicurean–Islamic Multiverse. The
theory in itself creates the unified point of view which I proposed to
call Æthereal Multiverse. There is evident opportunity and necessity
to apply the proposed approach straightforwardly to the concrete prob-
lems which theoretical results could be compared with experimental
and observational data. The only such a treatment guarantees physi-
cal consistency of Æthereal Multiverse.
I believe that Æthereal Multiverse governs Nature at comparatively
small scales. In my opinion the Planck scale, i.e. the scale in which
quantum physics meets classical physics, is the good candidate for such
effects. However, this is the only my personal belief, and therefore
there is justified necessity to verify its consequences empirically. Possi-
bly, the scope of applicability is much more wide than I think presently,
but this is also possible that the region of applicability is completely
different then I have suggested. Another possible candidates for the
new physics having a place at comparatively small scales include the
Compton scale or introduced in this book the Compton–Planck scale.
Anyway, there is a certain knowledge which we have established in
this book. Namely, we have proved that straightforward philosoph-
ical reasoning involving both the concepts of Æther and Multiverse
can be productively performed, and applied to consistent construction
of new physics. The philosophical spirit of the modal realism, which
was the ideological fundament of our consideration, resulted in fruit-
ful and fashionable development of two fundamental ideas of Antiq-
uity, which at the first glance look like in an old-fashioned manner
or manifestly fossilized than like the foundations of the new physics.
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The crucial point of the presented deductions was constructiveness of
the applied theoretical approach based on the method of analogy. The
central methodological background of our deductions was the principle
of simplicity, which enabled to receive new physical description from
well-established knowledge of abstract mathematics and mathemati-
cal physics.
From the philosophical point of view we have proven obvious non
triviality. Namely, we showed that it is possible to joint manifestly the
systems of Aristotelian and Epicurean–Islamic philosophy in the one
unified and productive picture of physical Reality. This is in itself a
paradoxical situation because of these philosophies have been under-
stood as completely different ideological systems which are impossible
to unify. This creates the strong belief that new physics can be effec-
tively formulated via involving of the old and well-established philos-
ophy and knowledge to the new applications. In other words, it is my
deep conviction that the new physics is the only sophisticated structure
hidden in a philosophical interpretation of a mathematical formalism
of the old physics. The identification method, which we frequently ap-
plied in our studies, is the only straightforward purely logical conse-
quence of a philosophical interpretation which play the fundamental
role in all natural sciences.
In this book a number of results obtained in my earlier research
work was definitely updated, improved or even rejected from the gen-
eral physical scenario. However, I have a deep conviction that the
mathematical truth was established in a great detail. This level of
discussion allows to think that the presented scheme of philosophical
reasoning is the most productive way for new constructive deductions
and, moreover, in itself creates the new logical system of physics. At
the first glance this logic can be difficult to accept or even impossible
to practical applications. However, it has been shown in this book that
when the application is realized in a constructive way it results in the
elegant picture of the physical Reality.
The physical scenario presented in this book is essentially novel,
because of in a whole is a certain application of both the methods and
the philosophical background of theory of relativity and quantum the-
ory, which are fundamentally confirmed as the fundamental theories of
physics. Their possible deformations and modifications follow from the
recent deductions of high energy physics and astroparticle physics. I
will be satisfied when Æthereal Multiverse will be turned out a produc-
tive approach to theoretical physics.
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